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We analyze the existence and properties of discrete localized excitations in a Bose-Einstein condensate
loaded into a periodic two-dimensional optical lattice, when a dipolar interaction between atoms is
present. The dependence of the Number of Atoms (Norm) on the energy of solutions is studied, along
with their stability. Two important features of the system are shown, namely, the absence of the Norm
threshold required for localized solutions to exist in finite 2D systems, and the existence of regions in

the parameter space where two fundamental solutions are simultaneously unstable. This feature enables
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mobility of localized solutions, which is an uncommon feature in 2D discrete nonlinear systems. With
attractive dipolar interaction, a non-trivial behavior of the Norm dependence is obtained, which is well
described by an analytical model.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

The well-studied field of Bose-Einstein condensation has been
expanded in recent years by the experimental realization of con-
densates whose atoms exhibit a magnetic moment, i.e., mag-
netic dipolar atoms. These experiments have been performed with
Chromium atoms [1] and, more recently, Dysprosium atoms [2,3].
In these Bose-Einstein condensates (BECs), the interaction between
dipoles has a long range dependence and d-wave symmetry. So, it
is anisotropic with respect to the orientation of the dipoles and
the separation between them [4,5]. The effect of this dipolar type
of interaction on the properties of localized excitations (so-called
breathers or solitons [6]) has attracted considerable interest since
these were predicted in the one-dimensional (1D) [7-13] and two-
dimensional (2D) [4,5,14] cases. In addition to long-range interac-
tions and local two-body collisional contacts (characteristic of cold
quantum gases), some authors have proposed to consider three-
body collisions in dipolar gases, which allows for the observation
of supersolid states [15]. Although the experimental observation of
dipolar solitons has yet to be realized, a realistic setup for a 2D
BEC was recently proposed in [16].

* Corresponding author at: Departamento de Fisica, Universidad de Concepcién,
Casilla 160-C, Concepcién, Chile.
E-mail address: srojas@cefop.cl (S. Rojas-Rojas).
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When a BEC is loaded into a deep periodic optical potential,
the resulting system can be described by a nonlinear discrete (lat-
tice) model. If only short range collisional interactions are present,
an appropriate model is the Discrete Nonlinear Schrédinger Equa-
tion (DNLS), a differential equation governing the amplitude of the
wavefunction at each site of the lattice, A cubic-nonlinear term
[17,18] models the interaction effectively. In this case, an interest-
ing feature appears regarding the existence of localized solutions
in two-dimensional lattices: for a DNLS model with linear interac-
tions and local nonlinearities, there is a minimum value for the to-
tal number of particles composing the BEC solution (the so-called
Norm), below which localized discrete solutions cannot exist [19]
in infinite lattices. This Norm threshold implies that a localized
BEC cannot be excited below a minimum number of atoms in a
2D optical lattice [20]. The DNLS equation can be modified by in-
troducing different linear or nonlinear coupling terms, which may
affect the Norm threshold. For instance, it has been shown that in
the Ablowitz-Ladik model the nonlinear coupling terms decrease
this threshold, but it only ceases to exist for very small lattice
sizes [21]. When linear dipolar interactions are included [22], the
linear coupling between sites could become anisotropic, affecting
also the Norm threshold and the stability of localized solutions.

Another feature of nonlinear two-dimensional lattices is that
mobility of localized solutions is rare or very difficult. For cubic
local nonlinearities only broad modes are able to overcome the ef-
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fective energy barrier and move across the lattice [23,24]. This is due
to the fact that fundamental broad solutions possess almost no ge-
ometrical distinction. The values of their Hamiltonians are nearly
identical and, therefore, the Peierls—-Nabarro potential [25] is es-
sentially zero. Localized fundamental modes, which occupy only
few lattice sites, are forbidden to move in this context and simply
decay into radiation when it is tried due to the large Peierls-
Nabarro barrier they have to overcome. On the other hand, for a
saturable nonlinearity (also for cubic-quintic systems [26]) solu-
tions get broader while increasing the Norm, and several Hamil-
tonian crossings between different fundamental solutions occur.
This generates repeated mobility windows [27,28], where mobil-
ity of highly localized solutions occurs due to the appearance of
additional asymmetric intermediate solutions. A recent review on
mobility in discrete nonlinear lattices can be found in Ref. [29].
Based on recent results on dipolar one-dimensional lattices [30],
showing similar saturation features, a good mobility may be ex-
pected for 2D dipolar lattices as well.

In Ref. [14], a general discrete model to study breathers in 2D
dipolar BECs was derived and analyzed in certain parameter space
regions. However, some very fundamental properties of this sys-
tem still need to be studied in detail, as the dependence on the
system parameters for the Norm threshold and the mobility of
localized solutions. In this work, we study the properties of lo-
calized modes in a dipolar BEC loaded into a 2D optical lattice by
using a generalization of the Discrete Nonlinear Schrédinger Equa-
tion. Our model allows isotropic nonlinear coupling between sites
in the form proposed in Ref. [30] for 1D lattices. A stability ex-
change between three different fundamental solutions is observed,
which leads to the existence of asymmetric (or intermediate) sta-
tionary solutions. We address the study of the mode properties by
computing an effective dynamical potential, which proves success-
ful in the prediction of existence and stability of all the nonlinear
modes considered. In certain regions of the parameter space, we
find good mobility of localized excitations, an interesting feature
which is not present in standard 2D-DNLS systems.

This article is organized as follows: In Section 2, the general
model and the method employed to study it are introduced. Then,
we present and discuss our results regarding the effect of dipolar
interaction on the relation between Norm and eigen-energy (time-
evolution factor), for different families of localized solutions. Also,
the stability of these solutions is studied, leading to an observa-
tion of bi-unstable regions. The Norm thresholds properties are
analyzed in detail. Section 3 presents the analysis of asymmetric
stationary solutions which exist in the bi-unstable regions. We also
study the dynamics of localized solutions. In Section 4, the system
with attractive dipolar interactions is studied with the same for-
malism as in Sec. 2. Section 5, we discuss some approximations,
which support analytical expressions around critical values of the
interaction parameter. Finally, Section 6 concludes the paper.

2. Two-dimensional lattice with long-range nonlinear
interactions

The dynamics of the wave function amplitude u; ; at site i, j
of an isotropic square lattice is governed by a generalized DNLS
equation

.. 2
—itlj j = K (Ui, j+Ui—1,j+ Ui jp1 U j-1) +qlug U
2 2 2 2
+ g1, 17 i1, 17+ lug jra |7+ g, -1y, -

Here, « is the linear coupling coefficient, induced by the hopping
of atoms between neighboring lattice sites. The strength of the on-
site nonlinearity (proportional to the atomic scattering length) is
quantified by parameter q. The nonlinear coupling g describes the
long-range dipolar interaction between atoms on adjacent sites.

Fig. 1. Fundamental modes centered at different positions.

These coefficients can be obtained from a continuum approach, as
a direct extension of the 1D case [30].

Norm and stability of stationary solutions. Due to the presence of
nonlinearity, the existence of localized solutions of model (1) is
expected [19]. In this work, we will consider three types of funda-
mental localized modes: the on-site (one-peak, 1s) solution, cen-
tered at one site of the lattice; the inter-two-sites (two-peaks, 2s)
solution, centered in between two sites having the same ampli-
tude; and the inter-four-sites (four-peaks, 4s) solution, centered in
between four sites having the same amplitude. Fig. 1 shows typical
profiles for 1s, 2s and 4s nonlinear modes.

We look for stationary solutions of the form u; j(t) = ui,jem
with u; ; € R, where A represents the solution’s energy. Substitu-
tion into eq. (1) leads to the following n x n algebraic system:

Al j =K (Ui, j+Uj—q, j+ Ui j1+Ui 1) + qu?,j )

2 2 2 2 N
+ Uiy j Uiy jFup Ui

Linear coupling interactions define the single-particle energy spec-
trum for this 2D square lattice. By setting ¢ = g = 0, and solving
model (2) using a plane wave ansatz, we obtain the following
energy band: A = 2k (cosky + cosky). ky and ky represents the
horizontal and vertical quasimomentum. Therefore, the linear en-
ergies are bounded in the region XA € [—4«k,4k], that forms the
linear spectrum of this square lattice. For a finite system of n x n
sites, bounds reduce to +4« cos(sr /[n + 1]), which tends to +4«
for n — oo.

In the following, without loss of generality, we set x =1 and
q =1 [this could be achieved as well by normalizing all parame-
ters in model (1)]. System (2) is solved numerically by means of a
standard Newton-Raphson method. We start at the regime of very
high energy A, where the number of particles (Norm) of the solu-
tion, defined as

N=Y"jul?, (3)
ij

is expected to be large too (anti-continuum limit [6]). In this limit,
coupling between sites can be neglected, and thus any profile, con-
structed from multiple single-site solutions, becomes a stationary
solution of eq. (1). Decreasing A (and N) allows us to construct a
whole family of fundamental localized solutions for given values
of ¢ and g. We study different solution families by plotting N vs
A curves, as shown in Fig. 2(a), for the case g=0 and g=0.3
(considering an array of 15 x 15 lattice sites).

Apart from the atom number N, another conserved quantity of
our system is the Hamiltonian

H=-%" [(ui+1,j + U 1)U

ij
g 2 2y (4012 1 4 )
Sl 2+ i g1 )l +c.c.]—§;|uu| ,

where the first two terms represent the linear and nonlinear in-
teractions for nearest-neighbors only, in a 2D square lattice. The
Hamiltonian helps us to study the dynamical properties of the sys-
tem when trying to move localized solutions across the lattice. A
minimum (maximum) of H is an indication of stable (unstable) so-
lutions, which is an important consideration in order to effectively
overcome the induced nonlinear dynamical barriers.
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Fig. 2. Number of atoms N and stability parameter G as a function of the energy A, for 1s (thin line), 2s (thick line) and 4s (dashed line) solutions, in an array of 15 x 15
sites. (a) Norm dependence for dipolar nonlinear coupling g =0 (gray) and g = 0.3 (black). (b) Stability vs energy for same values used in (a). (c) and (d) Same diagrams but
for g=1 and g = 1.2, respectively. Stability is shown in (c) and (d) insets, for the same range of A. (e) and (f) Transverse 2s and 4s profiles, respectively, at » =4.177 [circle

in ()], near the edge of the linear band for g=0.3.

Once a stationary solution {uj;} is found, for a given value
of A, we compute its linear stability by implementing a standard
method as presented, e.g., in Ref. [31]. Instability of a solution can
be quantified by the gain G, which corresponds to the maximum
complex eigenvalue. Only for G = 0 solutions are stable. The de-
pendence of G on A for the cases g =0 and g = 0.3 is shown in
Fig. 2(b). Plots of Norm and Gain vs A obtained for two further
values of the nonlinear interaction g are shown in Figs. 2(c) and
(d). Notice that, as we approach the solution’s energy to the upper
edge of the linear band (located at 4cos(r/[n + 1]) for an array
of n x n sites), solutions get broader and start to become undistin-
guishable. We observe a fusion into a single curve for all solutions
[see profiles in Fig. 2(e, f)]. This is because all these fundamen-
tal solutions bifurcate from the same in-phase linear fundamental
mode at the upper edge of the linear spectrum.

Our results highlight another feature of the system near the
linear band, namely, a change in the curvature of the N vs A
diagrams. It is widely known that in absence of dipolar interac-
tions (g = 0, DNLS case) there exists an energy threshold [19],
upon which localized solutions exist for infinite systems. This is
normally associated with a local minimum for the Norm vs en-
ergy curve [27] (which also defines a change in the stability of
the 1s solution). Solutions from the localized branch occupy only
few lattice sites, whereas the solutions bifurcating from the lin-
ear band edge are broad. Therefore, the connection between these
two different nonlinear branches generates a minimum in the N
vs A curve. As g increases we observe that this threshold tends
to disappear in finite systems. Fig. 2, shows how this minimum
still exists for a nonlinear coupling of g = 0.3 but has already dis-
appeared for g = 1. Similar to the case of a 1D lattice [30], the
increment of g implies a smaller slope in the bifurcating branch.
Therefore, for finite lattices, above some critical g-value, the con-
nection between the low-Norm bifurcation regime and the large-
Norm localized branch is now found to meet smoothly, without
any intermediate minimum. Dipolar interactions broaden the non-
linear modes considerably due to the long-range nonlinear cou-
pling, which helps to smoothen this transition.

ig-3 ig2 ig-1 i ig+l igt2 igt3
(b)
313
_"’!}\' . \\\!\-‘-—n.
ig-3 ig2 iyl in igtl  igt2 i3 Qg4
©
. - ‘---
i3 g2 iyl iy igtl Qg2 k3 Qg4

i

Fig. 3. Amplitudes at the center row of the (a) 1s, (b) 2s and (c) 4s solutions with
energy A = 12.7. Thin black, thick gray and thick dashed lines correspond to dipolar
nonlinear coupling g =0, g =0.3, and g =1, respectively. The change in the shape
of the solutions for increasing g is related to the variation of the curves in Fig. 2.

For larger values of Norm and energy (i.e., far from the linear
band), the relation between these two quantities becomes approx-
imately linear. We observe a decrease in the slope of the N vs A
curve for both the 2s and 4s solutions when g grows. In fact, when
g=q=1 [Fig. 2(c)], the 1s and 2s modes have the same slope and
overlap for large N. For g > g, the asymptotic 2s curve is always
below the 1s curve [Fig. 2(d)]. The behavior of the slope of the
N vs XA curves is reflected in the profiles of the respective solu-
tions. In Fig. 3 we show cuts for the three modes, corresponding
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Fig. 4. Effective potential for a dipolar interaction of g =2.1. (a) Hamiltonian H as a function of the center of mass coordinates X and Y, for solutions with Norm N = 8. (b)
H vs X (or Y) from the 1s to the 2s solution, for N = 8. The position of a local maximum, corresponding to an unstable intermediate stationary solution int1 is marked with
a filled circle. (c) Same than (a) but for N = 16.5. In this case 1s and 4s solutions become simultaneously unstable, and the IS corresponds to a saddle point located between

them, as shown in (d).
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Fig. 5. ((a)-(b)) Number of atoms versus N energy diagrams for a dipolar interaction of g =2.1. Gray lines correspond to 1s (thin line), 2s (thick line) and 4s (dashed line)
modes. The black full (dotted thick) curve corresponds to the first (second) intermediate solution. (c) Stability parameter G versus Norm for the same families of solutions.
(d) Intensity profile for the first intermediate solution at Norm N = 6.4, shown as a 3D plot in the left and a density plot in the right. (e) Same than (d) for the second

intermediate solution at Norm N = 33.9.

to the 8-th row, for a fixed energy value and the same values of
g studied in Fig. 2. Notice how the 1s solution reduces its cen-
tral peak and widens considerably, thus keeping a similar value of
the Norm at the same A. Instead, the 2s and 4s modes just reduce
their overall amplitude, which is consistent with the decrease in
the slope of their respective N vs A curves. This transition is ac-
companied by a change on the stability of the 2s solution, which
becomes stable for larger values of the Norm, as shown in the in-
sets of Figs. 2(c) and (d). When g is above q, the 1s solution is also
stable in a range of parameters before becoming unstable [see in-
set of Fig. 2(d)]. Thus, a bi-stable region arises, which may imply
the existence of intermediate solutions [27,28,30].

3. Intermediate solutions

As a complement to the simultaneous stability of the 1s and 2s
modes over a range of energy, we expect that there exists an un-

stable intermediate solution (IS) centered between the 1s and 2s
stable solutions. In order to find it, we implement the constraint
method [32,33], which allows us to construct an effective energy
potential, i.e., the Hamiltonian energy as a function of the center
of mass (X,Y) = Z,-’j(i,j)lui,ﬂz/N, for a fixed Norm N (see Refs.
[28,34,30]). Calculation is performed over a square area, at the cen-
tral region of a 15 x 15 array. In this context, the coordinates (8, 8)
correspond to 1s, (8.5, 8) and (8, 8.5) to horizontal and vertical 2s,
respectively, and (8.5, 8.5) to 4s solutions. In the bi-stable region,
the unstable intermediate solution (denoted as int1) maximizes the
effective potential, while the 1s and 2s solutions are local min-
ima of this energy landscape. This is depicted in Fig. 4(a) and (b),
where we show the effective potential for solutions with Norm
N =8, and a dipolar interaction of g =2.1. As can be seen, there
is a local maximum between the 1s and 2s solutions (filled circle).
Once an IS has been found, we can use it as a seed to construct the
respective Norm vs energy curve, and to compute its stability. This

(2016), http://dx.doi.org/10.1016/j.physleta.2016.07.034
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way, we obtain the curves shown in Fig. 5, where we have included
the respective results for the 1s, 2s and 4s modes for the sake of
comparison. The maximum eigenvalue G of the stability matrix is
now plotted as a function of the Norm N, in order to make clearer
its effect on the dynamics of localized solutions (studied below),
which involves stationary solutions at a fixed Norm [29]. From the
point where the 1s solution becomes unstable (N =~ 11), a second
IS is found (dotted line in Fig. 5). This mode is centered between
the 1s and 4s solutions, so it corresponds to a saddle point in the
effective potential [see Fig. 4(c) and (d) for N = 16.5]. However,
since no further stability exchanges occur for larger N, this inter-
mediate mode does not join the 1s and 4s N — A curves, in contrast
to what occurs at the bi-stable range.

Dynamics of localized excitations. To force an arbitrary localized sta-
tionary profile {u,m} to move across the lattice, we may add a
certain amount of kinetic energy (kick). Therefore, we multiply the
amplitude uy ;,; by exp[i(kxn 4 kym)] and use this as an initial con-
dition to numerically integrate Eq. (1). Physically, the introduction
of this phase gradient between sites implies to give a transversal
momentum to a BEC wave-function or, equivalently, to accelerate
the lattice.!

Fixing the dipolar interaction parameter at g = 2.1, we notice
that the 4s solution is always unstable for any N, with a G-value
always greater than those for the 1s and 2s solutions. The con-
dition of instability may promote mobility of the 4s solution, as
the effective potential surfaces shown in Fig. 4 suggest: Unstable
solutions are local maxima of the pseudo-potential; therefore, by
adding a small kick the solution may start to move. When the
perturbation is strong or the kick direction does not correspond
to any fundamental solution in the potential landscape, the pro-
file may decay into some other localized states and/or radiation
modes. In contrast to the usual cubic DNLS case, the present model
may allow the mobility of very localized solutions. We show two
examples in Fig. 6, where the center of mass of a localized pro-
file is plotted versus time. Indeed, profiles keep well localized in
space while moving across the lattice, as can be seen in this figure.
Notice that as the solution travels across the lattice, transitioning
from one stationary mode to another, its center of mass acceler-
ates or decelerates according to the position of the modes in the
potential landscape and their respective stability.

Since the existence of intermediate solutions modifies the
Peierls—-Nabarro barrier (defined as a Hamiltonian difference be-
tween two fundamental stationary solutions [25]), there is also an
effect on the transversal evolution of localized excitations. In our
case, the existence of unstable intermediate solutions hinders the
mobility. In contrast to saturable-DNLS lattices [28], we were not
able to find mobility windows in the vicinity of the second (su-
perior) bifurcation point. We observe that both, the int1 and int2
modes are always very unstable, what is an indication that the
effective barrier is too large and the mobility is forbidden. Thus,
transport of localized excitations is found? only for low Norm re-
gions (below the range of existence of intermediate solutions). The
dipolar nonlinear interaction allows for the broadening of modes,
and it contributes to the exchange of their stability properties and
to the corresponding mobility presented in Fig. 6.

4. Attractive dipolar interaction

Now we consider negative values of the dipolar coefficient g in
our model, corresponding to attractive dipolar interaction. Regard-
ing the parameters treated before (Norm and stability Gain), we

1 Cfr. section IV of [17].
2 To identify possible mobility windows, we performed several dynamical simu-
lations using a fine tuning of the quasimomentum and Norm N.

14 T T T T T T T

13 (a)

12

B~
><-ll
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Fig. 6. Dynamics of localized solutions on a 15 x 15 array for g =2.1. (a) Evolution
of the center of mass of the excitation when a kick ky =ky = 0.35 is applied to a 4s
solution with Norm N = 4.8. Plots (b)-(d) show the spatial profile at certain times
indicated in (a). (e) Evolution of the Y component of the center of mass when a kick
ky =0.3 is applied to a 4s mode with Norm N = 5.8. Plots (f)-(h) show the spatial
profile at certain times indicated in (e). Notice how the speed of the center of mass
changes as the profile transits between the stationary solutions, whose center of
mass is indicated with horizontal lines in (a) and (e).

see that a null dipolar interaction g =0 does not correspond to a
critical point, but rather the behavior described previously is ini-
tially continued for g < 0. Thus, the asymptotic slope of the Norm
vs energy curve for 2s and 4s solutions increases for lower g. The
1s family still exhibits a minimum Norm before joining the other
solutions when decaying into the linear band, as shown in Fig. 7(a)
for g =—0.05.

However, as we approach the value g — —0.25, we observe
that solutions near the linear band exhibit a special N vs A de-
pendence: the final decay of the Norm, before joining the linear
band, is now very abrupt and occurs very close to the upper band
limit, so all solutions tend to enter into the band at a finite Norm
value, while becoming unstable [see Fig. 7(b)]. Indeed, once the
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Fig. 7. (a)-(d) N vs A curves for attractive dipolar interaction g = —0.05,—0.2,
—0.25, —0.4, respectively. Insets show the stability diagrams for the same range of
energy. In all the graphs, the vertical blue dotted line marks the upper edge of the
linear band. (e)-(g) Intensity profiles of solutions at marked points. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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value g = —0.25 is reached [Fig. 7(c)], a discontinuity appears in
the N vs A curve of the 1s solution, while the Norm of 2s and 4s
fundamental modes does not go to zero anymore, and actually di-
verges at the edge of the linear band. For g < —0.25, all curves are
continued into the linear spectrum of eigen-energies as families of
solutions whose Norm increases rapidly while decreasing the so-
lution energy [Fig. 7(d)]. From this value, all solutions get a Norm
threshold, originated when a decaying curve (coming from inside
the linear band) connects to an increasing curve (coming from the
gap). In Ref. [30] a similar result was obtained for a 1D system,
where the critical value of the normalized parameter of nonlin-
ear interaction was —0.5. In that work, the existence of nonlinear
solutions (i.e. high Norm solutions) with energies within the lin-
ear band was related to the stability of nonlinear uniform plane
waves below the critical value, i.e. the absence of modulational
instability (MI) in the g < gt regime. Since MI facilitates the ap-
pearance of nonlinear localized modes, it is reasonable to think
that its absence hinders the appearance of localized solutions in-
side the linear band. Indeed, in our case, when g < —0.25, the
families of localized nonlinear modes does not bifurcate from the
linear band anymore: modes around the upper edge of the band
do not exhibit an extended low Norm profile as in the g > —0.25
case [compare Figs. 7(e) and (f)], but rather resemble a superposi-
tion of a localized solution with an uniform extended background.

5. Analytical approximations

In order to characterize the asymptotic dependence of the Norm
with respect to the energy, for the localized solutions, we use an
approximation developed in Ref. [30]. For any value of the Norm N,
the 1s solution corresponds to a single peak excitation of am-
plitude A, centered at the site (ip, jp), and surrounded by four
smaller amplitudes at the neighboring sites, i.e.

uij=A[8i,iy8],jo + 2 (Biig£18],jo + 8i.igdj jox1)] -

with @ < 1. Substitution of this Ansatz on Egs. (2) for the central
site leads to A% = (A — 4ak)/(q + 4ga®). As N is reduced and A
gets closer to the linear band, the solution widens, so we can take
the limit o — 1, getting

Fig. 8. N vs 1 curve near the upper edge of the linear band. From thiner to thicker
lines the value of g is 0.2, 0.1, 0, —0.1, and —0.2. Dashed lines correspond to the
fit obtained using Eq. (5). The vertical line corresponds to g = —0.25, depicting the
divergence of the slope in Eq. (5); in this case the number of particles N does not
tend to zero when energy reaches the band edge.

N~ n2A? n2 () — 4k)
(q+4g)

with n? the size of the array. From this expression, it is clear that
the rate at which N increases, for energies slightly above the linear
band, grows and becomes indeterminate as g tends to —q/4, as
it was shown from our numerical computations in the previous
section. Fig. 8 depicts the bifurcation from the linear band for four
different values of g near —q/4, showing good agreement between
approximation (5) and numerical results. This estimation also gives
us an insight for the phenomenology observed inside the linear
band. For g < —0.25¢q, the denominator in (5) gets negative. As
Norm N is defined positive, this implies that solutions close to the
linear band (o ~ 1) possess a frequency which is smaller than 4«,
therefore existing inside the linear band region [see Fig. 7(d)].

On the other hand, far from the linear band, when A and N in-
crease the solution becomes more localized, so the approximation
o — 0 can be used. Then,

: (5)

Nis~ A2~ 2. (6)
q

By repeating the same analysis for the 2s solution, and considering
the same large Norm limit, we obtain

Nos ~2A% ~ 20-0) ) (7)

q+8g

Both expressions are in agreement with the numerical calculations
for large N (and A) for g <gq. Eq. (7) sheds light on the decrease in
the slope of the N vs A curve for the 2s solution. Also, it correctly
predicts that for g =q, both 1s and 2s solutions will experience
the same asymptotic dependence of N on A, as we showed pre-
viously in Fig. 2(c). For g > q¢ we observe that this dependence
changes and the curve of the 2s solutions possesses a smaller slope
than the 1s solution, effectively changing the phenomenology and
stability properties. This clearly shows that a dipolar nonlinear
coupling coefficient effectively changes the dynamics on 2D square
lattices.

6. Conclusions

We have studied the effect of long-range dipolar interactions
on the properties of a BEC loaded into a periodic optical lattice,
in the context of discrete nonlinear systems. As the nonlinear and
nonlocal dipolar interaction between sites is increased, a notable
variation in the number of atoms vs energy relation is observed,
which also manifests as a change in the stability properties of
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some fundamental solutions. Furthermore, we observe the disap-
pearance of the Norm threshold of localized modes in finite lat-
tices, when the nonlinear interaction crosses a critical value. The
existence of bi-unstable regions, i.e. ranges of energies where two
different localized solutions are simultaneously unstable, allows for
the existence of intermediate solutions. Also, we observe that the
long-range dipolar interaction (quantified by the parameter g) al-
lows mobility of well localized excitations with low Norm, which
is not possible in standard two-dimensional DNLS systems. For
g < —q/4 (being q the on-site nonlinear interaction of the DNLS
model), we found that solutions always have a Norm threshold
when approaching the linear band and, then, a fast linear incre-
ment of the Norm for frequencies below the upper band edge. As
a consequence, localized mode profiles acquire an important back-
ground that increases homogeneously in amplitude as their Norm
increases.
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