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A CRITERION FOR AN ABELIAN VARIETY TO BE NON-SIMPLE

R. AUFFARTH, H. LANGE, A. M. ROJAS

ABSTRACT. We give a criterion in terms of period matrices for an arbitrary polarized abelian
variety to be non-simple. Several examples are worked out.

1. INTRODUCTION

Let (A,L£) be a complex abelian variety of dimension g with polarization of type D =
diag(dy,...,dy) defined by an ample line bundle £. So A = V/A where V is a complex vector
space of dimension g and A is a lattice of maximal rank in CY such that with respect to a basis
of V and a symplectic basis of A, A is given by a period matrix (D Z) with Z in the Siegel
upper half space of rank ¢g. The aim of this paper to give a set of equations in the entries of
the matrix Z which characterize the fact that (A, £) is non-simple. These equations are easy to
work out for g = 2 and can be given explicitly with the help of a computer program for g = 3.

To be more precise, the polarization induces a bijection

¢ : NSg(A4) — Endj(A)

of the rational Néron-Severi group NSg(A4) := NS(4) ® Q = (Pic(A4)/Pic’(A)) ® Q with the
Q-vector space Endg(A) := End*(A) ® Q generated by the endomorphisms of A which are
symmetric with respect to the Rosati involution of (A, £). Now an abelian subvariety X of A
corresponds to a symmetric idempotent ex € Endg(A). So ¢ ! (ex) is an element of NSg(A).
On the other hand, NSg(A) admits an intersection product which associates to g elements
ai,...,ag € NSg(A) a rational number (o - - - gy). Theorem B3] is a criterion for an element
o € NSg(A) to be equal to ¢~ lex for an abelian subvariety X of A in terms of the intersection
numbers (a” - £L977).
Introducing coordinates of A as above and using the fact that

NSg(4) = H"(A) N H*(A,Q)

we translate the criterion into terms of differential forms which finally gives the above mentioned
equations in Theorem [] for the matrix Z. These have been outlined in [I] in the case of a
principally polarized abelian variety. For our applications we need however the generalization
to an arbitrary polarized abelian variety as we will explain now.

Let G be a finite group acting faithfully on the abelian variety A. Following [3| Section 13.6],
this action induces a morphism p from the group algebra Q[G] to the rational endomorphism
algebra End(A) ®z Q. Since Q[G] is a semisimple algebra, it decomposes as a product of simple
algebras ()1 x -+ x Q.. Each @Q; is generated by a central idempotent e;, and these are in
correspondence with the rational irreducible representations of G. By defining A; = p(me;),
where m is an integer such that p(me;) € End(A), the so called isotypical decomposition of A is
obtained. It is an isogeny A X --- X A, — A where the A; are abelian subvarieties of A uniquely
determined by the simple factors @; of the rational group algebra Q|[G].
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In an analogous way the factors A; are decomposed further up to isogeny as A; ~ B;". This
last decomposition for each isotypical factor comes from the decomposition of @); as a product
of minimal ideals. Therefore here B; is an abelian subvariety of A;, not uniquely determined,
and n; = d%j“, where x; is a complex irreducible representation associated to the simple factor
Qi and m; its Schur index (see [3, Section 13.6]). The decomposition

(1.1) A~ B x---x B’

is called the group algebra decomposition of the G-abelian variety A. Our starting point was
the question whether the abelian varieties B; are simple. Even if A is principally polarized,
the induced polarization on B; is in general not principal. So in order to discuss the simplicity
of B; we need Theorem [1] also in the non-principally polarized case. We will outline several
examples for this.

In Section 2 we recall and outline some more details about the relation between abelian sub-
varieties and symmetric idempotents of a polarized abelian variety. Section 3 contains the above
criterion in terms of the Néron-Severi group and Section 4 its translation in terms of period
matrices. Finally Section 5 contains the examples.

Acknowledgements: We would like to thank Pawel Bordéwka for pointing out a mistake in a
previous version of Example

2. ABELIAN SUBVARIETIES AND SYMMETRIC IDEMPOTENTS

According to [3, Section 5.3] there is a 1-1 correspondence between the set of abelian subva-
rieties of a polarized abelian variety and the set of symmetric idempotents of its endomorphism
algebra. In the sequel we need however some more details of this relation which will be worked
out in this section.

Let (A, L) be a polarized abelian variety of dimension g of type (di,...,dy). Here the d; are

positive integers with d;|d;11 for for all i. Moreover, if A= Pic’(A) denotes the dual abelian
variety and ¢, : A — A is the morphism a +— t:£ ® £7!, then

ker pp ~ (Z)dhZ @ - -+ © 7/d,T7)*.

Now let X C A be an abelian subvariety of dimension n. The restriction £|x defines a polar-
ization on X of some type (eq,...,e,). We will write ex instead of e, and call it the ezponent
of X (in (A, L)). We have the commutative diagram

(2.1) Ly
LXT l’L\X
x 2x g

where ¢x is the natural inclusion. Since ¢, is an isogeny, also
- -1 . ¥
IbX = 6X¢£‘X X =X

is an isogeny. The norm endomorphism of X (with respect to the polarization £) is defined by
the composition

Nx = LXwaxqu € End(A).
Clearly the image of Nx is X itself. Let

" Endg(A4) — Endg(A), ar o = qﬁzlaqbl;
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be the Rosati involution with respect to the polarization £ and let Endg(A) be the subspace of
elements of Endg(A) fixed under it. Clearly Nx € End{(A) and we have according to [3, Prop.
5.2.1] that the map

(2.2) ¢ : NSq(4) — Endg(4), o qﬁzlgba
is an isomorphism of Q-vector spaces. We define the numerical class of X in NSg(A) by
Sx == ¢ (Nx) € NSg(A).

Apart from X it depends only on the polarization £ of A. Recall that the symmetric idempotent
associated to X is defined as

1
= —N Endg(A).
X ox X € HQ()

Let ax denote the class of NSg(A) corresponding to ex via the isomorphism (2.2)), i.e.
ax = ¢ ' (ex).

Lemma 2.1. Let [N L] denote the class of the line bundle Ny L in NS(A). Then we have

1 1
ox = —[N}k(ﬁ] and ax = T[N}k(ﬁ] S NSQ(A).
ex eX

Proof. Using the symmetry of Nx with respect to Rosati and the fact that N3% = exNx we
have

Lo -1 I a5 L L o
—I[N = v p=—0¢, N Ny = —NyNx = —Nyx = Ny.
@(eX[ X£]> o ¢$lel ex% x¢rNx oy VxNx = =Ny X
This gives the first equation, since ¢ is an isomorphism. The second equation follows from this
_ 1
and ax = aéx. O
Lemma 2.2. The map
1 ~
Ux : EndQ(X) — End@(A), o = —LXoﬂ/J)(Lx(bg
€X

is an injective homomorphism of Q-algebras with
mx (1)() =€£X.
Proof. The proof of the multiplicativity uses the fact that ¥ xTx¢rstxy = exlx. The other

assertions are obvious. O

Now consider a pair of complementary abelian subvarieties L{é 1Y, = X, i = 1,2, of the
polarized abelian variety (X, L|x), i.e. with respect to the polarization L|x. Let ey; be the
exponent of the polarization (L|x)|y; = Lly;, and 9y, = 6Yi¢£|ly,- Let Nx and Ny, denote the

norm endomorphisms of X and Y; in End(A) with respect to the polarization £ and ex and ey;
the corresponding symmetric idempotents of Endg(A).
Lemma 2.3. With these notations we have

(a) exey,Ny; +exey; Ny, = ey, ey, Nx,

(b) ey, +ey, =€x.

Proof. Let Né € End(X) denote the norm endomorphism of ¥; with respect to the polarization
L|x for i =1,2. We have for i = 1,2,

1 1
X X -~ X ~X -~ -~
px(Ny,) = aLXNYi Vxlx oL = abxbn¢mbn¢c\x¢xbx¢c =y, ¥y;ty; o = Ny,
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Now [3, page 125, equation (4)] says
X X
GYQZVY1 + eleY2 =ey,ey,lx.

Applying the map pux we get
1
evieye Nx = ey evaix (1x) = ey pux (Ny) + evy pux (NF) = ev, Ny, + ev; Ny,
This gives (a). Dividing (a) by ey, ey,ex gives (b). O

Let f: A — B be an isogeny of (unpolarized) abelian varieties. So f~! exists in Homg(B, A)
and the abelian subvarieties of A correspond bijectively to the abelian subvarieties of B under
the map X — f(X). Moreover the map

f:Endg(B) — Endg(A4), b+ flbf
is an isomorphism of Q-algebras. Now let
f:(A,La) = (B, LB)

be an isogeny of polarized abelian varieties, i.e. f*Lp = L4. Let w4 : NSg(A) — Endg(A),
respectively ¢p : NSq(B) — Endg(B) be the isomorphisms associated to the polarization L4,
respectively Lp. Then we have,

Lemma 2.4. f restricts to an isomorphism of Q-vector spaces [ : Endg(B) — Endg(A) and
the following diagram commutes

NSg(B) 2 End$(B)

f*l |7

NSg(A) —~ End$)(A)

Proof. For the first assertion it suffices to show that if b € Endg(B) is symmetric with respect

to Lp, then f(b) is symmetric with respect to £4, since both Q-vector subspaces are of the same
dimension. This is a straightforward computation. For the commutativity of the diagram let

B € NSq(B). Then Jen(B) = /Yo7 65f = (Foc, )~ (Fosf) = 672, 65-5) = waf"(8). O
Consider the direct image map f, : NSg(A) — NSqg(B) defined by the norm map of f.

Corollary 2.5. Let X be an abelian subvariety of A andY = f(X) with symmetric idempotents
ex and ey. Then we have for ax = gozll(ex) and oy = gogl(ey)

ax = ffay
Jelax) = deg(f)ay.
Proof. According to Lemma 4] we have ax = f*ay. This implies
frax = fiffay = deg(f)ay
where the last equation can be seen, for example, in [7, Proposition 21.10.18]. O
Remark 2.6. The corollary can also be expressed in terms of the polarizations, since deg(f) =

X(£4)
x(LB)"
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3. THE CRITERION IN TERMS OF THE NERON-SEVERI GROUP

Recall that for any g-tuple of line bundles £; on a g-dimensional abelian variety A an inter-
section number (Ly --- Ly) is defined. It extends in the usual way to give a rational intersection
number

(a1--ag) €Q

for any elements «; in NSg(A). Let x(£) be the Euler characteristic of £; by Riemann-Roch
this is just dy - - - d,, if £ is of type (di,...,dy). Now let X be an abelian subvariety of dimension
n of the polarized abelian variety (A, L) of dimension g. Let x denote the numerical class of
X in NSg(A) and ax = ééx as in Section 2.

Proposition 3.1. We have the following intersection numbers:
o oy = § XL =) for 1<r<mn,
* 0 for r>n+1.

and

v pger X0, (i =7) for 1<r<m,
ok £ )_{0 for r>n+1.

Proof. Tt suffices to prove the first equation. Using Riemann-Roch and Lemma 2] we have
that for all ¢ € Z,

deg(dy(t — Nx)) = deg(dyy dizj—sy)
= deg(dyo;") deg(dyc)—sy)
Loy [ (#L] = 0x)9
— deglayop (LEESY
g!
and
2
dg?
X(£)%
since dgg =deg(dy - 14) = deg(dggbzlgbl;) = deg(dnqﬁzl)x(ﬁ)z. On the other hand, according to
[3, Proposition 5.1.2] we have

deg(dy(t — Nx)) = d29t*97"(t — ex)*"

deg(dggbzl) =

since t29727(t — ex)?" is the characteristic polynomial of the rational representation of Ny.
Together this gives, after dividing by df,g and taking square roots (since for sufficiently large ¢
both sides are positive)

(t[L] —ox)? = x(L)ghtI™ " (t —ex)".

Now expanding the polynomials and comparing the coefficients gives the result. O

Now let the notation be as in Lemma 2.3l In particular Y; and Y5 are complementary abelian
subvarieties of (X, Lx). For i = 1,2 denote o; := ¢~ !(ey,) € NSg(A). Then we have

Proposition 3.2.

SN g e e [ ORI () for  r<n
Zl<j>(a1 oy "L )_{ 0 for r>n+1
]:
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Proof. Let pux : Endg(X) — Endg(A) be the homomorphism of Lemma[Z2l As complementary
symmetric idempotents, 6?51 and 65/(2 commute and so do their images ey, and ey, under the map

wx. This implies that
s
A
= enten) =Y ()
=0

Applying the map ¢!, the assertion follows from Proposition (311 O

In [I, Theorem 2.6], it is shown that in the case of a principally polarized abelian variety the
above intersection numbers characterize the classes that come from abelian subvarieties. The
problem when £ is not a principal polarization, is that dx is not necessarily primitive. We can
fix this, however, by considering symmetric idempotents instead of norm endomorphisms to get
the following result.

Theorem 3.3. Given a polarized abelian variety (A, L) of dimension g. The map X — ax
gives a bijection between the sets of

(1) abelian subvarieties of dimension n on A and
(2) classes a € NSg(A) that satisfy

- o x@n G =7) if 1<r<n
(a” - Lf )—{0 o if r>n+l.

Proof. Let X be an abelian subvariety of dimension n of A. According to Proposition B.1] ax
satisfies the equations in (2). Conversely, let o € NSg(A) satisfy the equations in (2). Let g be
a positive integer such that ¢p(a) € End(A). Then

deg(t —gp(0)) = — ((t[L] — q0)?)”
2
1 Ky - B
= —)9 T (o - LT
<x<.c>g! 2 (9)are >>
" 2
— ( 1 ! . g! !(—q)rtg—rx(ﬁ)n!(n +1—=7r)--(g— T))

2
n
n!
_ g—n _ \T4n—T _429—2n(y; 2n

Since this is the characteristic polynomial of gp(«) and gp(«) is symmetric, then gp(«) satisfies
the equation (go(a))(gp(a) —q) = 0 (see [I, Lemma 2.7]). Therefore ¢(a)? = p(a), and so ¢(a)
is the symmetric idempotent associated to the abelian subvariety X := image(qp(«)). This
completes the proof of the theorem, since clearly both maps are inverse to each other. O

Even if one finds many elliptic curves on an abelian variety, it is not always easy to tell
whether the abelian variety decomposes as the product of these curves. For example, if F and
E'’ are isogenous elliptic curves and X is a simple abelian surface, then F x E' x X has infinitely
many elliptic curves, but does not split as the product of elliptic curves. Using the previous
theorem, we can determine when this occurs. We first prove two lemmas.

Lemma 3.4. If (A, L) is a polarized abelian variety of dimension g and En,...,E; C A are
elliptic curves with complementary abelian subvarieties Z,...,Z,, then the addition map

a:Eyx---xE;— A
is an isogeny if and only if the line bundle Oa(Z1) ® --- ® Oa(Zy) is ample.
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Proof. Set S := O4(Z1)®---®04(Zy), let X be the image of a and let Y be the complementary
abelian subvariety of X. Clearly Y C Z; for every i and S|y ~ Oy. If a is not an isogeny, i.e.
Y # {0}, then S|y is not ample, and therefore S is not ample.

Assume now that a is an isogeny. We see that for all I = {iy,...,i.} € {1,...,g} and all
J ¢ {i1,... i}, Z; intersects Zy := Z;; N ---N Z;, properly. Therefore,

(8™ = > (L z),
I1C{1,..., n}

#I1=r

which is positive since £ is ample. By the Nakai-Moishezon Criterion for abelian varieties ([3]
Corollary 4.3.3]), we get that S is ample. O

Lemma 3.5. If F is an elliptic curve on A with complementary abelian subvariety Z, then ap
is a positive multiple of [O4(Z)], where [O4(Z)] denotes the numerical class of the line bundle

0a(2),

Proof. By Lemma [ZT] it is clearly sufficient to prove that NjL is algebraically equivalent to a
positive multiple of O4(Z). Now according to [3, Proposition 12.1.3] and since an elliptic curve
is self dual, we can identify A/Z = E' = E and the norm map Ng factors as

Ng:ABES A

This gives NjL = p*(L|g). Since E is an elliptic curve, we have L|g = mO;([0]) for some
positive integer m, where [0] denotes the origin of E. Therefore,

NpL =p*Lig = mp*Or([0]) ~ mOs(2),
since Z is the kernel of the projection p. ]

Corollary 3.6. A polarized abelian variety (A, L) of dimension g splits isogenously as the prod-
uct of elliptic curves if and only if there exist oy, ...,y € NSg(A) such that

r —r\ __ X(‘C) g: (i—T) ’Lf r=1
(af - L9 )_{O 1 it oroo.

and such that a1 + - - + ay is an ample Q-class.

Proof. If A splits up to isogeny as the product of sub elliptic curves F1, ..., E,, then, by Theorem
3.3l and Lemma [3.4] we obtain classes ai,..., a4 that have the intersection numbers above.
According to Lemma we have

rio = [0a(Z;)]

where Z; is the complementary abelian subvariety of E; in A and r; = mi for some positive
integer m;. Define r := max{ry,...,rg}. Since § = roq + -+ + 1404 is ample by Lemma [3.4]
then

rlag+ - +ag) =0+ (r—ri)ag+ -+ (r—rg)a,

is ample, being the sum of an ample class and a nef class. Therefore ag + --- + o is ample.
Reciprocally, if we have a1,...,ay € NSg(A) with the intersection numbers above, then
Theorem [B.3] implies that these come from elliptic curves Ey,...,E; on A. By Lemma
there exists r; € Z~q such that r;c; is the numerical cycle class of the complementary abelian
subvariety of E;. If a1 + -+ + a4 is ample, then riaq + - -+ 4+ rgay is ample (it lies within the
ample cone), and by Lemma [3.4], A splits as a product of the F;. O
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To determine when a Q-class is ample, we use the Nakai-Moishezon Criterion for abelian
varieties (see [3, Corollary 4.3.3]). This theorem states that if £ is an ample line bundle on
an abelian variety of dimension g and « is a Q-divisor class, then « is ample if and only if
(a"-L£97") >0 for all r =1,...,n. This, along with Corollary B.0] gives us a numerical criterion
for when an abelian variety splits as a product of elliptic curves.

4. THE CRITERION IN TERMS OF THE PERIOD MATRIX

Let (A, L) be an abelian variety of dimension g with polarization of type (di,...,dy). The
Néron-Severi group of A = V/A can be seen as a subgroup of H?(A,Z) ~ A?Z?9. To be more
precise, given a basis of V, let {\1,...,Ag, pt1,..., g} be a symplectic basis for (A4, L) such
that with respect to these bases, A is given by the period matrix (D Z). If xy,...,z9, are the
real coordinate functions of A ® R associated to the basis of A and z; the complex coordinate
functions with respect to the basis of V, these functions are related by the equation

Z1 il
(4.1) L =(D2)

Zg Cﬂgg
where D = diag(dy,...,dy). The global 1-forms dz,...,dz, form a C- basis of the cotangent
space of A at 0. Since the forms dz; Adz;, i,j = 1,... g generate the the C-vector space HY(A),
this implies that

HY"' (A) ={we€ H*(A,C) |wAdzy A+ Ndz, = 0}
Now the first Chern class induces an isomorphism
NSq(A4) ~ H*(A,Q) n H"(A).

Moreover, H?(A,Q) ~ A2H'(A,Q). So we can identify H?(A, Q) with respect to the above real
basis as

H*(A,Q) = N*Q%.
In other words, we consider {dz; Adx; | 1 < i < j < g} as the canonical basis of A2Q%. So
together we obtain the following identification
(4.2) NSg(A) = {w € A?Q* : wAdzy A+ Ndzy = 0},

With these identifications Theorem B.3] translates into the following theorem.

Theorem 4.1. Given a polarized abelian variety (A, L) of dimension g and type (di,...,dg).
The above identifications induce a bijection between the sets of
(1) abelian subvarieties of A of dimension n and
(2) differential forms w € AN2Q% such that
(a) wAdzr A+ Ndzg =0,
g .
(b) W ANI=T) = g(ﬁ)n! [l (0 =7) - wo i § Zi 711
where 0 is the first Chern class of L and wy = (—=1)9dxy Adxgiq A+ ANdxg A dxag.

Proof. According to [3, Exercise 2.6,(2b)], the first Chern class of £ corresponds to the differential
form

n
(4.3) 0 .= — Z didx; A\ dxiyn.
i=1
Moreover, in these terms the intersection product in NSg(A) corresponds to the wedge product
of differential forms. So the assertion is a translation of Theorem 3.3l O
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Example 4.2. In [4, Theorem 8| a particular set of period matrices is shown that represents
all principally polarized abelian varieties of dimension g that contain an abelian subvariety of

dimension n and of type (di, ..., d,). Indeed, Boréwka obtains the family of matrices Z = (z;;); ;
where

Zij = diZ(g,nJrl-)j i,j = 1, Lo,

2ij =0 t=n+1,....,9—m,j=1,...,n"°

If Z,, represents the principal n x n submatrix of Z, then putting X = C"/(Z,2" + DZ") with
D = diag(dy,...,d,) and A = CI/(ZZ9 + 79), we have an inclusion X — A whose analytic
representation acts as

1 1 )
d1 1 ) dn n

The rational representation of the norm endomorphism associated to X in A (with respect to
the given polarization) is found to be

R 0
vea(§ )

(X1, .yxp) = (T1,..., 2, 0,...,0,

where
I, O
R = 0 O
D1 o

(with the zero matrices having the appropriate size) and D~ = diag(d;*, ..., d;'). By [ Prop.

»'n
3.2], the matrix of the alternating form associated to X (with respect to the given symplectic

basis) is
(0 =L\ . 0 —R!
M_<Ig 0 >N_dn<R 0 )

Therefore, the differential form associated to the symmetric idempotent of X is
= 1
Wdy,ody = — ;(d%’ Ndzgyi+ d—idxi ANdzg_pii)
and the equations above on the period matrices can be simply represented by the equation
Wdy,...d, Ndz1 N -+ ANdzg = 0. We then have that the moduli space of all principally polarized
abelian varieties that contain an abelian subvariety of dimension n and type (dy,...,d,) is

Ag(wdh___dn) = W({Z € 7‘[9 P Wdy,.ndn N dzi N+ N dzg = 0}),

where 7w : H, — A, is the natural projection. This shows that our general approach to studying
non-simple abelian varieties gives the same equations as those found in [4] when using a particular
differential form. O

Now we endow Z29 with the canonical symplectic form and extend this form to the complex
vector space C%9. Let z1, ... , T2y denote the coordinate functions with respect to the canonical
basis of C29. We identify the vector space A2C?9 with the C-vector space of differential forms
ZK]. a;jdx; A dr; with constants a;; € C.

Let (A,L) be a polarized abelian variety of dimension g of type (di,...,dy) and suppose
A = V/A. Given a basis of V' and a symplectic basis of A, we can identify this basis with the
canonical basis of Z29 C C?9, such that the restrictions to the reals of the above coordinate
functions x; (also denoted by z;) are real coordinates of the complex vector space V. Let (D Z)
be the period matrix of A with respect to the bases. We introduce complex coordinates z1, ..., z4
of V' by means of equation (4.J]).
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The matrix Z is symmetric and positive definite and thus an element of the Siegel upper half
space Hg4 of rank g, which is a complex manifold of dimension (951). With respect to the real
coordinates z; the first Chern class 6 of L is given by ([@3]). With these notations we define for
every positive integer n < g a complex subvariety of A2CY x H, by

(4.4)  E(g,n) == {(w, Z) € A’C* x H, | w satisfies equations (a) and (b) of Theorem TI}.

If we denote for any Z € H, by Az the polarized abelian variety defined by the period matrix
(D Z), then Theorem [4]] translates into to following corollary.

Corollary 4.3. The abelian variety Az admits an abelian subvariety of dimension n if and only
if there exists an w € A2Q% C A2C?9 such that (w,Z) € E(g,n). In other words,

{Z € H, | Az admits an abelian subvariety of dimensionn} = E(g,n) N (A*Q%* x H,).

The following proposition gives explicit equations for ¢ = 2. For the principlally polarized
case see [I, Thm. 3.1], or [8, Lemma 5.3]. Since any polarization is a multiple of a primitive
polarization, we may assume that the polarization of A is of type (1,ds) with some positive
integer ds.

Proposition 4.4. Let (A, L) be a polarized abelian surface of type (1,ds) with period matriz

T T ) ey . ) .
Z = 7_1 7_2 Then A admits a sub elliptic curve if and only if there exists a wvector
2 T3
6 . .
(a12,a13, a14,a23, 24, a34) € Q° satisfying
—dy = dza13 + agy,
2
0 = (73 —79)ai2 — daayamy + daai3m — agaTy + az373 + daaszy and
0 = ayga3 — aizazs + aj2asq.

Proof. This comes from writing out the previous conditions. The first equation is (a) and the
second and third equation (b) for » = 1 and 2 of Theorem [4.1] O

Similarly the equations for g = 3 can be given explicitly. Again we assume that the polariza-

tion is primitive, i.e. d; = 1.

Proposition 4.5. Let (A, L) be a principally polarized abelian threefold of type (1,ds,ds) with
period matriz Z = (1;5)i;. Then A admits a sub elliptic curve if and only if there exists a vector
(aij)1§i<j§6 € @15 such that
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0 = —aiedadsti1 + a1adad3Tiz + asedads — azedaTia — azedaTis + a24d3To3 +
2
azadaTsz — (d3Ti2T13 — d3T1123)a12 — (daTiz — daT11733)a13 — (T13T23 — T12733)aA23
0 = —aiedad3Tiz + a15dadsTiz + asedads — ased3mo — azedatos +

ag5d3Te3 + agsdaTsz — (d3T13To2 — d3Ti2Te3)a12 — (doTi3Te3 — daTi2733)a13 —
(T35 — T2aT33)a23
0 = asedaTiz — asedaTos + assdatss — (T35 — T22733)T11 — (T13T23 — T127s3)T12 +
(T13T02 — T12T23)T13)a12 — (daT13723 — daTi27s3)a14 + (daTiy — daTi1733)a1s —
(daT1aT13 — daT11723)a16 — (T35 — ToaTsz)azy + (T13To3 — T12733)a2s — (T13T22 — T12723)A26
0 = —ai15dadsTi1 + a14dad3Tia + agsdods — agsd3Tio — assdaTi3 + azad3Toe +
azadaTos — (d3Tiy — d3Ti1Te2)ars — (daTiamis — daTi17e3)a1s — (T13Te2 — Ti27e3)azs
0 = asedadsii — asedadsTia + assdadsmis — (T35 — ToaTs3)Ti1 — (T13T23 — T12733)T12 +
(T13T22 — T12723)T13)a23 + (d3T13T22 — d3T12723)a24 — (d3T12713 — d3T11723)a25 +
(d378y — d3T11722)aze + (daTi3Tag — doTi27s3)ass — (daTis — doT11733)ass +
(doT12713 — d2T11T03) 36
0 = —asedsmia + asdsTor — assdstog — (153 — T22733) 711 — (T137T23 — T12733)T12 +
(113722 — T12723)T13)a13 + (d3T13T22 — d3Ti27T23)a14 — (d3T12713 — d3T11723)a15 +
(ds7iy — d3Ti1Ta2)a16 — (T35 — T22733)asa + (T13T23 — T12733)ass — (T137T22 — T12T23)as6
dod3 = —aygdeds — azeds — assds
0 = —2aiea3sds — 2a13a46d2 — 2a15a24d3 — 2a12a45d3 + (azeda + azsdz)ais +
(a14d3 + azg)ass — 2az6a3s5 + (a1ada + azs)aze — 2a23as56
(a3eas — azsase + azsase)aiz — (a26a45 — A25046 + A24056)a13 +
(ag6ass — agsaze + a23as56)a14 — (26034 — a24a36 + A23046)a15 +
(a25a34 — az4a3s + azzass)aie + (a16G45 — A15046 + G14056)a23 —
(a16a35 — a15a36 + A13056)a24 + (A16a34 — A14a36 + A13046) 025 —
(a15a34 — a14a35 + ai3ass)aze + (a16a25 — a15026 + G12056)a34 —
(a16a24 — a14a26 + a12046)ass + (15024 — a14025 + A12045)aze +
(a16a23 — a13a26 + a12a36)ass — (a15a23 — a13a25 + a12a35)ase +
(a14a23 — a13a24 + a12034)as6
Proof. For the computation we used the open source computer algebra system SAGE. The first
6 equations correspond to the coefficient of dxq A --- A JEZ A -+ A dxg (where dz; is omitted)

of equation (a) of Theorem 4.1l The last 3 equations correspond to r = 1,2,3 in this order of
equation (b) of Theorem [4.1] O

5. EXAMPLES

As pointed out in the introduction, we want to apply Propositions 44 and to factors of
group algebra decompositions of some principally polarized abelian varieties in order to check
whether they decompose further or not.

5.1. The family F5. In [I0] a 3-dimensional family F; of principally polarized abelian varieties
of dimension 5 admitting an action of the dihedral group Dj of order 10 was investigated. It is
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given by the Riemann matrices

21 22 23 Z3 22
Z1 k2 23 Z3

Z = 21 29 23 € Hs.
zZ1 22
21

Let A= Az = V/Az denote the abelian variety corresponding to Z. With respect to a basis of
V and a symplectic basis {A1,..., A5, tt1,..., 15} of Az the period matrix of A is

1y = (I 2).
According to [I0] the group decomposition of A is
Az ~ E x B2

with an elliptic curve E and an abelian surface B. We want to see whether B decomposes further.
Clearly the abelian subvariety B of A is not uniquely determined, but since the decomposability
does not depend on the chosen subvariety in the equivalence class, we may assume acording to
[10, Proposition 4.4] that the sublattice of A defining B has the basis

{1 = A5, A2 — Aa, 1 — s, o — pa}

and moreover with respect to this basis, from the proof of [10, Prop. 4.4] it is deduced that the
period matrix of B with respect to the induced polarization of A is given by

(2 0 2(z1—22) 2(22—23)
HB_<0 2 2(2';—22) 2(2?—2?))

Proposition 5.1. (a) For a general A € F5 the abelian subvariety B is irreducible.
(b) There is a union of surfaces in F5 whose members split isogenously as the product of
elliptic curves.

Proof. The abelian surface B with period matrix 11z splits if and only if the isogenous principally
polarized abelian surface B with period matrix

1 (Zl—ZQ 22—Z3>
—Ilg = .
2 Z2 — 23 21— 23
splits. According to Proposition4.4], B splits if and only if there exists a vector (a12, ais, a1, ags, asq, ass) €
QY such that
-1 = a3+ an
(51) 0 = [(21 — 22)(21 — 23) — (22 — 23)2]a12 +
+z1(ags — a1a) + z2(@13 + @14 — aga) + z3(a2a — a1z — as3) + az
0 = ayga3 — arzazs + ajzasg
Suppose that for a general Z € Hs the abelian surface By splits. This implies that all coefficients

of the quadratic polynomial in the z; vanish. So we get a13 = azq4 = 0, a23 = a4 and the system
of equations

2
ag = —aiz — 1, ag4 = a13 + aig, ai4 = a13024.

Eliminating a4 and ag3 we remain with the equation 5a%3 + 5a13 + 1 = 0 which does not have
a rational solution. This completes the proof of (a).
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As for (b), consider the integers ajs = a3 = a3 = azqy = 0, ayy = —1 and ayy := a an
arbitrary rational number. Then the first and the last equation of (5.1]) are satisfied and the
second equation defines the surface

S :={(21,20,23) €C3 | 23 = (a + 1)z — az }

We will show that there exist infinitely many a € Q for which S, gives a non-empty family in
Hs. In fact, denote by y; the imaginary part of z;. Then the eigenvalues of the imaginary part
of the matrix Z with (21, 22, 23) € S, are:

2 2

<1+g—@> (Y1 — v2), <1+g+¥> (Y1 — v2), <1+g—@> (y1 —y2)-

The following conditions imply that these numbers are postive.

a ba
2ay2 + y1 + 4y2 — 2ay;, <1+—+—> (y1 — y2)

_ 9
—C ca<——, > yo.
V541 5o o

So for all rational numbers a in that interval, S, defines a surface in F5 all of whose abelian
surfaces split up to isogeny. ]

Remark 5.2. According to the proof of Proposition Bl there are infinitely many rational
numbers a for which S, defines a surface in F5. We do not know how many of them are pairwise
isomorphic. So we do not know how many such surfaces there are.

5.2. The family F7. In [10] a 4-dimensional family F7 of principally polarized abelian varieties
of dimension 7 admitting an action of the dihedral group D7 of order 14 was investigated. It is
given by the Riemann matrices

Z1 k9 23 R4 24 R3 29
Z1 29 23 24 Z4 X3
21 R2 23 24 %4

J = 21 22 23 24 € Hr,
21 k2 %3
z1 22
Z1

Let A = Ay = V/Az denote the abelian variety corresponding to Z. With respect to a basis of
V and a symplectic basis {A1,..., A7, u1, ..., pu7} of Az the period matrix of A is

Iy =(I; Z).
According to [10], the group algebra decomposition of Ay is
Ay ~ E x B2

with an elliptic curve FF and an abelian threefold B. We want to see whether B decomposes
further. As before the abelian subvariety B of A is not uniquely determined, but since the
decomposability does not depend on the chosen subvariety in the equivalence class, we may
assume acording to [I0, Proposition 4.4] that the sublattice of A defining B has the basis

{AM = A7, A0 — X6, A3 — A5, 1 — pur, p2 — pe, 3 — 5}
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and moreover by the proof of [10, Prop. 4.4], it is deduced that with respect to this basis the
period matrix of B with respect to the induced polarization of A is given by

1 0 0 Z1 — k2 Z9 — 23 23— 24

HB:2 010 29 —Z3 R1 — 24 R — 24

0 0 1 23— 24 R9 — 24 21 — Z3
Proposition 5.3. For a general principally polarized abelian variety in F7, B is simple.
Proof. We need to show that a general B contains no elliptic curves. Let

w= Z aijdaci N dxj € /\2@6.

1<j

We see that if we divide the period matrix of B by 2, we obtain an isomorphic abelian variety
which is principally polarized. After writing out the first six equations from Proposition
for w and the modified period matrix for B, we obtain polynomials in zy, 29, z3 and z4 with

rational coefficients. If we take these to be algebraically independent, then each coefficient of
the polynomials must be equal to 0, and we obtain the following relations:

a12 = @13 = a3 = G45 = Q46 = as6 = 0

a14 = —a15 + ag5 — G34
a16 = Q34
Q24 = a15

(26 = G35 = A15 + 434
a36 = 25 — A34
The parameters ay5, ass and ag4 are free, and the rest can be written in terms of these. If we
now ask for w A @ A @ = —dxy A dxy A\ dxy A dxs A deg A drg (which is the 7th equation in
with do = d3 = 1), we obtain the equation

als = —% + 3ags — 2asq4.
The equation w A w A 8 = 0 leads to
42435 — 42a05a34 + 1403, — 14aos + Tazs +1 = 0.
Solving for aos in terms of agy, we get that

 42a34 + 14 £ \/(42a34 + 14)%2 — 168(14a2, + Tazs + 1)
a25 = ]4 .

Now (42a34 + 14)? — 168(14a2, + Tazs + 1) = —588a2, + 28. We see that aszy = 1/7 makes

this number a square, and using the stereographic projection, we get that this expression is the

square of a rational number if and only if

168 +8t 1
0= TR T
for t € Q. In this case, we obtain the solutions
22 6t 84 2
“% = oI 1588) 21588 24588 7
22 2t 84 4
ags + 57

T 21(24588) (2+588 (24588 21
If we now ask for the equation w A w A w = 0, we obtain the two equations

8 — 756 ¢° + 139356 t* + 1481760t — 528988322 — 261382464 ¢ + 5489031744 = (
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315 — 1092 + 88788 t* + 21403203 — 29618736 > — 377552448t + 3817474752 = 0.

A quick check in SAGE shows us that these two polynomials have no rational roots, and so the
equations of Proposition have no rational solutions. ]

Remark 5.4. We note that the proof of Proposition [(.3] shows that the Picard number of a
very general B in the above family is 3 (since the parameters a5, ass and agy are free), and the
Picard number of any B is at least 3.

Remark 5.5. Not every B is simple. For example, setting 29 = z3 = 24 we obtain a one
dimensional family of threefolds that are isomorphic (as varieties) to the product of elliptic
curves. We see that the differential forms

1 1
n= gdazl ANdry and p= EdazQ A dxs

satisfy the equations of Proposition for this family, for example. By fixing n and using the
equations from Proposition [£.5], we see that the Néron-Severi group of a B contains n (and p) if
and only if

29 = 23 = Z4.

This gives a surface in F7 whose members split as the product of three elliptic curves and two
abelian surfaces.

5.3. The family G. In this subsection we study the factors of the group algebra decomposition
of a 3-dimensional family of principally polarized abelian varieties of dimension 6 with an action
of the dihedral group of order 24

G:=(rs:r?=5%=(rs)? =1).

First, recall some known results from [2], and the references given there. Let K be a finite
group, an action of K on a Riemann surface X is an injective homomorphism from K to the
group of holomorphic automorphisms of X. K acts with signature (v;my, ..., m;) if the quotient
surface X/K is of genus v and the covering 7 : X — X/K is ramified over ¢ points over which
7 is locally m; : 1. Notice that the Riemann-Hurwitz equation

t
. IS !
= — 1)1+ = 1- —
7= K -0 +1+ 53 (1- 0

must be satisfied, where ¢ is the genus of X. This imposes restrictions on v and the m/s for
given K and g. A signature for K satisfying this numerical condition is called an admissible
signature. Moreover, given an admissible signature (0;mq,...,m;) for a group K, a covering
where K acts with that signature can be constructed by a generating vector, which is a t-tuple
(g1,---,gt) of elements of K generating K and satisfying g; - - - g = 1 such that g; is of order m;
for all .

In fact, denote by I' the fundamental group of P! with ¢ points removed. Choose a set of
generators aq,...,a; of I' satisfying aq---a; = 1. Then a generating vector induces an exact
sequence

1TV T 5K =1

and the normal subgroup IV of T' defines the Galois covering 7 : X — P!,

Moreover, in [2] there is an algorithm to compute a symplectic basis of Hq(X,Z) together
with the induced action of K on this basis, given a generating vector for the action (under the
assumption of having P! as total quotient). The algorithm starts by finding a basis that reflects
the action, which is turned into a symplectic basis by the Frobenius algorithm, giving in this
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way a symplectic representation for the group K. This algorithm is implemented in a computer
program, which is available at http://www.geometry.uchile.cl.

For the group studied in this subsection we have that the tuple (13,74 r°s, s) is a generating
vector for the signature (0;4,3,2,2). By the Riemann-Hurwitz formula, the corresponding curve
is of genus 6. Therefore there is a one-dimensional family of Jacobians with the action of G
coming from its action on the corresponding Riemann surface. The parameter of this family
comes from the fact that the covering ramifies over four points on P!, therefore fixing three of
them and allowing one to move we obtain the family.

Using the method described in [2] we compute the corresponding symplectic representation of
G, and we compute the Riemann matrices in Hg fixed by this action. We obtain a 3—dimensional
family G of principally polarized abelian varieties of dimension 6 with Riemann matrices

—2x — 2y + 2z ﬂ:—%z 0 x4+ 2y 20 +y—22 —x—y+=z
2y 42z T —x—2y—%z —2x+2y+2z x—y—=z

1 1
—2y+z y— 5% —r+ty—32 T

7 =

z —3y Y
3z —%z
z

The three parameters are complex numbers such that the corresponding matrix has positive
definite imaginary part. The period matrix of a generic element A in G is I = (Is Z), after
fixing a symplectic basis

I'= {ala"‘?a6?51""aﬁ6}
for the lattice of Az. A generic element A € G decomposes as A ~ S x F', where S is an abelian
surface and F' is a 4-dimensional abelian variety. We note that for the parameters x = y = 0
and z = 1, the matrix

2 0 -3 2 -1
1 -2 -+ o0
Zy =
1 0 0
3
3 =3
1

is positive definite and 77y € G for any 7 € H. The family G is therefore non-empty and thus
three-dimensional.

Following the method in [11, Table 4], we determine that the induced polarization on S is of
type (2,2), and on F' is of type (1,1,2,2). Besides, the lattices for S and F' are generated by
the following symplectic bases:

I's ={as + a5 —ag,a1 — s + ag — as, b1+ B2 — L6, Ba — b5 — B},
I'r ={a3, —a1+az,2a1 —ag —as+as, —a1 +as+ou+as, 53, B2 — b5, 1+ B2+ B6, Ba+ s+ Fs }-
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S and F are isotypical factors; this is, each one is the image of a central idempotent in the group
algebra Q[G]. Therefore they have the action of G. Using the group algebra decomposition, it
is possible to decompose both factors further:

S~ E? and F ~ 51 x 59,

where F is an elliptic curve with induced polarization of type (4), and S; is an abelian surface with
induced polarization of type (2,4). S; corresponds to a primitive idempotent in Q[G], therefore
using the group action we cannot decompose further either of the surfaces decomposing F'.
From I'r, replacing each ; by the combination of «; given by the Riemann matrix of A, we
get the following period matrix for F' = Vp/Lp. Recall that the basis for Vg is
200 —ag —as +ag —a1 +azt+agtas

2 9 2 }a
in order to consider F' with its induced polarization. Under this consideration the period matrix
of L F is

{Oé3, —Qq + a9,

1 0 00 —2y+z 20—y + 5 2x 2y — 2

P 0100 20—-y+35 4r—-2y+z 20—-2y+2 —2x+2y—=z
F=100 20 2r 20 —2y+z —4y + 22 2y — 2
0 0 0 2 20—z “2x+2y—=z 2y — z —4y — 2z

Moreover, we explore the primitive idempotents in Q[G] giving varieties decomposing F', and
we find 12 of them, all defining abelian surfaces with the same type of polarization (2,4). We
choose two of these abelian surfaces; the advantage of the chosen ones is that they define an
isomorphism from S; x S5 to F.

Let T'; be a symplectic basis for the lattice L; of S; = V;/L; for i = 1,2. Then we have

I' = {a1 — o, —as — 2a3 + 20 + 35 — g, 1 — B2 + B3 — Ba+ Bs, Ba + Bs + B},

Dy ={-as+tas+as,a1—ar+as+as,Bo— B+ Bs+ s, 1 — o+ 203 + 265 + B}
Note that (I'1) 4+ (I'e) = (I'r), therefore there is an isomorphism defined by the addition

Sl X S2 —)F, (81,82) — 81 + So.

Considering that the induced polarization on S; is of type (2,4), and replacing the curves 3;
by the corresponding combination of curves «y given by the Riemann matrix of A, we get the
following period matrix for the lattice of S7 and S

p_ 2 0 -4z —-6y+3z 4dx+4y— 22
S\ 0 4 dx+4y-—22 —4dy+2z )’

We obtain the same period matrix for both subvarieties, therefore they are isomorphic.

Proposition 5.6. There are polynomials Q, R € Clx,y, z,a12, a13, a14, a23, a34| such that in the
family of surfaces

[ : Spec Clz,y, 2, a12, 013, a14, azs, azs]/(Q, R) — Spec Claiz, a13, ai4, azs, azs]/(R),

each fiber over a rational point of the base scheme corresponds to a (possibly empty) family of
principally polarized abelian varieties in G that split isogenously as the product of elliptic curves.
Explicitly, if (x,y, z) belongs to a fiber of f, we replace these in the matriz Z; if this matriz lies
in the Siegel half space it corresponds to a completely decomposable principally polarized abelian
variety i G.



18 R. AUFFARTH, H. LANGE, A. M. ROJAS

Proof. In order for a member of G to split as the product of elliptic curves, it is only necessary
to make S; (and therefore Sy) split. Since S with the restricted polarization is of type (2,4), we
can divide this polarization by 2 to obtain a polarization of type (1,2). Writing the equations
from Proposition [£.4] for when an abelian surface splits as the product of elliptic curves in this
scenario and replacing ass = 2(1 — ag3), the second equation becomes

1
Q = app(—42® +2° + 5272 — 4oy + 2xz — 2yz) + 4a13(2z + 2y — 2) + ara(4z + 6y — 3z)
+agsz(—2y + 2) + 2a34 + 4x + 4y — 2z.
and the third equation becomes
R = 2(1%3 + 2a13 + a14a93 + a12a34.
These polynomials give us the family of surfaces above. O

Corollary 5.7. If we put a1o = 0, we obtain linear equations that give us families of surfaces
i G that consist of completely decomposable principally polarized abelian varieties.

For example, the rational point (0,0,0,1,0) gives us the surface 4o + 2y — z = 0, and for
7 € H1, the matrix
6 -5 0 1 -6 3
8 1 -3 6 -3
4 -2 -3 1

[ 4 0 0
12 —6
4

has positive definite imaginary part and corresponds to a point of this fiber.
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