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ESTABILIDAD DE SOLUCIONES TIPO SOLITON PARA CIERTAS ECUACIONES
DISPERSIVAS NO LINEALES

Este trabajo consiste principalmente en dos resultados matematicos, basados en el estudio
de ecuaciones dispersivas no lineales, la estabilidad de ciertas soluciones de las mismas,
como asi también la posible explosion en tiempo finito.

En una primera parte, Capitulo 1, presentamos una breve introduccion a los topicos trata-
dos en esta memoria. Se hace especial énfasis en la descripcion de los conceptos de ecuacion
dispersiva, buen colocamiento, 2-solitones, estabilidad y explosion.

En el Capitulo 2 probaremos que las soluciones de tipo 2-soliton de la ecuacion de sine-
Gordon (SG) son orbitalmente estables en el espacio de energia, el espacio natural para
resolver este problema. Las soluciones que estudiamos son los 2-kink, kink-antikink y
breather de SG. Con el objetivo de probar este resultado, utilizaremos las transforma-
ciones de Bécklund implementadas gracias al Teorema de la Funcion Implicita. Estas
transformaciones nos permitiran reducir el problema de estabilidad para cada una de la
soluciones, al caso de la solucion cero. Probaremos estos resultados siguiendo el espiritu
de un paper de M. A. Alejo y C. Munoz, que trata el caso de la ecuacion de Korteweg-de
Vries modificada. Sin embargo, mas adelante veremos que el caso de la ecuacion de SG pre-
senta varias nuevas dificultades dado el caracter vectorial de sus soluciones. Este resultado
mejora los anteriores probados por M. A. Alejo et al., y entrega una primera demostracion
rigurosa de la estabilidad de los 2-solitones de la ecuacion de SG en el espacio de energia.

En el Capitulo 3 nuestro principal objetivo serd estudiar nuevas propiedades de blow-up
dispersivo para el sistema de Schrédinger-Korteweg-de Vries. Mas precisamente, probare-
mos explosion para datos iniciales en H*~(R) x H3/? (R), como consecuencia de mostrar
previamente una nueva propiedad de persistencia del flujo asociado al sistema, establecida
sobre ciertos espacios de Sobolev con pesos fraccionarios cuidadosamente escogidos.
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This work consists mainly of two mathematical results based on the study of non-linear
dispersive equations, the stability of certain solutions of them, as well as the possible finite
time blow-up.

In a first part, Chapter 1, we present a brief introduction to the topics discussed in this
thesis. Special emphasis is placed on the description of the concepts of dispersive equation,
well-posedness, 2-solitons, stability and blow-up.

In Chapter 2 we prove that the 2-soliton solutions of the sine-Gordon equation (SG) are
orbitally stable in the energy space, the natural space to solve this problem. The solu-
tions that we studied are the 2-kink, kink-antikink and breather of SG. In order to prove
this result, we will use Bicklund transformations implemented by the Implicit Function
Theorem. These transformations will allow us to reduce the stability problem for each of
the solutions to the case of the zero solution. We shall prove these results in the same
spirit of a paper done by M. A. Alejo and C. Munoz, which deals with the case of the
modified Korteweg-de Vries equation. However, we shall see that SG presents several new
difficulties due to the vectorial character of its solutions. This result improves the previous
ones proved by Alejo et al., and provides a first rigorous demonstration of the stability of
the 2-solitons of the SG equation in the energy space.

In chapter 3 our main goal is to study new properties of dispersive blow-up for the
Schrodinger-Korteweg-de Vries system. More precisely, we prove dispersive blow-up for
initial data in H>~(R) x H%? (R), as a consequence of previously proving a new persis-
tence property of the flow associated to the system. This persistence property is established
on certain Sobolev spaces with well-chosen fractional weights.
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Chapter 1

Introduction

1.1 Linear Dispersive Equations

A constant-coefficient linear dispersive PDE is an equation of the form
Owu(t,x) = Lu(t,x), u(0,z) = up(z), (1.1.1)

where the field u : R x R? — V takes values in a finite-dimensional Hilbert space V', and
L is a skew-adjoint constant coefficient differential operator in space, taking the form

Lu(z) == Z caOu(),

| <k

where k£ > 1 is an integer (the order of the differential operator), a@ = (o, ...,aq) € Z7}
ranges over all multi-indices with || := a3 + ... + aq less than or equal to k, 02 is the

partial derivative
ai ag
o= (L) (2
0, Oy

and ¢, € End(V) are coefficients that do not depend on z, where End (V') is the set of linear
transformation V' — V. This operator is classically only defined on k-times continuously
differentiable functions, but we may extend it to distributions or functions in other function
spaces in the usual manner, thus we can talk about both classical and weak (distributional)
solutions to the equation.

In order to give a complete notion of what a dispersive partial differential equation is,
consider the one-dimensional frame. We look for plane wave solutions of the form

u(t, z) = Ae'kz=wb),

1



where A, k and w are constants representing the amplitude, the wavenumber, and the
frequency, respectively. Hence u will be a solution of (1.1.1]) if and only if

w + Z Cai® 1k = 0.

a<k

This equation for w is called the dispersion relation. A commonly used defining criteria for
dispersive equations is that w(§) is a real valued function of £ and % # 0. In the physical
context this means that different frequencies in this equation will tend to propagate at
different velocities, thus when time evolves, the different waves disperse in the medium,
with the result that a single hump breaks into wave-trains. Under this notion the transport
equation

Ou=—v-Vu, u(0,z)=1u(x),

and the wave equation
8t2u - 8§u =0, u(0,2)=up(x), wu(0,x)=ui(x),

are not dispersive. This is due to the fact that the first one moves all frequencies with the
same velocity (and is thus a degenerate case of a dispersive equation), while the last one
is such that the frequency of a wave determines the direction of propagation, but not the
speed.

The relation between w and £ also characterizes the plane wave motion. Consider, for
example, the linear Schrédinger equation

Wy + Ugy = 0,

and the plane wave u(t,r) = e¢*=%)_ Then, u(t, r) is a solution of the equation if and only
if the dispersion relation w = £2 holds. Note that in this case w is a real valued function of
the frequency. An interesting notion is the phase velocity of the waves which is defined by

With this definition one can re-write the solution as:
u(t,z) = e O = u(0, 2 — 1, (E)2),

and conclude that the wave travels with velocity v,(£). In particular, large frequency data
travel faster than smaller ones. Another related notion is the group velocity,

which describes how a frequency localized bump function around & moves. To see why
the group velocity is different than the phase velocity, let g(x) := u(0,x) be concentrated
around a frequency &;. Using the Fourier transform, we can write the solution as

u(t,z) = \/%_ﬂ/_ e G () de.

2



Approximating w(&) = &2 around & we have,

& = w(&) + (£ — &o)w' (&) + O((f — 50)2>
=26¢ — &+ O((5 — 50)2)7

and ignoring the error term, we obtain

it{g o )
ult, ) ~ = (i€ e 200G () de

V2T J oo

= ™g(x — 2%t).

This suggests that the bump function moves with group velocity w'(§y) = 2&y, which is
twice the phase velocity at &.

Comparing the plain wave solutions above with the plain wave solutions of the heat equa-
tion u; — Uy, = 0, we see that w = —i¢? is complex valued. Therefore, each nonzero
mode decays exponentially in time. Spatially localized solutions of dispersive equations
also decay in time (at a slower rate) due to a more involved reason. When no boundary
conditions are imposed, different frequency components of the data evolve with different
velocities, and hence spread out in space as time increases. This causes the solution to
decay in time at a polynomial rate. This can also be understood by noting the L? conser-
vation ||u(t)||z2 = ||u(0)]| L2 for the solutions of the linear Schrédinger equation. A spatially
localized smooth bump of height vk and base 1 /k would spread out to an interval of length
kt at time t and hence by the L? conservation one expects the solution to decay to the
height \/LH

In contrast, on bounded domains such as the torus T the solution cannot spread out, but
instead different frequency components rotate around the torus with different velocities.
This makes time averages smoother because of a subtle cancellation between different
frequency components.

For a more detailed discussion about these concepts see |20, [54, [82].

1.2 Semilinear equations and Well-Posedness Theory

In partial differential equations theory, the fact that one has to work in infinite dimensional
spaces leads to difficulties even in the definition of a well-posed problem. This fact was
first put forward by J. Hadamard in the beginning of the twentieth century and we recall
his classical example of an ill-posed problem (see [76] for a more detailed explanation of
these examples).



We aim to solving the Cauchy problem in the upper half-plane for the Laplace equation:

{utt+um:0, in D =R x (0, 00) 121)

u(z,0) =0, w(x,0)= f(zx).

By Schwarz reflexion principle, the data f has to be analytic if u is required to be continuous
on D. We consider the sequence of initial data ¢,, n € N:

bn(x) = e VPnsin(nz), ¢olz) = 0.
It is easily checked that for any k& > 0,
¢n — 0

in the C*-norm. In fact, for any ¢ > 0, there exist N, € N such that

supz |0V (x)] < e if n> Ny

i<k

Note that ¢, oscillates more and more as n — 4o00. On the other hand one finds by
separation of variables that for any n € N, the Cauchy problem (1.2.1) with f = ¢, has
the unique solution

vn(2,t) = e~V sin(nx) sinh(nt),

and of course vy(z,t) = 0. Things seem going well but for any ¢ty > 0 (even arbitrary
small), and any k € N,

sup [vF) (z,t0)| = nFe~V"sinh(nty) — 400

as n — +oo. In other words, the map T : ¢, — v,(+, %) is not continuous in any
C*-topology. This catastrophic instability to short waves is called Hadamard instability.
It is totally different from instability phenomenon one encounters in ODE problems, for
example, the exponential growth in time of solutions.

On the other hand, the fact that norms in an infinite dimensional space are not equiva-
lent implies of course that the asymptotic behavior of solutions to PDE’s depends on the
topology as shows the following example.

Let consider the Cauchy problem

u(zx,0) = uo,

{ut + zu, = 0,

where uy € S(R) is in the Scharwtz class. The L? norms of the space derivatives ulh) = Oku
of the solution u(x,t) = ug(ze™) are

Tl

[ulP|| o = e e

4



For instance, the L> norm of  is constant while the L” norms, 1 < p < oo grow exponen-
tially. On the other hand all the homogeneous Sobolev norms W*?, k > 1, p > 1 decay
exponentially to zero.

One can state a general concept of a well-posed problem for any PDE problem (P). Let
be given three topological vector spaces (most often Banach spaces) U, V and F, with
U C V. Let f be a vector of data (initial conditions, boundary data, forcing terms, etc)
and u be the solution of (P). One says that (P) is well-posed (in the considered functional
framework) if the three following conditions are fullfilled:

1. For any f € F, there exists a solution v € U of P.
2. This solution is unique in U.
3. The mapping f € F — u € V is continuous from F' into V.

To be more specific, consider for instance scalar Cauchy problems of type:

{atu = iLu(t) + F(u(t)), (1.2.2)

u(0) = wp.

Here u = u(t,x), x € R™ and ¢t € R. The operator L is a skew-adjoint operator defined in
Fourier variables by

L&) = p(€)f(©),

where the symbol p is a real function (not necessary a polynomial) and F' is a nonlinear
term depending on v and possibly on its space derivatives. The linear part of thus
generates an unitary group S(¢) in L?(R") (and in all Sobolev spaces) which is unitary
equivalent to g — e q,.

Classical examples of equations in the form (1.2.2)) involve the nonlinear Schrédinger equa-
tion (NLS), where u is complex-valued

iug + Au + |u|Pu = 0,
the generalized Korteweg-de Vries equation

U + uPUy + Uypy = 0,
or the Benjamin-Ono equation

Uy + Uty — Hgy = 0,

where H is the Hilbert transform, and many of the classical semilinear dispersive equations.



Definition 1.2.1. The Cauchy problem 15 satd to be locally well-posed in X, where
X is a function space, if for every ug € X there exist T > 0 and a unique solution of
(1.2.2):

ue C([0,T); X).

Moreover, the map data solution, ug — u(t,-), locally defined from X into C([0,T); X), is
continuous.

Therefore, our notion of well-posedness includes existence, uniqueness and persistence (the
solution u(t) belongs to the same space as the initial data and its time trajectory describes
a curve on it). Thus, the solution flow of the equation defines a dynamical system in X.
In the case that T" can be taken arbitrarily large, we shall say that the equation is globally
well-posed in X. In some critical cases T does not depend only on the X-norm of ug, but
on wug itself in a more complicated way.

For a more detailed discussion about well-posedness see [76] and [82].

1.3 Nonlinear Stability of Solutions

The study of perturbations of solitons or solitary waves leads to the introduction of the
concepts of orbital and asymptotic stability. In order to give a complete notion of these
concepts, consider for instance the sine-Gordon (SG) equation:

Qfu(t,z) — O2u(t,x) + sinu(t,z) = 0, t,x e R, wu(t,z) e RvC. (1.3.1)

This equation has soliton (and multisoliton) solutions given by the following family of real
functions: Let zy € R be a shift parameter and § € (—1,1) a velocity parameter. Then,
the soliton solutions of the SG equation are given by

Qt,x) == Q(x — ft —z9), Q,(x):=4arctan (67(””0)), = L

Vi-52

The following definition gives us the precise statement of nonlinear orbital stability for the
standard Sobolev spaces H*(R).

Definition 1.3.1 (Orbital Stability). Let s € R fized. We say that Q. is nonlinearly stable
in H?® if for any vy € H® such that ||ug — Q,||m= < , then one has that the corresponding
solution of the equation (1.3.1) satisfies

sup [|(u, Gpu) (t) = (Q4(- = p(1)), (8:Qy) (- = ()| aroxcare—1 S @, (1.3.2)

teR

for some p(t) € R. Otherwise, we say that Q) is unstable.

6



In other words, a small perturbation of a soliton solution stays close enough to a soliton
with a corrected translation parameter. Note that the constant involved in does
not depende on t and a. The parameter p(t) is absolutely necessary since if v ~ +/,
with |y — /| = a < 1, one has ||Q, — Q| gs ~ o < 1, but the corresponding solution

1Q+(- — Bt) — Qv (- — B't)||u= ~ 1, as t — oo. In that sense, we say that (1.3.2)) is a sort
of orbital stability.

Orbital stability fo the SG kink was proved in H' x L? by Henry-Perez-Wreszinski [37].

On the other hand, asymptotic stability concerns with the small residue given by the
stability result above mentioned. It is legitimate to wonder whether w(t) should actually
converge to a soliton in some sense. Consider for example the generalized Korteweg-de
Vries equation:

Ut + (Ugy +u™), =0, t,x e R, wu(t,z) e R.

This equation has soliton solutions of the form

1

u(t, ZL‘) = Qc(w - Ct)’ Qc(s) = CﬁQ(\/ES), Q(x) = (2008:12 Zi—l)x>) N :

Thus, two solitons of similar velocities Q.(x — p(t)) and Qz(x — p(t)), with ¢ ~ ¢ but
different, are always at a positive distance in any Sobolev space H*(R), s € R. In addition,
a standard classification result tell us that if ||u(t) — Q.(- — 2(t))|| m1 ) — 0 as t — +o0,
for some x(t), then w(t) is a pure soliton solution. These two arguments suggest the
non existence of a completely and general H'-convergence to a soliton solution of a small
perturbation of a soliton.

As Muitioz explain in [68], in order to solve this problem one needs to reformulate the
asymptotic stability property, either by introducing some suitable weighted spaces [62], or
by considering only local norms [49]. In this last formulation, one has the existence of
$ > 0 depending of o small enough and ¢* > 0 with |¢™ — ¢| < « such that

[u(t) = Qe+ (- = p(O)l| 1 @) = 0,

as t — +o00. Moreover, lim;_, ., p/(t) = ¢™. In other words, there is strong H'-convergence
near the soliton.

For a more detailed discusion about stability and asymptotic stability of solitons see [68], [5].

1.4 Why studying breathers

In some dispersive PDEs there is a special family of solutions called Breathers. Breathers
are oscillatory bound states. They are periodic in time (after a suitable space shift) and
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localized in space real functions. Solution like breathers have become a canonical example
of complexity in nonlinear integrable systems. Moreover, their surprising mixed behavior,
combining oscillatory and soliton character has focused the attention of many researchers
since thirty years ago (see |78, [15], 26]).

From the physical point of view, breather solutions seem to be relevant to localization-
type phenomena in optics, condensed matter physics and biological processes [9]. They
also play an important role in the modeling of freak and rogue waves events on surface
gravity waves and also of internal waves in the stratified ocean, in Josephson junctions and
even in nonlinear optics. See [I], 34 33, 29] for a representative set of these examples.

From a mathematical point of view, breather solutions arise in different contexts. For
instance, if we consider the modified Korteweg-de Vries (mKdV) equation:

Uy + (U + 1)y =0, t,x e R, wu(t,z) € R,

in a geometrical setting, mKdV breathers appear in the evolution of closed planar curves,
playing the role of smooth localized deformations traveling along the closed curve [5].
Moreover, it is interesting to point out that mKdV breather solutions have also been
considered by Kenig, Ponce and Vega in their proof of the non-uniform continuity of the
mKdV flow in the Sobolev spaces H® for s < }L [46]. Furthermore, they should play an
important role in the soliton-resolution conjecture, according to the analysis developed by
Schuur in [78]. On the other hand, consider for example the sine-Gordon (sG) equation:

Ut + Ugy + sinu = 0, t,r eR, wu(t,z) e K=RVC.

In this case, SG breathers play an important role in the so-called asymptotic stability
problem for the kink solution (see [79, 50, 51]).

It should be said that there is no universal definition for breathers. Although, there are
definitions for some particular equations, for instance, in [7] you can find a definition that
match the sine-Gordon case.

For a more detailed discusion of the relevance of breather solution see |7, 6] 5] [3].

1.5 Dispersive Blow-Up

Dispersive blow up is a phenomenon of focusing of smooth initial disturbances with finite
mass (or finite energy, depending on the physical context) that relies upon the dispersion
relation guaranteeing that, in the linear regime, different wavelengths propagate at different
speeds. This is especially the case for models wherein the linear dispersion is unbounded, so



that energy can be moved around at arbitrarily high speeds, but even bounded dispersion
can exhibit this type of singularity formation [17].

Roughly speaking, dispersive blow up refers to the fact that the loss of some type of
smoothness presented by some solutions is carried out by the linear part and not by the
nonlinear term.

To be more concrete, consider the Cauchy problema for the linear (free) Schrodinger equa-
tion

10 + Au = 0, u(t =0) = up(x), (1.5.1)

where x € R" for some n € N. For uy € L?*(R"), elementary Fourier analysis shows the
solution to this initial-value problem is

u(t,z) = " ug(x) = (zi)n /R ) e~ MEP o (&) e de. (1.5.2)

Here, 19 denotes the Fourier transformed initial data,

Fuo(e) = €)= [ e ug(a)da,
The corresponding inverse Fourier transform will be denoted by F~!. From (1.5.2)), it is
immediately inferred that for any s € R, solutions lie in C(R, H®) whenever ug lies in
the L2-based Sobolev space H*®. Moreover, the evolution preserves all these Sobolev-space
norms, which is to say
Jut, )|

for t € R. In certain applications of this model, the case s = 0 in the last formula
corresponds to conservation of total mass in the underlying physical system.

Hs(Rn) = HU0| Hs(R™),

However, in Theorem 2.1 of [18], it was shown that for any given point (t.,z.) € Ry x R”
there exists initial data ug € C°°(R™) N L?(R") N L>=(R") such that the solution u(t, ) of
the corresponding initial-value problem for the free Schrédinger equation:

i+ Au =0, u(t =0) = up(x), (1.5.3)
is continuous on R, x R™\ {(¢,, z.)}, but

lim  Ju(t,x)| = 4o0.
(t,x)—= (b5, %)
This fact is referred to as (finite-time) dispersive blow up. The analogous phenomena
also appears in other linear dispersive equations, such as the linear Korteweg-de Vries
equation [I4] and the free surface water waves system linearized around the rest state [18].

As Bona et al. explain in [I7], at first sight, one would expect that nonlinear terms would
destroy dispersive blow up. What is a little surprising is that even the inclusion of physically



relevant nonlinearities in various models of wave propagation does not prevent dispersive
blow up. Indeed, theory shows in some important cases that initial data leading to this
focusing singularity under the linear evolution continues to blow up in exactly the same way
when nonlinear terms are included. In [16], this was shown to be true for the Korteweg-de
Vries equation, a model for shallow water waves and other simple wave phenomena. This
result and analogous dispersive blow up theory in [18] for solutions of the one-dimensional
nonlinear Schrodinger equations,

10+ 02u =+ [ufPu =0, u(z,0) = up(x),

where x € R and p € (0, 3), lead to the speculation that such focusing might be one road
to the formulation of rogue waves in shallow and deep water and nonlinear optics (see
[27, 28, [47,, 80]).

The analysis put forward in [16] and [18] revolves around providing bounds on the nonlinear
terms in a Duhamel representation of the evolution. Because the phenomenon is due to
the linear terms in the equation, data of arbitrarily small size will still exhibit dispersive
blow up, and indeed it can be organized to happen arbitrarily quickly. This emphasizes
the linear aspect of these singularities and differentiates it from the blow up that occurs
for some of the same models when the nonlinear term is focusing and sufficiently strong
(see [8T] for a general overview of this aspect of Schrodinger equations). Dispersive blow
up thereby also serves to demonstrate ill-posedness of the considered models in L*°-spaces.

1.6 Results of this Thesis

This thesis contains essentially two main results, which are part of the following two articles:

e C. Munoz, and J. M. Palacios, Nonlinear stability of 2-solitons of the Sine-Gordon
equation in the energy space, preprint arXiv:1801.09933, preprint sent for publication
[69]. (Chapter 2.)

e . Linares, and J. M. Palacios, On the persistence properties of solutions to the

Schridinger-Korteweg-de Vries system, and applications to dispersive blow-up, preprint
2018 [55]. (Chapter 3.)

1.6.1 First part: stability of Sine-Gordon 2-solitons

Consider the sine-Gordon equation in physical coordinates for a scalar field ¢:

Gt — Pua + 50 = 0. (1.6.1)
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Here, ¢ = ¢(t,z) is a real or complex-valued function, and (¢,z) € R?. This equation has
the following families of explicit solutions: For x1,zo € R shift parameters, § € (—1,1) a
scaling parameter, and v = (1 — 52)71/2 the Lorentz factor. We will study:

1. The sine-Gordon breather B = B(t,x) = B(t,xz; 3, x1, x2) given by
B sin(a(t + x1)) —
( ,l’,57l’1,$2) arctan (OéCOSh(ﬁ(fL“i‘l’g)) ’ Q 6 y /87&07

which represents a solution which is localized in space and oscillatory in time because
of the parameter .

2. The sine-Gordon 2-kink R = R(t,z), given by

sinh(vy(x + x3))
cosh(v(t + xl))> 870,

which represents the interaction of two SG kinks with speeds +0.

R(t,z; 8, z1,x9) = 4 arctan <6

3. Finally, we shall consider the sine-Gordon kink-antikink A = A(t, x), which is given
by:

_ B 1 sinh(y(t + 1))
A(t,z; B, x1,x9) = 4arctan (5(305}1(7(3C n :UQ))) ., B#0,

which represents the elastic collision between a sine-Gordon kink and an anti-kink,
with speeds +4.

The aim of this first part is to prove the following nonlinear stability of the 2-soliton
solutions of the SG equation defined above.

Theorem 1.6.1 (Stability of 2-solitons in the energy space). The 2-solitons of SG
are nonlinearly stable under perturbations in the energy space H' x L%. More precisely,
there exist Co > 0 and ng > 0 such that the following holds. Let (¢, ¢;) be a solution of
(1.6.1)), with initial data (¢, ¢1) such that

(60, d1) — (D, Dy)(0, - ;8,0,0) || r1xr2 <, (1.6.2)

for some 0 < n < no sufficiently small, and where (D, D;)(t, - ;3,0,0) is a 2-soliton
(breather, 2-kink or kink-antikink). Then, there are shifts x1(t), z2(t) € R well-defined and
differentiable such that

sup [[(9(2), 8:(t)) = (D, Do)t - 5 B, 21(2), 22(t)) |22 < Con (1.6.3)

Moreover, we have

sup [ ()| + |5(t)] S Con.

teR
This theorem generalizes to the case of 2-solitons solutions the previous result of Henry-
Perez-Wreszinski concerning the nonlinear stability of the 1-soliton solution of the sine-
Gordon equation (see [37]).
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1.6.2 Second part: Dispersive blow-up and persistence properties
for the Schrodinger-Korteweg de Vries system

Consider the Initial Value Problem associated to the Schrédinger-Korteweg-de Vries system
in R; x R,
10 + 02u + |ul*u = auv, t,z €R,
v + 030 + 30,(v?) = 0, ([ul?), (1.6.4)
u(z,0) = ug(x), v(z,0)=uvy(x),
where u = u(t, x) is a complex-valued function and v(¢,z) is a real-valued function. The

aim of this second part is to prove the following two results concerning the solutions of the
IVP (1.6.4). First, we prove persistence of regularity and decay.

Theorem 1.6.2 (Persistence). Let s € R, 1,79 > 0 be fized parameters. Let
(0, v0) € (HV2(R) (1 (" da) x (H*(R) N L2(Jal"dx))

with

1
T s—|—§>r1, and s> 2rs.

Then there exist T = T(HUOHH% + |lvolls) > 0 and a unique solution (u(t),v(t)) of the IVP
(11.6.4)) satisfying

s >

we C([0,T); H2(R) N L2(|z["dx)), v € C([0,T); H*(R) N L2(|z|"*dz)).
Furthermore,

_1
Hcha:cUHLgOLQT + Dz 28ocUHLgOL?T + ”D;awUHLgOLQT < 00,
lullzzrge + [vllL2)Le < o0,

10wl 2 10 + 1020 g e < 00

Moreover, given T'" € (0,T), the map data solution is Lipschitz continuous.

The proof of this theorem is based on the contracting mapping principle. Moreover, as a
consequence of Theorem [1.6.2] we are able to prove the existence of dispersive blow-up for
the Schrédinger-Korteweg-de Vries system [l

Theorem 1.6.3 (Dispersive blow-up). There ezists initial data

uy € C2(R)N H* (R), v € C®(R)N H*? (R),

!Here we adopt the following notation, for s > 0

H'R) = JH'®R), H ®)= |J H'R).

s'>s 0<s'<s

12



such that the following holds: there exists t* € [0,T] such that the corresponding solution

(u,v)(+,-) of the IVP[1.6.4}
uwe C(0.T): H (R)),  veC(0.1]: B (R)),
provided by Theorem is such that

ut”,) ¢ HA(R), o(t",") ¢ C'(R).

This theorem generalizes the results for each of the components itself, this time proved for
the coupled NLS-KdV system (see [17, 56]).

It should be said that in Theorem there is no dispersive blow-up for component of the
solution related to the nonlinear Schrodinger equation, since neither the solution nor any
of its derivatives is loosing regularity in terms of the L*®-norm (at least we were not able
to prove that). Nevertheless, we shall prove a smoothing effect by a quarter of derivative
associated to its corresponding nonlinear term. The main issue to establish the dispersive
blow-up for the NLS solution is to deal with the coupled term (in KdV), which has both
worse regularity and worse persistence in weighted Sobolev spaces than the NLS part.
More explicitly, to show that the NLS solution has dispersive blow-up we must prove that

the solution u(t,z) is in H2¢, even when it has a term which is only in H? (R).

13



Organization of this work

In what follows we shall divide the manuscript into two chapters, each corresponding to a
different article.

Chapter 2 is organized as follows: In Section 2.1 the problem and some previous literature
are introduced. In Section 2.2 we introduce the Bdcklund Transformation and prove some
preliminary Lemmas. In this section we also state and prove some basic properties of the
sine-Gordon equation. Sections 2.3 and 2.4 are devoted to study the relationship between 1-
soliton and 2-solitons solutions in terms of the Bicklund transformation. Sections 2.6, 2.7,
2.8, 2.9 and 2.10 are devoted to study invertibility properties of the relationship between
solitons solutions stablished in the previous sections. Finally, in Section 2.11 we prove the
Main Theorem

Chapter 3 is organized as follows: Section 3.1 we introduce the problem and previous
literature. In Section 3.2 we state a series of results needed in the remainder of this
chapter. The dispersive blow-up for each of the linear equation is established in Section
3.3. In this section we show how to construct the initial data which shall develop dispersive
blow-up. Section 3.4 is devoted to prove the Main Theorem [3.1.2] This last result is used
to complete the analysis in Section 3.3. The dispersive blow-up for the coupled system
(Theorem is then proved in the last Section 3.5.
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Chapter 2

Nonlinear stability of 2-solitons of the
sine-Gordon in the energy space

In this chapter we prove that 2-soliton solutions of the sine-Gordon equation (SG) are
orbitally stable in the natural energy space of the problem. The solutions that we study
are the 2-kink, kink-antikink and breather of SG. In order to prove this result, we will
use Backlund transformations implemented by the Implicit Function Theorem. These
transformations will allow us to reduce the stability of the three solutions to the case of
the vacuum solution, in the spirit of previous results by Alejo and the first author, which
was done for the case of the scalar modified Korteweg-de Vries equation. However, we will
see that SG presents several difficulties because of its vector valued character. Our results
improve those in Alejo et al., and give a first rigorous proof of the stability in the energy
space of SG 2-solitons.

This chapter is part of the article

e C. Munoz, and J. M. Palacios, Nonlinear stability of 2-solitons of the Sine-Gordon
equation in the energy space, preprint arXiv:1801.09933, preprint enviado a referato
[69].

2.1 Introduction and Main results

2.1.1 The model

This chapter considers the sine-Gordon (SG) equation in physical coordinates for a scalar
field ¢:

Grt — Gua +s5in = 0. (2.1.1)
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Here, ¢ = ¢(t,z) is a real or complex-valued function, and (¢,z) € R* SG has been
extensively studied in differential geometry (constant negative curvature surfaces), as well
as relativistic field theory and soliton integrable systems. The interested reader may consult
the monograph by Lamb [53, section 5.2|, and for more details about the Physics of SG,
see e.g. Dauxois and Peyrard [24].

Using the standard notation gg := (¢, ¢), corresponding to a wave-like dynamics, and given
data ¢(t = 0), a natural energy space for (2.1.1)) is (H' x L?)(R;K) (K =R or C), as it is
revealed by the conservation laws Energy and Momentum, respectively:

B0 = 5 [ @2+ Dta)da+ [ (1= cosst.a))de = E)0), (2.12)
and
PO = 5 [ out.a)on(t.)is = PIO) (219

although spaces slightly different may be considered, using the fact that gg need not be
necessarily zero at infinity for £ and P being well-defined. However, real-valued solutions
of that initially are in H' x L? are preserved for all time. Additionally, they are
globally well-defined thanks to standard Strichartz estimates and the fact that sin(-) is
a smooth bounded function. In what follows, we will assume that we have a real-valued
solution of (in vector form) ¢ € C(R; H' x L?), although complex-valued solutions,
or solutions with nonzero values at infinity will be also considered in some places of this

paper.

Solutions of (2.1.1]) are known for satisfying several symmetry properties: shifts in space
and time, as well as Lorentz boosts: for each 5 € (—1,1), given ¢(t,z) = (¢, ¢)(t, x)
solution, then

(6, d0)a(t, x) = (¢, ¢0) (Y(t = Ba),v(x — Bt)), ~:=(1—p)""2 (2.1.4)

is another solution of (2.1.1)). The parameter  is called Lorentz scaling factor, having an
important role in what follows.

2.1.2 2-soliton solutions

In this chapter we will show stability of a certain class of particular solutions of 2-soliton
type for (2.1.1). In order to explain better the 2-solitons forms that we will study, first
we need to understand the notion of 1-soliton. This is an exact solution of usually
referred as the kink [53]:

Q(x) := 4arctan(e”™), x5 € R.
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Thanks to , it is possible to define a kink of arbitrary speed § € (—1,1). From
the integrability of SG, interactions between kinks are elastic, i.e. they are solitons [53].
Also, —Q(z) is another stationary solution of SG, usually called anti-kink. It is well-known
that (Q,0) is stable under small perturbations in the energy space (H' x L?)(R), see
Henry-Perez-Wreszinski [37].

These kinks are also locally asymptotically stable in the energy space under odd pertur-
bations, a property that follows from the proofs in [50], as well as some of the methods
exposed in this chapter.

A 2-soliton is formally a solution that behaves as the elastic interaction between two forms
of 1-soliton, and under different scalings (or speeds, real or complex-valued). This structure
remains valid for all time. The 2-solitons considered in this paper are the following (see
Lamb [53] pp. 145-149]):

Notation: Let x1,x2 € R be shift parameters, 5 € (—1,1) be a scaling parameter, and
v = (1 — B%)7/2 be the Lorentz factor. We will study

1. First of all, the SG breather B = B(t,x) = B(t,z; 3, z1,x2) given by

. B B sin(a(t + x1)) B —
B(t,x; B, x1,x2) = 4arctan (acosh(ﬁ(yc—f—mQ))) . a=+/1—-p2 B#0,
(2.1.5)

which represents a solution (even in x +x5) which is localized in space and oscillatory
in time because of the parameter «. This solution can be made arbitrarily small
provided f is small, and has energy E[B, B;] = 16, see |53, [7]. Additionally, B is
a counterexample to the asymptotic stability property of the vacuum solution under
small perturbations (except if perturbations are odd), as was discussed in [51] (see
Fig. 2.2). Similarly, in [7] it was conjectured, thanks to numerical evidence, that this
solution is stable.

2. Second, the stability of the 2-kink R = R(t,x), given by

sinh(y(x + z2))
cosh(y(t + :131))> , B#0, (2.1.6)

which represents the interaction of two SG kinks with speeds 4+, with limits as
x — Fo0 equal to —27 and 27 respectivelyﬂ (i.e., R do not decay to zero). Note that
R is odd wrt the aris © = —x4. See Fig. for more details.

R(t,z; 8,21, x9) = 4 arctan (6

3. Finally, we shall consider the kink-antikink A = A(t, x):

_ B 1 sinh(y(t + 1))
A(t,z; B, 1, x9) = 4arctan <ﬂcosh(7(:v n x2>>) , B #0, (2.1.7)

I'Note that the classic 2-kink should connect the states 0 and 47, but the substraction of 27 to a solution
of SG is still a solution.
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which represents the elastic collision between a SG kink and an anti-kink, with speeds
+4. This solution decays to zero at infinity, and it is even wrt x + z5. See Fig. 2.4

These three time depending functions are exact solutions of SG that have two modes of
independent variables, in contrast with the kink () which has only one. Another type of
degenerate solitons, not treated in this paper, can be found in [21].

2.1.3 Main results

The purpose of this paper is to give a first proof of the fact that the three 2-solitons
of SG are stable under perturbations well-defined in the natural energy space associated
to the problem, this without any additional decay assumption, and no use of the Inverse
Scattering methods. Consecuently, our results extends those of Henry-Perez-Wreszinski
[37] to the case of SG 2-solitons, and allow possible extensions to the case of three or more
soltions. Our main theorem is the following:

Theorem 2.1.1 (Stability of 2-solitons in the energy space). The 2-solitons of SG
are nonlinearly stable under perturbations in the energy space H' x L?. More precisely,
there exist Co > 0 and ng > 0 such that the following holds. Let (¢, ¢;) be a solution of
(2.1.1), with initial data (¢o, P1) such that

H(¢07¢1) - (Dth)(()? ’ ;67070)”HIXL2 <, (218)

for some 0 < n < no sufficiently small, and where (D, D;)(t, - ;3,0,0) is a 2-soliton

(breather (2.1.5), 2-kink (2.1.6) or kink-antikink (2.1.7) ). Then, there are shifts x1(t), xo(t) €
R well-defined and differentiable such that

sup [[(o(t), ¢i(t)) — (D, D)(t, -5 8, 21(t), 2a(1)) [ 152 < Con- (2.1.9)

teR

Moreover, we have

sup |z ()] + |23 (t)] < Con-

teR
Remark 2.1.1. Note that in Theorem we do not specify the space where (¢, ¢;) are
posed, this because (R, R;)(t) in does not belong to H! x L?. However, it is possible
to show local well-posedness (LWP) in each of the three cases involved in this chapter,
such that H' x L? perturbations are naturally allowed.

Rigorous proofs of stability of SG 2-solitons are not known in the literature, as far as
we can understand. Formal descriptions of the dynamics can be found in [30], and in [78],
under additional assumptions of rapid decay for the initial data. These last two results
are strongly based on the Inverse Scattering Theory (IST), therefore the extra decay is
essential. Theorem do not require this assumptions, only perturbation data in the
energy space (and probably even less regular).
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A first result on conditional stability (only for the SG breather case) can be found
in Alejo et. al. [7]. In this work it was shown that, under certain spectral conditions,
breathers are stable under H? x H' perturbations. This result follows some of the ideas
in 3, 4], works dealing with the modified KdV case, a simpler breather. Additionally, in
the same work, the spectral conditions required in [7] where numerically verified in a large
set of parameters for the problem. Theorem improves the results in |[7] in two senses:
first, it establishes the stability of 2-solitons for SG in a rigorous form; and second, the
proof works in the energy space of the problem, without any additional assumption.

Although 2-solitons are stable, it is known that breathers should disappear under per-
turbations of the equation itself. In that sense, the literature is huge, from the physi-
cal and mathematical point of view. Nonexistence results for breathers can be found in
[15] 48, 23] 26], [52] [86], under different conditions on the nonlinearity. Recently, Kowalczyk,
Martel and C. Mufioz [51] showed nonexistence of odd breathers for scalar field equations
with odd nonlinearities, with no other assumptions on the nonlinearity, except being C*.
However, in [10] it was shown existence of breathers in scalar field equations with non-
homogeneous coefficients. Finally, [67] considers in a rigorous way the stability question
for Peregrine and Ma breathers, showing that they are indeed unstable, even if the equation
is locally well-posed.

On the other hand, stability and asymptotic stability results for N-solitons of several
dispersive nonlinear equations, are largely available in the literature. Concerning the NLS
equation, see [41] [74]. We also refer to the works [72] 58] 59, 60, 61] for the case of solitons
and 2-solitons in gKdV equations. The works [79, 50| are deeply concerned with scalar
field equations, and [71] deals with the Benjamin-Ono equation and its 2-solitons. See also
[73] for the study of 2-solitons in Dirac type equations. Finally, Alejo et al. [6] worked the
case of periodic mKdV breathers.

In this work we extend the ideas introduced in [5] to the SG case. More precisely, we will
study the Bécklund Transformations (BT) between two solutions (¢, ¢) for SG, and fixed

parameter a:
1 —_
pr — ¢t = —Sin (%@b) + asin (SOqu) ,

a
Ot — Py = ésin <(’DT+¢) — asin <¢T_¢)

These two equations allow to describe the dynamics of 2-solitons using the reduction of
complexity induced by the BT. These ideas have been successfully implemented in several
contexts: Hoffman and Wayne [38] used BT to show abstract results of stability. Next,
Mizumachi and Pelinovsky [64] showed L? stability of the NLS soliton using this approach.
The case in [5] was the first where a BT was used in the case of breathers.

In the case of SG 2-solitons, the dynamics is more complex than usual, because, unlike
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mKdV in [5], here we will work with a system for (¢, ¢;), and not only scalar equations.
This fact makes proofs more involved, in the sense that we must work with systems at
every step of the proof.

In order to fix ideas, let us consider the case of the SG breather (2.1.5)). First of all, we will
need to work with complex-valued solutions. We will introduce the kink function (K, K;):

. 47 Bx+iat
(K, K)(t,x) := (4 arctan (eﬁx“at) Lae )

"1 + e2(Bz+iat)

This complex-valued SG solution is connected to zero via a BT of parameter § — 1a. We

have (Lemma [2.3.5):

K, = 5—12'04 sin (%) + (8 — i) sin <§) :
K, = B—lia sin (%) — (B —ia)sin (%) :

On the other hand, the complex-valued kink is a singular solution to SG, in the sense that
it blows up (in L* norm) in a sequence of times ¢;, without accumulation point (Remark
2.3.3). Even under this problem, it is possible to define a dynamics for perturbations of
(K, K,), for times t # t;, ~ t;;, and proving a kind of manifold stability:

Corollary 2.1.2. Let (K, K;)(t) be a complez-valued kink profile such that at time t = 0
does not blow up. For each (ug,so) € (H' x L?)(R;C) sufficiently small and such that
Corollary[2.8.5 holds, there is a unique solution of SG

(2.1.10)

(6, 0) () = (K, K) (1) + (u, 9)(1),  (u,5)() € (H" x L*)(R; C),

where (K, K;)(t) is a complez-valued profile suitably modified via modulations in time.
This solution is well-defined for each t # t;, a sequence of times unbounded and without
accumulation points, close to each t,.. Similarly, this solution blows-up at time t = t,.

The advantage of introducing the profiles (K, K;) in Theorem is the following: this
profile is connected to the breather (B, B;) via a new BT of parameter 3+ i« (Proposition

2.4.4):
1 B+ K B-K
B, - K, = , sin< i )+(ﬁ+ia)sin( ),
B+ i 2 2 (2.1.11)
B K 1 . (B+K (B + i) s B-K o
- K, = — sin — in :
¢ B—i—zas 2 s 2

An important portion of this chapter deals with the generalization of these two identities,
(2.1.10) and (2.1.11)), to the case of time-dependent perturbations of the breather (B, B;).
However, this procedure presents several difficulties. First, a correct connection between
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neighborhoods of the breather and the zero solution. (Proposition . The obtained
function near zero must be real-valued, otherwise our method does not work (see Theorem
below). Next, we need to come back to the original solution for any possible time.
This step presents several difficulties since in general the BT are not invertible for free and
we need to impose additional conditions, in order to find the correct dynamics (Proposition
2.7.4). Another problem comes from the fact that the method falls down when the time
t approaches f,. We need another method for proving stability at those times, based in
energy estimates (subsection 2.11). Some of these problems were already solved in [5]
for the mKdV case, however here we propose another method, more intuitive and based
in the uniqueness returned by the modulation in time (Corollary 2.5.3). Through this
chapter, we will give a rigorous meaning to the diagram of Fig. which describes the
proof of Theorem based in two “descents” and two “ascents” from perturbations of
the breather (or any 2-soliton), to the zero solution, which is orbitally stable thanks to a
respective Cauchy theory.

(BLB)(0) + (20, ) —————— (B.B)(0) + (2, 0) 1)
B+ia+6 B—ia+6
<K7 Kt)(()) + (u07 SO) (F7 Kt)(t) + (I_L, 5) (t)
B—ia+é B+ia+0
t
(0, vo) GWP (y,v)(1)

Figure 2.1: Diagram of proof of Theorem in the breather case (B, By),
for times different to t;. Here, (K, K;)(t) represents the complex conjugate of
the function (K, K;)(t) at time ¢.

A first consequence of the (rigorous) methods associated to Fig. is the following:

Theorem 2.1.3 (Real-valued character of the double BT). Under hypotheses from Theo-
rem in the breather case (B, By), the LHS of the diagram in Fig. is well-defined
and the functions (yo,vo) € H' x L* obtained are mecessarily real-valued, even if (ug, So)
are not.

For more details about this result, see section and Corollary Another consequence
of the same diagram in Fig. is the following method of computing the energy and
momentum of each involved perturbation of a 2-soliton:

Corollary 2.1.4 (Energy and momentum identities). Under the consequences of Theorem
and according to the diagram in Fig. the following identities are satisfied for
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each time t € R:

1
2.1.12
1+25Re(5+2a1m5+|(5\2)’ ( )
! 1). (2.1.13)
1+2BRed +2aImd + |6]? ' o

E[B + z,B; +w] = E[y,v] + 8(8 + Re ) (1 +

P[B+ z,B; + w| = Ply,v] + 4(8 + Red) (

Completely similar identities are satisfied by the other 2 cases: D = A or D = R, after
suttable modifications.

Finally, but not least, let us mention the fundamental work by Merle and Vega [63], who
introduced the idea of the nonlinear Miura transformation for the KdV soliton, proving L?
stability. See also [8 65, 66] for other generalizations of this idea to other contexts.

Organization of this chapter

section presents preliminaries that we will need along this paper. section introduces
the basic notions of complex-valued kink profile, and section describes in detail the 2-
soliton profiles. section deals with modulation of 2-solitons, and section is devoted
to the connection between breathers and the zero solution. In section we study the
corresponding inverse dynamics, while in section [2.§] we prove Theorem [2.1.3] section
and study the 2-kink and kink-antikink cases, and section is devoted to the proof

of Theorem and Corollary

2.2 Preliminaries

The purpose of this section is to announce a set of simple but fundamental properties that
we will need through this chapter. Proofs are not difficult to establish or being checked in
the literature.

2.2.1 Backlund Transformation

As a first step, let us write (2.1.1) in matrix form, that is ¢ = (¢, &) = (@1, ¢2), in such a
form that (2.1.1) reads now

{a"bl = ¢ (2.2.1)

Oips = Doy — sin .

Formally speaking, we will say that a profile is a function of the form (¢1, ¢2)(x), inde-
pendent of time, which under a particular time-dependent transformation, may be exact
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or approximate solution of described above. Although not a rigorous definition,
this one will allow us to understand in a better form the concepts described below. Now
we introduce the Bicklund transformation that we will use in this chapter. Recall that H®
represents the closure of C§° under the norm |0, - || 2.

Definition 2.2.1 (Béicklund Transformation). Let a € C be fized. Let ¢ = (¢, ) (z) be a
Junction defined in H'(C) x L*(C). We will say that ¢ in H'(C) x L*(C) is a Bicklund
transformation (BT) of ¢ by the parameter a, denoted

B(¢) > &, (2.2.2)
iof the triple (qg, g, a) satisfies the following equations, for all x € R:
1. + . —
O — Py = - sin (%) + asin (ng¢) : (2.2.3)
1. + ) —
O — Py = S sin (SDT(b) — asin (@T(b) : (2.2.4)

Remark 2.2.1. Note that if the triple (qg, J, a) satisfies Definition then so (&, (5, —a)

does, and we have B(g) —— ¢. In that sense, the order between ¢ and ¢ will not play an
important role.

Remark 2.2.2. Note also that we do not ask for uniqueness for ¢ in Definition 2.2.1]
However, in this articule we will construct functions ¢ which are uniquely defined as BT
(with fixed parameter) of a unique ¢.

Remark 2.2.3 (Different BT for SG). In [53] is written in “laboratory coordinates”
(u,v) given by

r—1 T+t

U = , Vo= < = =ut+v, t =v—u.
2 2

Under these new variables SG (2.1.1) reads o, = sino, where o(u,v) := ¢(t,z). It is not
difficult to show that in this case, (2.2.3)-(2.2.4)) are equivalent to the equations

1( +5) ) o—0 1( 7)) 1 . oc+o
— (o, +0,) = asin , —(o,—0,) = —sin ,
2 2 2 a 2

which are precisely the BT appearing in [53].

The following result is standard in the literature, justifying the introduction of the BT
@.2.3)-(@.2.4).

Lemma 2.2.2. If (gz?, @) are C7,, functions related via a BT (2.2.3)-(2.2.4)), then both solve
@2.1).

Proof. By smoothness, it is enough to check that both solve (2.1.1)). Now, we prove that
¢ solves SG. We take derivative in (2.2.3) and (2.2.4)), so that

1 ((pt — Pz + ¢t - gbx) COs (m>

SOtt—%cx:% 5
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+

|

2

= —sin (SO__QS) cos (M> — sin <(’O—+¢) cos (ga_—gb) = —sin(yp).
2 2 2 2

Similarly, one easily proves that ¢ satisfies SG. ]

(¢t + ¢m — ¥t — 9096) COS (SO—_¢>

Using a standard density argument, the previous result can be extended to solutions
defined in the energy space, and satisfying the Duhamel formulation for SG. Now, we will
need the following notion, generalization of Definition [2.2.1]

Definition 2.2.3 (Bicklund Functionals). Let (¢o, @1, ¢o, ¢1, a) be data in a space X (K)
to be chosen later, with K = C or R. Let us define the functional with vector values
F = (F1, Fs), where F = F(pg, p1, ¢o, &1, a) € L*(K) x L*(K), given by the system:

1. + . —
‘/—-1(%007 ©1, ¢07 ¢1a CL) = Qo — gbl - asn’l (900 9 ¢0) — asin (SOO 2 ¢0) ; (225)

1 . + ) _
Fa(pos 1, Go, 61, @) = @1 — o0 — o sin (%T%) + asin (900 5 ¢O> : (2.2.6)

2.2.2 Conserved quantities

The following result establishes a direct relation between the BT ({2.2.3))-(2.2.4) and the
conserved quantities (2.1.2)-(2.1.3)), without using the original equation (2.2.1)).

Lemma 2.2.4 (BT and conserved quantities). Le (0, 01), (0, 1) € (L™ N HY)(R;C) x
L?*(R; C) be functions related by a BT with parameter a, i.e., such that

B(o, ¢1) — (o, 01).

Let us additionally assume that

(1) =l (1—005 (WTW)) (1) = lim <1—cos (%ﬁ)) (2.2.7)

are well-defined and finte. Then we have

BI@) = B[ + 2(6} — £5)(t) + 2a(65 — £)(0), (2.2.8)
PlA = Pl3)+ é(ﬁj — (1) — alts — £)(0), (2.2.9)

where E and P are the corresponding energy and momentum defined in (2.1.2)-(2.1.3)).

2Note that not necessarily ¢, ¢ belong to L2.
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A simple consequence of the previous result is the following:

Corollary 2.2.5 (Parametric rigidity of BT versus Energy and Momentum). Under the
hypotheses from previous lemma, let us assume in addition that ¢, are such that E[Z],
E[¢] and P[F] and P[¢] are conserved in timet € R (see subsection below for details).
Then, if both (¢ — (1) (t) and (¢ — £2)(t) do not depend on time, the parameter “a” in
the BT cannot depend on time.

Remark 2.2.4. In general, all solutions considered in this chapter do satisfy the hypotheses
in Corollary - Even more, if the corresponding limits in are constant (our case),
then the BT parameter a cannot depend on time.

Proof of Lemma 2.2.4l First we prove that (2.2.8) holds. For that, adding the squares

of equations (2.2.3) and (2.2.4), we have
2 . + ] _
02+ 0]+ OF 4 8 — 2(pa + 010) = = sin? (¢T¢) + 2a®sin® (ngqb) .

Now, replacing the values of ¢, and ¢, given by equations (2.2.3)) and ( -,
I + ) —
O2+ @ + 62+ 6 =24 (qbt +—sin (9"?¢) + asin (@T(é))

+ 20, | O + — sm SO_—HZS — asin 90__925
2 2
2 p+o 2. 2P @
+ o) sin (T) + 2a” sin — )
Simplifying and gathering similar terms,

ot gt~ 6= 6 = 2 (6 62) s (#) T 2a(6— 6,) sin (@T—d))

+ ES in (#) + 2a2 sin? <u> . (2.2.10)

a? 2

Now, adding and sustracting ¢, in the RHS of (2.2.10)), and integrating
[arit-oi-a
R
2 _

/ (gzﬁt ) sin <90 ; a + 2(1/ ((bt — gpx) sin (QPTQS)
) _

+ — (90 i ¢) a2 81112 (u)
a? 2
4 _

—I—— 8x 1 — cos L +4a/8x 1 — cos u )
a Jr 2 R 2
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Recall that B(¢, ¢;) — (¢, ¢;). Using (2:2.7)), we conclude
|d+et-di-o
R
- —4/ sin (@Tﬂf)) sin (%) + 2 — () + dal; — 0)0). (2.2.11)
R a

Lastly, multiplying (2.2.11)) by % and using that cos¢ — cos¢p = —2 sin(‘PTW) sin(%), we
arrive to the identity

1
JERRE

/ 2+ @7 + / (1 — COS (b) + z(ﬁi — () () + 2a(07 — €2)(1),

which finally proves (2.2.8)). Similarly, we will show (2.2.9)). Multiplying (2.2.3)) and (2.2.4)

we have

L2t + GaPr — Yoo — Qi1 = i sin’ (%ﬁ) — @’ sin? (SOT_(b) .
Replacing ¢, and ¢, given by and we obtain

Paipr = Pur + é(cbx + ¢y) sin (90_+¢) +a(¢, — ¢¢) sin (ﬂ)
w2 (#) — a’sin’ (@_—d)) : (2.2.12)

a?

Finally, using once again that B(¢, ¢;) — (i, ¢¢), multiplying ([2.2.12) by 1 and integrat-
ing, we get

/ o = / Bu+ (5~ 5)(1) — ally — £2)(0),

which finally ends the proof. ]

2.2.3 Local well-posedness

The purpose of this paragraph is to announce the LWP results that we will need through
this chapter. First of all, note that the energy (2.1.2)) can be written as

- 1
E[¢](t) = 5 /(gbi + @) (t, x)dw + / sin? (%) (t,x)dx. (2.2.13)
R R
Then, naturally the largest energy space for SG is HL x L? [25], where
HL = {¢y € H" : sing, € L*}.
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Since we will consider small perturbations in this paper, ¢ € H' small enough implies
¢ € HL

Theorem 2.2.6 (GWP for real-valued data). Let (¢g, ¢1) € (H' x L*)(R) be initial data.
Then there exists a unique solution ¢ € C(R, (H' x L2)(R)) (in the Duhamel sense) of
. Moreover, both the momentum P in (2.1.3)) and the energy E in (2.1.2) are con-
served by the flow, and we have

Sup [[(9, &) )l xzz S (G0, 1)z, (2.2.14)

with involved constants independent of time.

Proof. This result is direct from the Duhamel formulation for (2.2.1), the conservation of
energy, plus the fact that sin(-) is smooth and bounded if the argument is real-valued. [J

We will also need a LWP result for complex-valued initial data.

Theorem 2.2.7 (LWP for complex-valued data). Let (¢g, 1) € (H' x L*)(C) be complex-

valued initial data. Then there exists T = T((¢o, 1)) > 0 and a unique solution ¢ €
C((=T,T),(H'xL?)(C)) (in the Duhamel sense) of (2.2.1)). Moreover, both the momentum

P in (2.1.3) as well as the energy E in (2.1.2)) are conserved by the flow during (=T, T).
Remark 2.2.5. Note that SG with complex-valued data do have finite time blow-up solu-

tions. See Lemma for more details on this problem.

Proof. The same proof for the real-valued case works for the complex-valued one. Only
global existence is not satisfied. ]

Finally, we will need a last result for the case of nontrivial values at infinity, more
precisely for the case of the 2-kink R in (2.1.6]).

Theorem 2.2.8 (Global well-posedness for real valued data with nontrivial values at
infinity, see e.g. [63, 25]). Let (¢po, p1) be initial data such that for R = R(t,x; 3,1, xs)
fired 2-kink as in (2.1.6)), and R, its corresponding time derivative, one has

[(¢0, #1) — (R, Re)(t = 0) || (zr1 x£2)m) < +00.

Then there exists a unique real-valued solution (¢, ¢¢) for SG such that (¢, ¢r) — (R, Ry)(t) €
C(R, (H' x L*)(R)) (in the Duhamel sense). Moreover, the momentum P in (2.1.3) as
well as the energy E in (2.1.2)) are conserved by the flow.

2.3 Real and complex valued kink profiles

2.3.1 Definitions
The following concept is standard in the literature.
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Definition 2.3.1 (Real-valued kink profile). Let g € (—=1,1), B # 0, and xy € R be fized
parameters. we define the real-valued kink profile Q := (Q, Q) with speed [ as

Q(z) :== Q(z; B, x9) = 4arctan (67(‘”9”0)), v = (1-p%)"Y2 (2.3.1)

and
—4 e @to) B —2B

1+ ex(@tzo) — cosh(y(x + x0))’

Remark 2.3.1. This profile (Q, @), although not an exact solution of (2.2.1)), can be un-
derstood as follows: for each (t,z) € R?, (t,z) — (Q, Qy)(z; B3, o — Bt) is an exact solution

of (2.2.1), moving with speed 3.

With small but essential modifications, we introduce a complex-valued version of the
previous kink profile.

Definition 2.3.2 (Complex-valued kink profile). Let § € (—1,1) \ {0}, a = /1 — (32, be
fixed, and consider shift parameters x1,xo € R. We define the complex-valued kink profile
(K, K}) with zero speed as

Qu(w) := Qu(w; B, m0) = (2.3.2)

K (z) == K(; 8,21, 72) = 4arctan (/"2 tiomn), (2.3.3)

and

4iaeﬁ(x+m2)+iam1

Kt(x> = Kt<x;/87xlax2) = ale(I;ﬁ,xl,fEQ) = (234)

14+ e2(B(z+a2)+iazy)

Remark 2.3.2 (Multi-valued profiles). Note that K is well-defined for all z € R as a
univalued function with complex values, provided we choose a particular Riemann surface
for the arctan z function. In this chapter we will assume that arctan possesses two branch
cuts in C' := (—ioo, —i] U [i,i00), in such a way that it remains univalued and analytic in
C — C. However, in this paper this bad behavior will be of no importance, since we will
work with functions of type sin, cos, or similar, for which all computations will remain
well-defined. See [5] for a similar phenomenon.

Remark 2.3.3 (Singular profile). Note now that K, is a function that may be singular for
certain values of x. More precisely, whenever the condition

62(/8(a:+a:2)+ioza:1) _ 17

(i.e., 2(B(x + z2) + icxy) = i(m + 2k7), for some k € Z), is satisfied. In this case, one has

1
= z(— + k), for some k€ Z, (2.3.5)
a\2
and if x = —xo, then K; is singular. See [5] for a similar phenomenon in the mKdV case.
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Lemma 2.3.3 (Blow-up). Under the notation in Definition [2.3.9, the function
(K7 Kt)(t) = (K(I’, B) t+ xy, 'IQ)v Kt(l‘; Bv t+ Zy, 1:2))

is a smooth solution of SG (2.1.1) for all (t,x1) such that (2.3.5)) is not satisfied; i.e.,

outside the countable set of points with no accumulation point:

1
tpy = —x1 + z <— + /{3) , k e 7. (236)
a \ 2

Note that, at each of the points t, K;(t) leaves the Schwartz class. Consequently, K;(t)
blows up in finite time (in L° norm), as t approaches some ty.

Proof. Direct, see Remarks [2.3.1] and [2.3.3] [

2.3.2 Kink profiles and BT

In what follows, we prove connections between kink profiles and the zero solution in SG.
Although some of this results are standard, recall that we prove below not only for exact
solutions, but also for profiles which are not exact solutions of SG.

Lemma 2.3.4 (Kink as BT of zero). Let (Q, Q;) be a SG kink profile with scaling parameter
pe(—=1,1), B #0, and shift xg, see Definition |2.3.1. Then,

1. We have the identities

Sm(§>:s%M%x+%»,C%(%):umMﬂx+%». (2.3.7)

2. For each x € R, (Q, Q) is a BT of the origin (0,0) with parameter

a:awy:(%égym. (2.3.8)

Q. = %sin(%)—l—asin(%), Q: = %sin(%)—asin(%).

Proof. Direct. ]

Remark 2.3.4 (Antikink and kink with opposite speeds). Note that, thanks to Lemma
both

That is,

(Q?Qt)<xa _Bvx()) and (Q?Qt)(_ma —5,1‘0),
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obey respective BT with properly chosen parameters. Indeed, for

— () = (1_5)1/2 e __(1+5)1/2
Qg 1= ( ﬂ) - (1 +ﬁ)1/2’ 3= (ﬁ) - (1 _ ﬁ)1/27 (239)
we obtain
B(0,0) —= (Q,Q¢)(z; —f,z0), B(0,0) —= (Q,Q:)(—x;—f,x0). (2.3.10)

These two profiles will be important in the next sections, when studying the dynamics of
the kink-antikink and 2-kink respectively.

Now we deal with the case of complex-valued profiles. Here, we need additional condi-
tions in order to ensure smooth functions in space.

Lemma 2.3.5. Let (K, K;) be a complez-valued kink profile, with scaling parameter 5 €

(=1,1)\ {0} and shifts x1,x2, just as in Definition [2.3.3, and such that (2.3.5)) does not
hold. Then,

1. We have the identities

sin (%) — sech(B(x + 22) + iaz1)), cos (g) — tanh(B(z + 2) + iaz1)).
(2.3.11)

2. For each x € R, (K, K,) is a BT of the origen (0,0), with parameter 8 — ic (and
where o® + * = 1). That is to say,

1 K K
K, = 7 ia sin <3) + (8 — i) sin <3) : (2.3.12)

Ki = _1m sin (%) — (8 —ia)sin (g) , (2.3.13)

where sin z and cos z are defined in the complex place as usual.

3. Moreover, K, iK;, sin(K/2) and icos(K/2) posses even real part and odd imaginary
part, with respect to the axis r = —x,.

Proof of Lemma We prove first that K satisfies (2.3.12)). Indeed, from (2.3.3) we

have

_ 4B€,8(:c+x2)+iax1 _ 25 (2 5 14)
© 1 4 eletrr)tions  cosh(B(x + x2) + iawy) o
Using that cosh(a + ib) = cosh(a) cos(b) + i sinh(a) sin(b), we obtain
2p
- cosh(B(x + x2)) cos(axy) + isinh(f(x + x2)) sin(az) (2.3.15)

_ 25 (cosh(B(x + x2)) cos(awy) — isinh(B(x + x3)) sin(ocxl))'
cosh?(B(z + x2)) cos?(axy) + sinh®(B(z + x)) sin®(ax;)
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Therefore, Re K, is even wrt —x5 and Im K, is odd wrt —x,.

On the other hand, since o® + 2 = 1, we have —— + 8 —ia = B +ia + B —ia = 20,

B—ia
and the RHS of (2.3.12)) reads
K i 1 B(z+z2)+iaz '
RHS(RAL) = 20+ (5> =45 Shntactan ) COSQ(al"CtaIl @5(z+x2)+mx1)

cos(arctan ef(e+ez)tiown)
4B€B(x+l’2)+ial’1 2/8

] + e2(B(z+mz2)+iow) o cosh(ﬁ(x + xz) + @'ijl)'

Similar to (2.3.15)), we can conclude that sin(/K/2) has even real part and odd imaginary
part wrt to x = —x5. Finally, note that

K nh(8(x + x- 1tan(ax
CoS <5) = tanh(f(z + z2) +iax;) = fi Zt(flfh(;(l’ ?2 ;))t?arf(oz:cl))

tanh(8(z + x2)) sech®(axy) + i sech?(B(z + 1)) tan(az)
1+ tanh®(8(x + x2)) tan?(az) '

Therefore, cos(5) has odd real part and even imaginary part (wrt —zs). This ends the

proof of (2.3.12)).

Now, in order to show that (2.3.13)) is satisfied, it is enough to see that from the definition

in (2.3.4),
4iaeP@tae)tiom e .. (K
Ky = 1 4 e2(B(z+tzz)+iowr) = EK:I: = 2iasin (5) )
which proves the result, since ﬁ — (B —ia) = B+ ia — f +ia = 2ia. The parity of K,
is direct from that of K. O

Let (K, K;) denote the complex-valued kink profile of parameters 8 and —a, i.e.,
K(z) = K (v; 8,21, 22) := 4arctan (/"2 7iam) and (2.3.16)

o o 4iaeﬁ(z+x2)—iax1
Ki(x) = Ki(x; 8,71, 72) 1=

- 14+ 62(B(z+zg)—iazl) '

Corollary 2.3.6. Let (K, K;) be a SG conjugate kink profile, with scaling parameter 3 €

(=1, 1)\ {0} and shifts x1, s, as in (2.3.16), and such that (2.3.5) do not hold. Then, for
each v € R, (K, K;) is a BT of the origen (0,0) with parameter B + ic:

K, = 5_&@,@ sin (%) + (B + i) sin (g) :

K, = Bim sin (§> — (f + ia)sin (§> .

Proof. Direct from Lemma m after conjugation of (2.3.12)) and (2.3.13). O
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2.4 2-soliton profiles

2.4.1 Definitions

With a small abuse of notation (wrt the exact solutions of SG (2.1.5)-(2.1.6)-(2.1.7), de-
noted in the same form), we will introduce profiles of 2-soliton solutions. The following
definition is standard, see e.g. [7].

Definition 2.4.1 (Static breather profile). Let 5 € (—1,1), 5 # 0, and x1, 25 € R be fized
parameters. We define the static breather profile as

sin(owy )

B := B(x; 8,21, x2) := 4arctan (gcosh(ﬂ(x n xg))) . oa=+/1—p2 (2.4.1)

We also define the “time-derivative profile” as

408 cos(ary) cosh(B(x + x3))
o? Coshz(ﬂ(x +x5)) + 32 sin2(ozx1) .

By := By(z; 8, 21, x2) := (2.4.2)

Finally, note that B, vanishes only if x1 satisfies (2.3.5)).
Remark 2.4.1. Note that from the previous definition we can recover the standing SG

breather [53, [7] if we put ¢ + x; instead of z;:

B(t,x) = 4 arctan (é sin(alt + 7)) ) , ai=4/1-p2 (2.4.3)

a cosh(B(z + x3))

and similar for By (¢, z) (see Fig. 2.2)).

In what follows, we want to study the remaining two SG 2-solitons. Recall that R(t, z)
and A(t,z) represent the 2-kink and kink-antikink, respectively, see (2.1.6) and (2.1.7).
Once again, with a small abuse of notation, we define first the generalized associated

profile for the 2-kink.
Definition 2.4.2 (2-kink profile). Let g € (—1,1), 5 # 0, and x1, 25 € R be fized param-
eters. We define the 2-kink profile with speed B as

S sinh(y(z + JUQ)))
cosh(vyxy) ’

R := R(z; 3, x1, x2) := 4 arctan ( yi=(1-p%"12 (2.4.4)

We also define the “time derivative profile” R, by

432~ sinh(y(z + x2)) sinh(yx1)

R; = Ry(x; B, x1, = — - .
' o(@; B, 1, 22) cosh?(yzy) + B2sinh?(y(z + x))

(2.4.5)

Note that (R, R;) is odd wrt x = —xs.
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Breather
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© &

Time derivative Breather

Space 8 20 Time

Figure 2.2: Static breather profile (B, B;), defined in (2.4.1) with a = 2

23
B = \/73 and x; = t. Above, B, and below, B;. Under these parameters, (B, B;)
is an exact solution for SG as in (2.1.5)).

Remark 2.4.2. The SG 2-kink solution R(t,z) [53] written in (2.1.6) can be recovered if z;
is replaced by x; 4+ Gt in (2.4.4). Fig. shows the evolution of this exact SG solution in
time.

Finally, with a slight abuse of notation wrt (2.1.7)), we define the kink-antikink profile.

Definition 2.4.3 (kink-antikink profile). Let 5 € (—1,1), 5 # 0 and z1,25 € R be fized
parameters. We define the kink-antikink profile with speed B by

sinh(yz1)
B cosh(y(z + xq))

A= A(x; B, x1,x9) := 4arctan ( ) . oyi=(1-p%)712 (2.4.6)

We also define the “time deriwative profile” A; as follows:

— Al _ APy cosh(y(x + x5)) cosh(y)
Asi= Ail@; B, 21, m2) = 32 cosh? (y(x + x5)) + sinh®(ya;) (24.7)

Note that (A, Ay) are even wrt x = —x.

Remark 2.4.3. Similarly to the previous case, the kink-antikink solution A(¢,z) [53] men-
tioned in the Introduction (see ) can be recovered by replacing x; by x; + St in
(2.4.6). Figure shows this exact SG solution.
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Figure 2.3: Above: space-time evolution of a 2-kink R with parameters g = %,
xo = 0 and x; = ft; below: its corresponding time derivative R;. Here (R, R;)

is an exact solution of SG (2.1.1)), see (2.1.6).
2.4.2 2-soliton profiles and BT

In what follows we will study how to connect breathers and complex-valued kinks, by
means of a BT.

Proposition 2.4.4. Let (B, B;) and (K, K;) be SG breather and complez-valued kink pro-
files respectively, both with parameters § € (—1,1)\ {0} and x1, xs, as in Definitions m
and[2.3.9, and such that condition ([2.3.5)) is not satisfied. Then,

1. We have the limits

B+ K B-K
lim cos % = lim cos | ——— | = F1. (2.4.8)

x—+00 r—+o00 2

2. For each x € R, (B, B;) is a BT of (K, K;) with complez-valued parameter B + ia.

That is,
1 B+ K B-K
1 B+ K B-K
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Kink-AntiKink

A0
25

Figure 2.4: Above: representation of the kink-antikink solution (as the colli-
sion of kink and antikink), with speed = %, and parameters xo = 0, x; = St.
Below: the corresponding time derivative A;. Here, (A, A;) is an exact solution

of SG [@.1.1), just like A(t,z) in (2.1.7).

Proof of Proposition [2.4.4] For proving ([2.4.8)), we simply use the values of B and K
at infinity, and the fact that cos is analytic in C.

Let us show now (2.4.9) and (2.4.10)). Let us start by proving (2.4.9)). Taking derivative
of B in (2.4.1) wrt to x and simplifying, we have

B S sin(az)
B, = 40, arctan (Ecosh(ﬁ(x n @)))
B 402 cosh?(B(z + 1)) — [ sin(aury) .
= o2 COShQ(ﬂ(x + 1,2» + ﬁ2 Sinz(OéiL'l) C(COSh2<ﬂ(]; + xQ))BSIHh(ﬁ(ZL' + $2))
—4afB? sin(ary ) sinh(B(x + z2))
a2 cosh?(B(x + x3)) + B2 sin®(a(t + 1))

On the other hand, basic trigonometric identities show that

. B+ K o g B+ K B+ K 9 tamn B+ K cos? B+ K
g 1mn g
sin 5 S 1 CcoS 1 a 1 1
-1
B+ K o, (B K
= 2tan 1+ tan 1
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(2.4.12)

sin axq > + arctan (eﬁ(x—i-xg)-l—iaxl))

B
a cosh B(z+x2)
tanaftanb

2tan (arctan (
) + arctan (65(1+x2)+iax1)>
- 1Ftanatanb’

1 + tan? <arctan (
For the sake of notation, let  := $(x+x2)+icx;. Then, using that tan(a+b) =

we obtain that (2.4.12) reads now
sin(azq) +ef
92 Bsin(ax1)F+ae? cosh B(z+x2)
acosh B(xz+z2)FBsin(axy)e?
) 2

( B
a cosh B(z+x9)
Bsin(azxi)tae? cosh B(z+x2)

B sin ary
o cosh B(z+x2)

B sin(axq)e?

1:':5 cosh B(xz+xg)
5 =
) L+ (acosh,@(erxg):F,B sin(azq)e?

sin(azq) +eb

. (Bj:K)
sin =
2

8
1 + acoshﬁ?z+12)
( 12
2(Bsin(awy) + ae? cosh B(x + x9))(avcosh B(x + x3) F Bsin(az;)e?)
(avcosh(B(x + x2)) F Bsin(axy)e?)? + (B sin(axy) + e cosh(B(x + x2)))?

(2.4.13)

and simplifying,
B (14 €2) (a?cosh®(B(z + x2)) + B2sin®(axy))’

Sin < 5

where fi(x) = fi(x; 5,21, 22) is such that
fi(x) := aB cosh(B(x + x3)) sin(ax;) F B2’ sin?(ax;)
+ a?e’ cosh?(B(z + x2)) — aBe? cosh(B(x + x5)) sin(azy).

e
Now we show (2.4.9). Substracting (2.3.4)) from (2.4.11)), we get
4icve? A
5’

—4af?sin(axy) - sinh(B(z + x2))
1+ e

a2 cosh?(B(z + x3)) + B2sin?(a(t + 1))

BZ‘ — Kt —
where
C = (14 €*) (a® cosh®(B(z + x2)) + B sin® s ), (2.4.14)
A = —4aB%*(1 + €¥) sin axy sinh(f(x + 22))
— dice’ (o® cosh?(B(z + x2)) + 7 sin® azy).
On the other hand, recalling that a? + 3% = 1, from (2.4.13)) we obtain
B-K 1 B+K B
(5+2’a)sin( 5 )+5+i&sin( —g ) =5 (2.4.15)

where C is given by (2.4.14) and
B = 4a/? (1 — €*) sinax cosh(B(z + x2)) + diaf%e’ sin® ax;
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— 4ia’e’ cosh?(B(x + 22)).
Therefore, (2.4.9) reduces to prove A — B = 0. Indeed,

A-—B= —4a8*((1 + €*) sin aay sinh(B(z + x2)) + 2ie’ sin® az; )
— 4af%(1 — €*) sin ax cosh(B(z + x3)) = 0.

This proves (2.4.9)). Finally, we prove that (2.4.10) is satisfied. We follow the same idea as
before. From ({2.3.15) and (2.4.2) we obtain

4o’ B cos(axy) cosh(B(x +x9)) 48" A,
o2 cosh?(B(x + x2)) + B2sin’(ax;) 1+e¥

where C is given by (2.4.14) and

Ay = 4028 cos(axy) cosh(B(z + x2)) (1+¢e)
— 4B€” (a? cosh?(B(z + x2)) + B sin’(azy)).

Bt_Kx:

Y

On the other hand, recalling that o + 32 = 1 and making similar simplifications as for
(2.4.15)), we have

L (B g iy (B2 B
B_H,asm 5 1) sin 5 =5

where C is given by (2.4.14)) and

By = 4(a’Be’ cosh?(B(x + x5)) — B’ sin®(ay)
+ia?Be® cosh(B(z + z2)) sin(ax) — ia®B cosh?(B(x + x2)) sin(azy)).
Hence, (2.4.10) is reduced to show that Zg — ég = 0. Indeed, simplifying,
Ay — By
= 4a’Bcosh(B(z + x2)) (cosazy + isinax; + e*(cosazy — isinay))

— 8a’Be’ cosh?(B(z + x2))
= 8a2pe’ cosh?(B(x + 22)) — 8a®Be’ cosh?(B(x + x3)) = 0.

]

The following corollary shows that there is also a relationship between the breather and
the conjugate of the complex-valued kink profile.
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Corollary 2.4.5. Let (B, B;) and (K, K;) be SG breather and complez-valued kink profiles
respectively, both with scaling parameters 8 € (—1,1)\{0} and shifts x1, x5 such that (2.3.5)
do not satisfy. Then, for each x € R, (B, By) is a BT of (K, K;) with parameter 3 — ia:

— 1 B+ K B-K
B, — K; = 5 ia sin( ; ) +(B—ioz)sin( 5 ) , (2.4.16)
— 1 B+ K B-K
B, -K, = 5 i sin( ; > —(ﬂ—ia)sin( 5 ) . (2.4.17)
Proof. Direct from previous result. O

When working with multiple profiles it is convenient to introduce a schematic repre-
sentation of the BT, see [53]. Figure shows a diagram where each arrow represents
the BT of the SG solution (¢;, ¢;¢) towards another solution (¢;, ¢;+) with parameter ay,
and given in Definition The fact that both BT arrive to the same solution is not a
coincidence and it is called in the literature as Permutability Theorem. In this chapter we
will present a rigorous proof of this result for solutions of SG which are perturbations of
the profiles showed in the previous section.

s (&3, D34) o
/ \
(¢1, P1) (¢2, P2,t)
(¢o, Dot)

Figure 2.5: A diagram representing two consecutive applications of the BT
with inverse parameters a; y as. The permutability property says that (¢3, ¢s+)
is the unique final function, independently of the two considered paths.

We remark that Proposition [2.4.4] together with Corollary show the validity of
the diagram in Fig. for SG profiles, and not only solutions of the equation itself. This
diagram is valid as soon as x; does not satisfy , in order to avoid the lack of good
definition for K and K.

Now we want to study the conection between the SG kink and kink-antikink.

Proposition 2.4.6 (Kink-Antikink connection). Let (A, A;) be a SG kink-antikink profile,
with speed parameter B € (—1,1) \ {0} and shifts x1,xs, as was introduced in Definition

[2.4.3 Let also B

Q= (Q,Q:) = (Q,Q:)(r; =B, 71 + 2), (2.4.18)

be a real-valued kink profile (see Definition and Observation , with speed pa-
rameter — € (=1, 1)\{0} and shift (x1 + x2) | Then, the following is satisfied:

3Note the specific character of the choice in the shift parameter.

38



(B> Bt)

<K7 Kt) (Ka Kt)

ka %—F;oz

(0,0)

Figure 2.6: Diagram for the breather B in Proposition Note that (B, By)
is obtained independently of the chosen path [53].

1. We have the identities

lim cos <AiQ) = {_1’ v e : (2.4.19)

z—r£o0 2 1, r— —

2. For each x € R, (A, Ay) is a BT of (Q, Q) with real-valued parameter a = a(f) (see
(2.3.8)). That is,

A, —Q = %sin (A;Q) + a sin (A;Q), (2.4.20)
A -Q, = %sin (A;Q> — a sin (A;Q>. (2.4.21)

Remark 2.4.4. Generally speaking, we have the validity of the diagram in Fig. (above),
as soon as we choose kink profiles of parameters (Q, Q;)(z, 8, —x1+z2) and (Q, Q) (z; — 5, 1+
x9). In this sense, the reconstruction of (A, A;) requires a different rigidity than that of the
breather. In this paper, we will only use the RHS connection via (Q, Q;)(z; — 8, x1 + x2).

Proof of Proposition The proof of this result is very similar to that of Proposi-
tion See Appendix [A] O

In order to conclude this section we will study the relationship between real-valued kinks
and 2-kinks of SG.

Corollary 2.4.7 (2-kink connection). Let (R, R;) be a SG 2-kink profile, with speed pa-
rameter § € (—1,1)\ {0} and shifts x1,x5. Let Q denote the kink defined in ([2.4.18), with
speed parameter —( € (—1,1) and shift (x1 + z3). Then,

1. We have the limits

lim cos <R:2t@) = {17 v e : (2.4.22)

z—£00 -1, x— —00
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A

(Q, Q) (x; B, —x1 + x2)
* (Q,Qu)(x, =, 1 + x2)
1/a

(A, Ay)(2; B, 31, 22)

e

t /Bax1+$2) *

/

valal‘Q

/

(Ra Rt)

;=011 — 56’2)

Figure 2.7: Schematic diagram for the kink-antikink pair (A, A;) (above), and
the 2-kink (R, R;) (below). In this paper, we will follow the paths refereed with

*.

2. For each v € R, (R, R;) is a BT of (Q,Q:) with parameter ag = —

Ra:_@t -

Rt_Qx =

8) (see (£339)):

(2.4.23)

1 <R+Q) : (R—Q)
— sin + ag sin ,
as 2 2

isin R+Q>—a sin(R_Q
as 2 3 A

(2.4.24)

Remark 2.4.5. We have in general the validity of the diagram in Fig. (below), but we
will only use its left side component.

Proof. Direct from Proposition [2.4.6] it is enough to change the roles of = + xo and z,

and a(B) by —a(f).

]

2.5 Modulation of 2-solitons

In order to prove Theorem [2.1.1] we will show first some modulation lemmas. Here we will

follow the ideas in [59] and [7].
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2.5.1 Static modulation

We will consider three pair of objects to deal with:

1. (B, B;) a SG breather profile with scaling parameter 8 € (—1,1), 5 # 0 fixed, and
shifts x1, 22 € R, as in Definition 2.4.1]

2. (R, Ry) a SG 2-kink profile with speed 5 € (—1,1), 5 # 0 fixed, and shifts x;, 25 € R,
as in Definition [2.4.2]

3. (A, A;) a SG kink-antikink profile with speed 5 € (—1,1), § # 0 fixed, and shifts
x1, %9 € R, as in Definition [2.4.3]

Let D denote any of the capital letters A, B or R. We will use subindexes 1 and 2 to
denote derivatives of A, B and R wrt the shifts z; and x5 respectively, namely for j = 1,2

Dj(x; 8,71, 72) := 0y, D(x; B, 71, 72), (2.5.1)
(Dy)j (x5 8,21, 2) := Oy, Di(; B, 1, 2). (2.5.2)

Remark 2.5.1. In Appendix [B| we can find an explicit description of the derivatives above
mentioned in the cases D = A and D = R, showing clearly that these are localized functions

(see subsection [B.2)).

Let v > 0 be a small real number. Let us also consider the following tubular neighbor-
hood of a 2-soliton (D, D;) of radius v:

Uw) = {(6.00) « _inf_[[(6,6) ~ (D, D)5 B | o < v}

It is important to mention that this set has no temporal dependence. Since (¢, ¢;) does not
necessarily decay to zero (e.g. 2-kink case), the key is the difference with (D, D;). However
in the case of kink-antikink or breather, (¢, ¢;) € H' x L?. For the proof of next result,
see Appendix [C|

Lemma 2.5.1 (Static Modulation). There exists vy > 0 such that for each 0 < v < vy,
the following is satisfied. For each pair (¢, ¢s) € U(v), there exists a unique couple of C!
functions Ty, T2 : U(v) — R such that , if we consider z = z(x) and w = w(x) defined as

2(x) = ¢(z) — D(x; 8,71, %2), w(x):= ¢(x) — Di(x; B, %1, Ta),

then, the following orthogonality conditions hold:

/R(Z?w) : (Db (ljl)t)dil7 = /(Z,w) : (l)z7 (Dz)t)dl' =0.

R
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2.5.2 Dynamical modulation

We need now a dynamical version of the previous lemma. Let (¢, ¢;) be a solution of

(2.1.1)), with initial data (¢, ¢1) such that
(@0, #1) — (D, De) (3 8,0,0) [ rxr2 <, (2.5.3)

for some 0 < n < 1y small enough, with 1y given by Theorem [2.1.1]

Definition 2.5.2 (Recurrence Time). Let C* > 1 be a large parameter (to be chosen later),
and let (¢, ¢¢)(t) be the unique globally defined solution of SG with initial data (¢po, ¢1), and
satisfying (2.5.3). We define T* := T*(C*) > 0 as the mazimal time for which there are

parameters T1(t) and To(t) such that

W 1(¢, @) (t) = (D, Dy) (5 B, 1(t), Z2(8)) | <2 < C™n. (2.5.4)

tel0,17*

Note that T* is well-defined thanks to continuity of the SG flow, and the fact
that C* > 1. Later we will prove that 7™ can be taken infinity for all C* large enough.
Even more,

In what follows we will assume that 7™ is finite. (2.5.5)

By choosing 7, sufficiently small if necessary, we will have C*n < 1 in Lemma [2.5.1] and
the following result will be valid:

Corollary 2.5.3 (Dynamical modulation). Under the assumptions of Definition [2.5.2,
there are C' functions x1, s : [0,T*] — R such that, if

2(t.a) = B(t,2) — D(as B (1), 2(t)),
w(t,x) == ¢y(t, ) — Dy(; B, 21(t), 22(1)),

then, for each t € [0,T%],

(2.5.6)

/R(z,w) - (D1, (D1)e) (t, x)dz = /(2711)) - (D2, (Ds)¢) (t, z)dx = 0, (2.5.7)

R

and moreover

sup ||(z, w)(@)[|mxrz S C™n, (2.5.8)
te[0,7*]
1z, w)(O) [ xz2 + [21(0)] + [22(0) < m, (2.5.9)
and
sup (|21(8)] + |z2(®)]) S sup [[(z,0) (@) mxr2 S C™n. (2.5.10)
te[0,T] te[0,T%]

Moreover, if D = R and (29, wo) are odd, or if D = B, A and (zo,wq) are even, then we
can choose xo(t) = 0, and the parity property on (z,w) is preserved in time.

Proof. Direct from Lemma and ([2.5.4)). O
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2.6 Perturbations of breathers

2.6.1 Statement

In this section we will assume K = C in Definition [2.2.3] Our goal will be to show the
following result.

Proposition 2.6.1 (Descent to the zero solution). Let (B, B;) be a SG breather profile, as
in Definition[2.4.1, with scaling parameter § € (—1,1)\{0} and shifts x1, x5 € R, such that
1 does not satisfy . Let also (K, K;) be the complex-valued kink profile associated
to (B, By), that is with same parameters as (B, By). Then, there are constants ng > 0 and
C > 0 such that, for all 0 <n < no and all (z,w) € H' (R) x L2 (R) such thaf]

||(ZOaw0>HH1(R)><L2(R) <,
then the following is satisfied:

1. There are unique (ug, So,0) defined in an open subset of H' (R;C) x L* (R;C) x C
such that the Baicklund functional (2.2.3) satisfies

F(B + 2o, By + wo, K 4 ug, K; + 50, B 4 ia 4 ) = (0,0),
and where
| (w0, S0) || arixze + 18] < Cn.

2. Making ny even smaller if necessary, there are unique (yo,vo,d), defined in an open

subset of H' (R;C) x L* (R;C) x C, and such that
F(K +uo, K¢ + 50,90, v0, § — v+ 8) = (0,0),
and

H(y07U0)HH1><L2 + ’5‘ < 077

The rest of the section will be devoted to the proof of this result, for which we will need
some auxiliary lemmas.

2.6.2 Integrant Factor

Let us start with an auxiliary result on existence of integrant factors for some ODEs
appearing naturally when studying breathers and BT.

4Note that both (zg,w) are real-valued.
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Lemma 2.6.2 (Existence of Integrant Factor). Let (B, B;) and (K, K;) be breather and
complez-valued kink profiles, both with scaling parameter 5 € (—1,1), B # 0, and shifts
r1,T9 € R. Let us consider

pr(x) == ! = K;(Bx)7 (see (2.3.14)), (2.6.1)

cosh(B(z + x2) + iaxy)

and

cosh(B(x + z2) + i) 1
a?cosh?(B(z + x3)) + f2sin®(ax;)  4a?53?

Then the following holds:

pup(x) = (BB —iaB,)(x). (2.6.2)

1. (Local and global behavior)

(a) pr(z) is well-defined and smooth for any 5 € (—1,1) \ {0}, and z1,29 € R,
provided x, does not satisfy (2.3.5). Additionally, it decays exponentially fast in

space as T — F00.

(b) np(x) is well-defined and smooth for any 5 € (—1,1)\ {0}, and x1,22 € R.
Additionally, it decays exponentially fast in space as v — +oo. Finally, ug is

not zero if (2.3.5)) is not satisfied.

2. (ODEs) We have that uk(x) satisfies the ODE

e — [3 COs <§) =0, (2.6.3)

and pp(x) solves the ODE

ux—<(5_2m)cos<B;K>+(5J;m) cos(B;KDu:o. (2.6.4)

3. (Non orthogonality) For each x1 such that (2.3.5)) is not satisfied, we have

/RMK sin (g) = % (2.6.5)

and pp is not orthogonal to (B, — K), that is:
43
afS’

Finally, these identities can be extended by continuity to all x1 € R.

/R wp (B — K) = (2.6.6)

Proof. The proof of this result is direct but cumbersome, see Appendix[D|for the proof. [
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2.6.3 Proof of Proposition [2.6.1

Using Lemma [2.6.2] the first item in Proposition will be a consequence of the following
result.

Lemma 2.6.3. Let (B, B;) and (K, K;) be breather and complez-valued kink profiles, both
with scaling parameter B € (—1,1)\ {0} and shifts x1,x2 € R, and such that is not
satisfied. Then, there are constants ng > 0 and C' > 0 such that for all 0 < n < ng and for
all (z0,wo) € H' (R) x L*(R) such that

(20, wo) | &1 Ry x L2(®) < M,
there are unique (ug, s, 0) defined in an open subset of H' (R;C) x L? (R; C) x C and such
that F in (2.2.3)) satisfies
F(B + 29, By + wo, K + ug, K¢ + so, f +ia+ ) = (0,0), (2.6.7)

and
[ (o, so)|| sz + [0] < Cn. (2.6.8)

Proof. Let (29, w) € H' (R) x L? (R) be given, with a size to be defined below. Consider
the system of equations given by the Bécklund functionals (2.2.5)-(2.2.6) in the variables
(ug, 50,0) € H'(R; C) x L*(R;C) x C (note that this space and H' (R) x L? (R) define the
space X (K) for F):

f1(B+ZO,Bt+w0,K+U07Kt+5075+i04+5) =

1 /B4 K +u
T2, £ 54—@04—0—(58111( 2 )
B — K —
— (B + i+ ) sin< %0 > “0> , (2.6.9)
fQ(B+207Bt+w0aK+u07Kt+807/B+ia+6):
1 . B+Zo+K—|—UQ
=B — Ky —upp — 57—
+ + wWo Uy, /B+2a+5bln< 5 )
B — K —
+ (B +ia+6) sin( Rkl > ““) . (2.6.10)

We look for a unique choice of (ug, So, @) such that
F(B + 20, By + wo, K + ug, Ky + 50, f + i 4 ) = (0,0).

We will use the Implicit Function Theorem for (Fj, F2). Note that from that once
(uo, 8) are defined, sq gets completely determined from (2.6.9). Hence, we will only solve
for (ug,d). Thanks to the indentity F(B, By, K, Ky, 5 + ia) = (0,0), through a
rearrangement of and we have that these equations can be written as

ﬁl (Z07 Wo, Ug, S0, 5)
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= ZO,m — S0

—6+, +5s1n 5 +
1

— (B4 ia+ ) sin BoKtz-uw + (B + ia) sin =
2

ﬁg(zo,wo,uo,so,(S)

1 . (B+K+zo—|—uo) 1 <B+K)
= Wy — Uy — ————— + sin

— Sin
T B4ia+6 2 B +ia

+ (B +ia+d)sin (B_K—;_ZO_UO> —(ﬂ+ia)sin(B;K

=0. (26.12)

Clearly F» defines a C! functional in the vicinity of zero, and Fo (O, 0,0,0, O) = 0. Then,

we must verify that the partial derivative of Fy at (0,0,0,0,0) defines a bounded linear
operator, invertible with continuous inverse. From (2.6.12) we must check that the ODE

—Ugz + d sin B+ A& — al co B+ K&
%2 T 5 1 ia)? 2 206 +ia) O\ 2

+ dsin (B ; K) _ B +2z'a)u0 cos (#) = f,  (26.13)

has a unique solution (ug, §) such that vy € H' (R;C), § € C, for each f € H'(R;C).
Rewriting (2.6.13)), calling f — —f, and using that (8 +ia)~! = 3 — i, we have

U,z + ((ﬁ_—zm) cos (B;K) + (ﬁzm) cos (B ; K) )uo

ﬁsin (B;K> + 0 sin (B;K). (2.6.14)

:f_|_

Counsider up = pp(z) defined in Lemma [2.6.2] see (2.6.2)). Thanks to (2.6.4), we have

uy = B B (f+5(ﬁ—m)251n(B+K)—|—5sin(B_K)).
UB J - 2 2

Recalling that (B, B;) and (K, K;) satisfy (2.4.9), and since a? + 3% = 1, we arrive to the
simplified expression

o= [ s (F 488 —ia) (B, — K))).

—:uB —o0

From (2.6.6)), we know that [, pup - (B, — K;) # 0. Consequently, we can choose 6 € C in
a unique fashion and such that

[ a(F 4605 = ) (B, K) =0, (2.6.15)
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Note that from this choice we have |§| < C/||f||z2(r), where C' is a constant depending on
B and ||pp|lr2@c). Let us prove that ug € H'(R;C). Indeed, from

S ) = Ap ee() = g Be = Ip Ke=0,

(see (2.6.2)), (2.4.11)) and (2.3.4))), we obtain

. T UB s _ _

Lastly, note that if s <z < —1, then we have that

cosh(B(z + x2)) ‘
cosh(f5(s + x2))

15 (s)
1()
Hence, for z < —1 we get

< C }exp (6(8 — x))‘ )

uo(@)] < C /w e M) |f 4 6(8 — i) (By — )| ds

—00

< Ce P x (If() +0(8 —ia) (B = Ki)| L(-o0,2()) -
On the other hand, if x > 1, using ([2.6.15]) we have

1 & .
tofa) =~ / s (f +6(8 — ia) (B, — K2)).

From this last result, it is not difficult to show decay estimates for z > 1, changing e %*
by €. In consequence, from Young’s inequality,

[uoll2rey S IIf +6(8 —ia) (Be — Ki)|l 2 -

Finally, in order to prove ug € H* we only must check that ug, € L*(R;C), which is direct
if we recall that f € H' and (uup)./pp is bounded. Therefore, ug € H'(R;C). The Implicit
Function Theorem guaranties (2.6.7). The proof of (2.6.8)) is direct from the smallness of
the data. [

Finally, the second item in Proposition is consequence of the following:

Lemma 2.6.4. Let (K, K;) be a complex-valued kink profile with scaling parameter f €
(—=1,1)\ {0} and shifts x1,25 € R, and such that x1 does not satisfy (2.3.5). Then, there
are constants vg > 0 and C > 0 such that for all 0 < v < vy and for all (ug,sy) €
H' (R;C) x L? (R; C) such that

ol a1 (mic) + 150l L2mic) < v,

there are unique (yo, vo,d) defined in an open subset of H' (R;C) x L? (R;C) x C and such
that
F(K+u07Kt+807y071}0a5_i04+5) = (070)7 (26]‘6)

and moreover, )
(Y0, vo) | %22 + |6] < Cw. (2.6.17)
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Idea of proof. The proof is very similar to that of Lemma [2.6.3, so we will only sketch
the main steps.

Let (ug, so) € H' (R;C) x L? (R; C) be given. Consider the rescaled BT functionals (see

2325 and Lemma 2353).

fl (U(), 50, Yo, Vo, 5)

1 sin (K+U0+y0) i 1 sin (K)
= Uggy — Vg — = S1 — Sl -

N B ia+d 2 B—ia \ 2
— (B —ia+6)sin (W) + (B — ia) sin (g) , (2.6.18)

fQ(Uo, S0, Yo, Vo, 5)

1 . K 4wy + o n 1 . K
= S —Ypy — —————=sin [ ———— — sin | —
0 %, B—ia+6 2 B — i 2

+ (B8 —ia +8)sin <m) — (8 —ia)sin (5) , (2.6.19)

2 2

for some (yo, vo,a) € H'(R; C) x L*(R; C) x C. We will use the Implicit Function Theorem
on the previous system. Note that once we find (yo, 9), vo rests completely determined

from ([2.6.18]), so that we only need to solve for (2.6.19) and (yo, ).

A simple computation in (2.6.19)) reveals that the problem is reduced to prove that the

equation 3
+ —5 si <K) _ N s (K>
— Yoz 32 miyiy — | — — r
(B —ia) 2 2(8 — i) 2 (2.6.20)

+ § sin (%) _WCOS <§) = f,

has a unique solution (yo, a) such that yo € H*(R; C), for each f € H' (R;C), continuous
in function of the parameters of the problem. Simplifying (2.6.20)), we obtain the equation

Yo,o + [ cos (g) Yo = f +0(1+ (B +ia)?) sin (g) : (2.6.21)

Recalling that o + % = 1, and that ug in (2.6.1) is integrant factor for the last ODE, we

obtain
1 /" 208 . (K
Yo = — WK <f—|— 5 sm(—)).
K J_x ﬁ - 2

On the other hand, from (2.6.5) we conclude that we can choose § € C in a unique form

and such that
20 K
/R,uK (f + 3 _ia sin <§)> =0. (2.6.22)
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We also have |9 < C||fllz2(r)- Finally, note that

r—+o0 r—+o00

lim f(z)= lim sin (g) =0,

and that from (2.3.11)) lim,_, 4. BCOS(%) = FS. The rest of the proof is very similar to
the proof of Lemma [2.6.3 O]

2.7 Perturbations of breathers: inverse dynamics

2.7.1 Preliminaries

In this section we will continue assuming K = C in Definition Proposition 2.6.1]
showed us the connection between a vicinity of (B, B;) with another vicinity of the vacuum
solution. Our objetive now will be the proof of an inverse result. Important differences
will appear in this case, in particular we will need the orthogonality conditions in
the case of the breather:

/R(z, w) - (B1, (By)) (t, z)dz = /(z,w) - (Ba, (Bs):) (t, z)dz = 0. (2.7.1)

R

Recall that B; and B, defined in general in (2.5.1)-(2.5.2), are given explicitly in (B.1.1]).
Lemma 2.7.1 (Nondegenerate profile Eg). Let us define the function

B+K)

~ 1
BO = Bzxt + §(ﬁ — ZO[)(B — Bt,z) COS (

(2.7.2)

_ %(ﬁ +ia)(B + By ) cos (B ; K) :

Then By is in the Schwartz class, provided x, does not satisfy (2.3.5). Additionally, we

have the nondegeneracy condition
/ ByK, € R\{0}. (2.7.3)
R

Proof of Lemma The fact that Eg belongs to the Schwartz class is direct, pro-
vided that K; or K, are well-defined, which is the case if ;1 does not satisfy . An
explicit computation of has escaped to us. For the numerical computation of this
constant, see Appendix ]

In next result, we will translate one of the orthogonality conditions in (2.7.1]) to the case
of a pair of functions (u, s)(t) already unknown.
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Lemma 2.7.2 (A priori almost orthogonality conditions). Let t € [0,T*] be fized as in
Definition [2.5.4 Let (z,w)(t) be H' x L? functions, and x,(t), z2(t) modulational param-
eters given by Corollary such that the second condition in (2.7.1) and the bound
(2.5.8) are satisfied, and where x1(t) does not satisfy (2.3.5)). Finally, let § € C be a small
fized parameter, independent of time. Let us assume also that, for all n > 0 small, there
are functions (u,s)(t), defined in H' (R;C) x L* (R;C), and such that

sup ||(u, )(8) [ 12 S 0, (2.7.4)
te[0,7%]
and satisfy, for each t € [0,T%):
FB+z,Bi+w, K +u,K;+s,6+ia+0) = (0,0). (2.7.5)

Then, necessarily we have the almost orthogonality condition

/R(u’ s) - (E();B) =N (0, u,2), (2.7.6)

where N satisfies N'(0,0, z) = O(2?) (see [2.7.10))), and By is given by (2.7.2).

Remark 2.7.1. Condition (2.7.6) can be recast as a necessary condition for (u,s) close
to zero, for being candidate to solution in (2.7.5)). This condition, motivated by (2.7.1),
implies that no every pair of functions (u, s) is allowed at the time of solving the inverse
dynamics of Béacklund equations. This new condition will be essential to get uniqueness
when applying the Implicit Function Theorem. See [73] for another approach to this
method, involving the Lyapunov-Schmidt reduction.

Proof. Explicitly writing (2.7.5)), and using ([2.2.5)-(2.2.6)), we get the equations

B, +z,— K;—s

B 1 ) B+z+K+u _(Btia+0)si B+z—K—u _0
ﬁ+z’a—i—5sm 5 i sin 5 =0,
Bi+w— K, —u,
1 . B+z+K+u . . B4+z—K-—u
_B+ia+5sm( 5 )—i—(ﬁ+wz+5)sm< 5 )—0.

Let us try to use the second orthogonality condition in (2.5.7) with D = B, so that

Dy = By = 0,, B (see (2.5.1)-(2.5.2)). Since By = B, and By; = B, (see (2.4.1)), we have
that multiplying the first equation above by B, and the second by B; ,, and integrating on
x, we will get (after some simple cancelations, see the end of Lemma [2.3.5))

1 B K
/Bgz+i1m/BKt+/Bs+,—/Bsin tetAtu
b +ia+ 0 2

+(5+ia+5)/Bsin<B+Z;K_u) =0,
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, 1 . (B+z2z+K+u
/Bg,tw—zlm/Bme—/Bg,tum— m/Btw Sln( 9 )

B - K —
+(5+ia+5)/Bt,$Sin( +22 u):O.

Adding both equations, and using (2.5.7)), we have

B+z+K+u
/Bmtu—i_/BS—i_B—i—za—ké/B B ) sm( 5 )

+(B+ia+5)/(B+Bt,m)sin<B+Z_K_u)

2
= z'Im/BmKﬁ —iIm/BKt. (2.7.7)

(B£EE1) can be expanded as

. (B+zExK+u . (Bt K 1 B+t K
sin 5 = sin 5 —|—§cos 5 (z twu)

+ Nos(z, 2, u).

The term sin

Here, N, 1 are nonlinear functions in (z,z,u), quadratic in (z,u). Hence, replacing in

(2.7.7) we get

1 B+ K
/Bxxtu+/35+m/(B_Bt,x)cos( 9 )U

_%(B—i-ia—i-é)/(B—i-Bt’x)cos <B;K>u

: , 1 . (B+K
IZIm/Bt’xKx—ZIm/BKt—m/(B—Bt’I)SIIl( 9 )

_(5+¢a+6)/(B+Bﬂ$)Sin (B;K)

1 B+ K
_—2(5+m+5)/(B—Bm)cos< 5 )z

- %(5 +io+0) /(B + By) cos (B 5 K) 2+ No(z,u).

Here, N, is a nonlinear term of second order in (z,u). Let us define

~ 1
B§ = thm + —)<B - Bt,a:) COS (

B+ K
26+ ia+9

_ %(/B +ia+0)(B + By,) cos (B ; K) :
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Thanks to Lemma [2.7.1) B; = By + Os(0), where Og(6) represents a function in the
Schwartz class, bounded by ¢, uniformly in space. Then,

/§0u+/Bs=ilm/Bt,ngg—iIm/BKt
1 /(B Bo)s
- — B ;) sin

B+ia+6 b

_w+uwﬂxﬂB+BWﬁm<B;K>

+./\/’171<5, Z) +/\/'2(zvu). (278)

Here, N1 1(6, 2) represents a quadratic term in §, z, with N7 1(0, 2) = N71(d,0) = 0. Lastly,
we will use the following result:

B+K>

Lemma 2.7.3. For each > 0, and x1,xy shifts such that x1 does not satisfy (2.3.5)), we

have
1 B+ K
iIm/Bme—iIm/BKt— , /(B—th)sin i
B+ i ’ 2

— (B +ia) /(B + By;) sin (B ; K) = 0. (2.7.9)

Assuming this result, we have

: , 1 . (B+K
zIm/Bme—zIm/BKt—m/(B—Bmx)&n( 5 )

_ (5+z’a+5)/<3 4 B.)sin (B - K) — N1a(0),

where N is a term of first order in ¢, with A 5(0) = 0. Therefore, coming back to (2.7.8)),
we can conclude that

/ Bou + / Bs = Nis(6) + Nia (6, 2) + Na(z, ),

which shows (2.7.6]). For further references, A is given by

N(5, u, Z) = ./\/’172(6) + ./\/‘1,1(5, Z) + NQ(Z, u) (2710)
Clearly, (0,0, 2) = O(z?). O
Proof of Lemma [2.7.3l From (2.4.9)-(2.4.10), we have
RFIS of (73]
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Last cancelations are coming from the parity properties of K, and K, see Lemma|2.3.5l [

Our second result is the following (compare with Proposition [2.6.1]):

Proposition 2.7.4 (Ascent to the perturbed breather profile). Let (B, B;) be a breather
profile as in Deﬁm’tz’on with scaling parameter 5 € (—1,1) and shifts x1,z5 € R, and
such that x1 does not satisfy . Let also (K, K3) denote the complex-valued kink profile
associated to (B, By), that is, with same parameters as (B, By). Then, there exist constants

m >0 and C > 0 such that for all 0 < n <, and for all (y,v,0) € H' (R) x L? (R) € R
such thaf]

1y, )l @2y + 161 < n,
then the following is satisfied:
1. There are unique (u,s) defined in a subset of H' (R;C) x L* (R;C) such that
F(K 4 u, K, + s,y,0, 6 —ia+06) = (0,0),
is satisfied, and
1(w, $) |1 <22 < Cn.
2. For all 6 > 0 small enough, making n, smaller if necessary, there are unique (z,w),
defined in a subset of H* (R;C) x L*(R;C), and such that
FB+z,Bi+w, K+u K, +s,p+ia+§)=(0,0),
s satisfied for By, and also,
1(z, )|l 12 + [d] < Cy.

For the proof of this result we will use several auxiliary results. The first item in
Proposition is consequence of the following result.

Proposition 2.7.5. Let (K, K;) be a complex-valued kink profile, with scaling parameter
B € (=1,1), B # 0, and shifts 1,29 € R. Then, there are constants v > 0 and C' > 0
such that for all 0 < v < vy and for all (y,v,8) € H'(R;C) x L*(R;C) x C such that

Iyl @iy + 10] < v,
there are unique (u,s) € H'(R;C) x L*(R;C) such that

1. Smallness. We have
[(u, 8)[|g1xr2 < C,

5Note that (y,v,8) are real-valued.
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2. The BT are satisfied, in the sense that (u, s) solve (see (2.7.6)):

F(K+u, K,4s,y, v, B —ia+0) = (0,0), (2.7.11)

/R(w s) - (Bo, B) = N (8, u, 2), (2.7.12)

where N was defined in (2.7.10)).
Remark 2.7.2. Note that (2.7.12)) is a necessary condition to get

/R (z,w) - (B, (Ba)y) (t, x)dz = 0,

obtained via modulation theory. Additionally, (2.7.12)) ensures existence and uniqueness
for the solution constructed via Implicit Function.

Proof of Proposition Let (y,v,0) € H' (R;C) x L? (R; C) xC be given and small.
Let us consider the BT functionals equal zero:

Fi(K +u, K+ s,y,0, 8 —ia+06) = K, +ug, —v

. _ 2.7.13
. Nsm(““y)_w_m(s)sm(M):o, (27.13)
B —ia+9d 2 2

Fg(K—f—u,Kt—f—s,y,v,B—m—l—S) = 5= Yoz
1 K ~ K — 2.7.14
- ~sin( +u+y)+(5—ia+5)sin($)20, ( )
B —ia+9 2 2

plus the almost orthogonality condition (2.7.12)), for some (u,s) € H*(R;C) x L*(R;C).
Here, z in ([2.7.12) is given by a modulation (in a fixed time ¢ far enough from the times
ty in ([2.3.6)) on the breather profile. We look for a unique choice of (u,s) such that
(2.7.13)-(2.7.14)) are satisfied.

For simplicity, we shall redefine variables. Using F (K, K;,0,0, 5 —ia) = (0,0) (Lemma
2.3.5)), we have

_ o 1 ([ K+u+y (K
Fi(u, $,9,v,0) = uz — v —ﬁ—m+58m< 5 >+B_msm(2)

— (8 —ia + &) sin <W) + (8 —ia)sin (g) . (2.7.15)
_ 1 (K+uty 1 (K
fg(u,s,y,v,5) =85 Y —ﬂ—ioz—i—gsm( 5 >+ﬁ_msm<2>

+ (B — i+ b) sin ( i y) — (f —ia)sin (g) (2.7.16)
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Recall that y, v and § are data of the problem. We must then solve .7?1 = .71:2 = 0 and
(2.7.12), for the unknown (u,s). First of all, note that once we know w, the value of s is

evident from ([2.7.16|). Therefore, we only solve (2.7.15)), for w.

Clearly F; defines a C' functional in a neighborhood of the origin. Even more, using
Lemma we have F (K, K;,0,0, B—ia) = (0,0) and then, F7(0,0,0,0) = 0. In order to
apply Implicit Function, we must verify that the Gateaux derivative of ]?1 defines a linear
continuous functional, and a homeomorphism between the considered spaces. A simple
checking in (2.7.15)) reveals that the problem is reduced to show that the equations

Uz — m cos (g) - MCOS (g) u=f, (2.7.17)
/R(u, s) - (B, B) = c, (2.7.18)

have a unique solution v € H' (R;C), for all f € H'(R;C) and ¢ € C given, continuous
wrt the parameters of the problem. Simplifying (2.7.17)) we get

u, — [ cos (g) u=f.

Recall that lim,_,4, cos (%) = F1 (see (2.3.11))). From ug in (2.6.1)), we have
05 cf

u=—=ulx=0 —i—,uK/ .

1k (0) ( ) 0 MK

In what follows, (2.7.18]) will help us to find u in a unique form. Indeed, it is enough to
show that

/éouK ~ /éo(x) sech(B(x + x2) + iaxy))dx ~ /EOKQC #0,

which holds thanks to (2.7.3)). The rest of the proof is similar to the one for Lemma
2.6.4 O

The second item in Proposition requires the following previous result.

Lemma 2.7.6. Let (B, B;) and (K, K) breather and complex-valued kink profiles respec-
tively, both with parameters 5 € (—1,1)\ {0}, shifts x1, 22 € R and such that (2.3.5) is not
satisfied. Let us consider

B,y 1 o cosh?(B(z + x3)) + B%sin®(auxy)
o) = M—B(x) o cosh(B(z + z2) + iaxy)
Then, u®(z) solves the ODE
M + (w;—i()[)cos (B;K) + wzm) cos (B;K>),u:0. (2.7.19)



Proof. Direct from Lemma [2.6.2] O

Finally, the second item in Proposition is a consequence of the following result.

Proposition 2.7.7. Let (B, B;) and (K, K;) denote breather and complex-valued kink pro-
files respectively, both with scaling parameter 5 € (—1,1) \ {0} and shifts x1,xo € R, with
x1 not satisfying (2.3.5)). Then, there are constants n; > 0 and C > 0 such that for all
0 <n<mn and for all (u,s,d) € H'(R;C) x L*(R;C) x C such that

[ull i) + 10] <,
there are unique (z,w) € H'(R;C) x L*(R;C) with
[(z, w)|| sz < Cn,

F(B+z Bi+w, K+u, K;+s, B+ia+0) = (0,0),
and

/R(z,w) - (B, (By)y) (t, z)dx = 0. (2.7.20)

Proof. Let (u,s,0) € H' (R;C) x L? (R;C) x C be given. Let us consider the system of
equations for the BT (2.2.5)-(2.2.6)):

Fi(B+z B +w, K+u, K, +s, f+in+90)
1 . (B4+z+K+u
Sin
B+ioc+6 2
B+4+z—K—
—(ﬂ—l—ia—i—é)sin( +Z2 u)zO,
Fo(B+z, Bi+w, K+u, K, +s, +ia+90)
1 ) B+z+K+u
— —— = S1n
B+ia+6 2

+(B+m+5)sin(B+ZEK_“> =0,

=B, 2 — K —5—

(2.7.21)

=B,+w—- K, —u,

(2.7.22)

for some (z,w) € H'(R;C) x L*(R;C). We will use the Implicit Function Theorem in
(F1,F2). Note that once defined zy, wy gets completely defined from ([2.7.22), therefore we
just need to solve (2.7.21]) for z;. Thanks to the identity F(B, B, K, K, 5 + i) = (0,0),

rearranging (2.7.21)) and (2.7.22) we have
]?1 (z,w,u,s,é)
1 . (B+K+z+4+u n 1 . (B+ K
= 2y — 8 — . sin — S
b +ia+0 2 B+ ia 2

— (B +ia + 8)sin (B - K;z_“> + (B +ia)sin (B 3 K) =0,  (2.7.23)
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fg(z,w,u,s,é)

. 1 . (B+K+z+u N 1 . [(B+K
= Wy — Uy ﬁ—i—ia—i—(ssm 5 ﬁ—i—iozsm 5
B—K+z— B-K
+ (8 +ia + 0) sin( ;z “) — (8 +ia) sin( > ) 0.  (2.7.24)

Clearly F, defines a C! functional near zero, moreover, we have ]-3(0, 0,0,0,0) = 0. Then,
from (2.7.23]) we obtain that the problem is reduced to show that the equation

. 20 )COS(B+K)_(B+ia)zCOS(B—K) _ 7

2(B +ia 2 2 2

possesses a unique solution z € H' (R;C) for all f € H' (R;C). Rearranging terms,

Ze — (ﬁ;iacos(B—gK)+ﬁ;mcos (B;K)) z = f.

Thanks to Lemma we can use the integrant factor 1/up (exponentially increasing)
defined in (2.6.2)) and (2.3.15) to obtain

1B cf
z = ——z(x=0) + - 2.7.25
1p(z = 0) ( )+ s o 1B ( )

Note that pp is zero only if z; satisfies (2.3.5]), which is not the case. On the other hand,
z is well-defined from condition ([2.7.20)), which holds true because of

/uBBldx N/,uBBtda: # 0.
R R
In fact, thanks to (2.6.2)) and Corollary (B.1.2)), and that B, is not zero,

/uBBtde /Bt(/BBt—z'ozBm) ~ /Bf.
R

The rest of the proof is very similar to the one in Lemma [2.6.3] ]

2.8 Permutability

2.8.1 Preliminaries

In this section we want to answer the following question: are (yo, vp), the functions obtained
in Proposition real-valued? We will show here that, if (zp,wg) in Proposition
are real-valued, then (yo,vo) will also be real-valued. This fact shows Theorem .
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This result will hold true because of two main ingredients: (i) Propositions and
combined, and (i) the uniqueness property of perturbations as a consequence of the
Implicit Function Theorem. These two properties will imply that all possible perturbation
equals its conjugate.

In what follows, we will work in an abstract form. Let us consider (zp,wy) € H*(R) x

L*(R), be real-valued functions, and let (ug, so,d) be the functions obtained from Lemma
2.6.3| starting at (zq, wy), i.e., (ug, So,d) are such that

Bx"'ZO,:J:_Kt_SO:

1 (B2t K +up
Briato " 2

+ (B +ia + 6) sin (B+Z°_2K_“°), (2.8.1)

1 . B+Zo+K+UO
— = S1n
B+ia+90 2

— (B +ia + 6)sin (B+Z°;K_u°), (2.8.2)

Bt+wO_Kx_u0,w:

for some 6 € C small. Considering 79 > 0 small enough such that Cn < vy, we have
the validity of the hypotheses in Lemma [2.6.4] for (uo, 5o). With these in mind, we obtain
(y0,v0,0) € H'(R;C) x L*(R;C) x C satisfying (2.6.16), i.e.,

1 K
Ky +upy —v9 = ~sin( —|—u0—|—y0)
B—ia+0 2
- K _
+ (B —ia+9) sm< +u0 yo) : (2.8.3)
K
Kt+50_y0,z: ~sm( +u0—|—y0)
- za+(5
K _
— (B —ia+ ) sin (#) , (2.8.4)

for some small § € C.

We want now to invert the order of the transformations. First, we apply Proposition
2.7.5 starting at (yo,vo), with fixed parameter 8 + ia + ¢, and from Corollary we
obtain (7o, 50) € H'(R; C) x L*(R; C) satisfying (2.7.11)) (using naturally condition
applied this time to (K, K;)). Then, invoking Proposition [2.7.7 starting at (o, so) Wlth
transformation parameter 3 — ia + 4, Corollary [2.4.5) ensures the existence of functions
(Z0,w0) € H'(R;C) x L*(R; C) such that

= 1 B+7%Z+ K + 1,
By + 20 — K¢ — 50 = Nsin< t R0t +u0)
B —ia+0 2
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- 1 B+4+zZy+ K +u
Bi+wy— K, — g, = ~sm( t R0t +u0)
B —ia+0d 2
~ B - K —
— (B8 —ia+3) sin( Rkl ; “0) (2.8.6)

2.8.2 Statement and proof

This being said, we are ready to announce and prove a permutability theorem.

Theorem 2.8.1 (Permutability Theorem). Let (zo,wo) and (Zo, wy) be the perturbacions

defined by - - ) and (2.8.5)-(2.8.6) respectively. Then, we have (2, wo) = (Zo, Wo)-

In particular zy and wq are real-valued functions.
Remark 2.8.1. The previous result can be represented by the diagram in Fig.

B Bt Zo,U)O
5% wﬂs
(K, Ky) + (ug, so) + (o, 50)
_$ A—é
Z/O,UO

Figure 2.8: Theorem about permutability, explained.

In order to prove this result, we will need the following auxiliary lemma.

Lemma 2.8.2. Let (B, B,) and (K, K;) be breather and kink profiles with parameters (3 €
(—=1,1), B # 0, and x1,22 € R. Let also (K, K;) be the corresponding conjugate kink
profile. Then, the following relations are satisfied:

(i) Difference between K and its conjugate:

- iasin(axy)
K — K = 4arctan <acosh(6(x n 962))) : (2.8.7)
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(i) The following identities are satisfied:

w ()1 (i)

, (2.8.8)
, (B B sin(azxy)
tan® | — ) =
4 acosh(B(x+xq)) )
and
By sec? (£) _ 4a?Beos(axy) cosh(B(z + x2)) (2.8.9)
1+ 2 tan* () — a2cosh?®(B(x + x2)) + 262 sin® (o) o
Proof. See Appendix ]
Proof of Theorem We divide the proof in several steps.
Step 1. Preliminaries. For the sake of notation we define
(¢0’17 ¢072) = (y07 UO)a (¢171a ¢172) = (K + Uo, Kt + 80)7
(6™, ¢*%) := (K + o, K¢ + 30).
Also,
¢l = (p"h ") == (B + 20, By + ),
(102 - (@2’17 @2’2> = (B + 20’ Bt + w0)7
and .
ay = [ +ia+9, as:=pF—ia+9.
Finally, let ¢ and ¢ denote
P S Sy Ol e (2.8.10)
a1 + as a1 — G2
Note that both values ¢ and ¢ are well-defined, since 5,5 are small. We want to prove
o' = ¢% 1In order to prove this, let us define the auxiliary function (¢*!',¢>?) via the
identities
11 _ 40,1
p>! — ot = —4arctan (f tan (%)) , (2.8.11)
and

1,2 0,2 P
—L(p"* — ¢"?) sec (5"T>

¢*? — ot = (2.8.12)
1+ (2 tan? <“’1'1Z¢0’1>
Step 2. First identities. Note that if
<¢O’17 ¢072> = (07 0)7 (¢1’17 ¢172> = (K7 Kt)v ((101’17 (:01’2) = (B7 Bt)? (2 3 13)

a=pf+ia y  ay=pf—ia,
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then from ([2.8.7) we have

¢! = K — 4arctan <2@a fsinaz) ) K.

26 acosh(B(x + x2)) -
Similarly, replacing (2.8.13) in (2.8.12)), we obtain

¢*? = K, — 52) (2.8.14)

Therefore, using (2.8.8) and (2.8.9), we obtain that (2.8.14) is reduced to simplifying the
RHS of the identity

52 = 4iqef@taz)tian: 4003 cos(axy) cosh(B(z + z3))
T 1 elte)tions 02 cosh?(B(z 4 x2)) + 282 sin®(ax)

Let us consider the notation

0 :=axy, Oy:=p(x+x2), 6O:=0(x+ z2)+iaz. (2.8.15)
We have,

@2 —
_ dia®e?(cosh?(6) — sin®(6;)) — 4ia3(1 + %) cos(6) cosh(6s)
B (1 + €20) (a2 cosh?(fy) — a2 sin®(6,))
4ice? (cosh?(0y) — sin?(6y)) — 4ia(1 + €2?) cos(6,) cosh(6s)
(1 + €20)(cosh?(fy) — sin?(6,))
i (604-202 + 69—202 + 694—21‘01 + 69—21‘01 _ (1 + 629)(6“)1 + 6—191)(602 + 6—92))

(1 + 629) (COSh2((92> — sin2(61))

B —ia(e¥ + e + 2¢7) B —iae (14 629)2

B (14 €2%) (cosh?(6) — sin®(6;)) (14 €%) (cosh®(6y) — sin*(6;))
B —@'oze_e(l + 629> B —4@'046_6(1 + 629)

~ cosh?(6y) —sin?(6;) (14 €20) (e=201 + e—202)

_ —'42'056_9 _ —4ia692_f91 _ %

672191 + 67292 1 _'_ 62(927191)
Then, if (2.8.13)) holds, necessarily

¢ = (¢*', 0*?) = (K, K,). (2.8.16)

Step 3. ODEs satisfied by ¢3. Let us consider now general values of ¢°, ¢!, ¢! and
ai,az, as before. We shall prove that ¢* = (¢!, ¢*?) defined in (2.8.11)-(2.8.12)) satisfy

the identities
1 3.1 4 401 3,1 0,1
¢t — ¢"? = —sin LA PR (s : (2.8.17)
aq 2 2
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1 31, 401 31 _ 401

¢*? — @0t = —sin A a sin il : (2.8.18)
ay 2 2

Hence, from (2.8.16)) we conclude that (¢*!, ¢*?) = (¢*!, ¢*?). Similarly, denoting ¢* :=

(¢*t, ¢*?) the solution to

21 _ 10,1
¢*t — ¢! = —4arctan (M tan (M)) ,
a] — ag 4

g(SDM . ¢0,2) sec? <92’1Z¢°’1>

22 42 _
e Lt oot (2550

and proving that (¢*!, ¢*?) satisfy
1 440 4_ 40
ot - ot = Lan (L) 4 gy (22,
aq 2 2
1 4 0 4 40
or — gzﬁo——sm $+ ¢ — ay sin 9 —¢ ,
2 2
then we have (¢*1, ¢*?) = (¢11, ¢1?). From here we conclude that (bt p!?) = (p?1, p?2).

Moreover,
1_ 40 2 41
tan (SO 1 ¢ ) = —Mtan <¢ 1 ¢ ) : (2.8.19)

a1 — a2

This identity will be used a posteriori. Let us now show ([2.8.17) and ([2.8.18]).

Step 4. Proof of (2.8.17). In fact, from (2.8.11)) we have
PPl — bl
ot — ¢% = —4arctan <€_1 tan (T)) : (2.8.20)

Then, taking derivative wrt z,

—1( 43,1 1,1 2 [ ¢31—gl!
<¢x _¢x )SeC <¢ 4¢ )
1+ £—2 tan? (¢3’1;¢1’1>
or

—%(qﬁil — ¢! sec? (W) (1 + Elztan (@)) (gpi’l — gzﬁg’l). (2.8.22)

On the other hand, from ([2.8.20)) it is not difficult to show that

_ 1 ¢3,1_¢1,1
. (SOLI . ¢0,1) B 20 tan( >
S1n B =

1+ (—2tan? (22 ‘bll)’

11 0,1 _
— ¢y

(2.8.21)

(2.8.23)

(
o <901’1 _¢0,1) _ 1 — (2 tan? ( ¢ ‘bll)
: (=

L et (2550)
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Since from Proposition [2.6.1] we have the connections

B0, 6°) 25 (6,01%),  B(oM,61%) 2 (6,612,

which in particular imply

1 1,1 1,1 11 _ 411
L g2 = gin e+ ¢ tapsin(Z ¢
ai 2 2
1 L1 4 401 1,1 0,1
P — ¢! = —sin A g sin g ,
(05} 2 2

we can rewrite the LHS of (2.8.21)) as follows:

1 0,1
_¢x7

1,1 1,2 1,2 0,1
:@1‘7 _¢7 +¢7 _¢x7

1 1,1 1,1 1,1 41,1
aq 2 2
1 1,1 0,1 1,1 0,1
+—sin<¢ +o ) Qg sm(¢ — 9 )
a9 2
1 0.1 4 401 4 L1 1,1_ 0,1 01 41,1
:—Sin< — 9 ¢ + o )—I—a sm( P+ e )

2
1 L1 4 401 1,1 0,1
—l——sin<¢ +é ) agsm((b — ¢ )
(05} 2
Expanding terms,
1 1,1 _ 40,1 0,1 1,1
et — ¢ = —sin g0 oS oo
aq 2 2
bl — g0l ¢0 (AR
—— | sin
2 2
LA WO et
2 2
2 2
1 1,1 0,1 L1 _ .01
+ —sin u — a9 sin u )
a9 2 2

Replacing this last identity in the RHS of (2.8.22]), and using the identities found in (2.8.23),

we have

1 7 ’ ¢31 ¢11
e (£122)
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31 _ 41,1 11 40,1 11 _ 401
< —tan <¢ 4¢ )) (isin(—q5 —;—gb )—agsin(—¢ 2¢ )>
a2
31 _ 41,1 11 40,1 11 _ 401
—i—(l——tan <¢ 4¢ )) (isin(%)—alsm<¢ 2¢ ))
ai
31 _ 41,1 11 40,1 11 _ 401
% (%) <aic 08 (%) + a; cos (¢ 5 — ¢ )) . (2.8.24)
1
Then, using that the LHS of (2.8.21) can be rewritten as

¢3,1 o (251,1 — ¢3,1 . ¢02 ¢02 1 1
recalling that B(¢%!, ¢*2) 25 (¢™!, ¢'2), i.e

1 1, 1 0,1 1,1 _ 40,1
e L ¢ + ¢~ ¥ aysin ¢ ¢
a9 2 2

pEE B isin <¢11 2 ¢01) "~ osin (¢11 2 ¢01)’

a2

we can replace (2.8.24) in (2.8.21)) to get

Gt — 6" = g — oyt + (91 — ¢")

= — cos? (—(ﬁg’l;gbl’l) <€+€_1tan2 (¢31 ¢11)>

(iSin<¢1,l+¢0,1)_a2Sin<¢11 ¢01)>
a9 2

o (¢314¢11> <€_€_1tan (¢31 ¢11>)
(i sin (—¢1’1+¢071) —a sin( ¢01)
aq 2

+2Sin(¢314¢11)c (¢314¢11)
(icos((bll ¢01>+G1COS<¢11 (bOl))
aq 2 2

1 1,1 0,1 11 0,1
+ —sin (%) + a9 sin (d) 2 — ¢ >

A further simplification gives

¢ot — ™ = L in <—¢1’1 i gb‘“) + ag sin (¢1 ’ 5 — ¢ 1)

a9 2

ol (¢31 ¢11>S. (¢11 ¢01>
in
4 2
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(22 (3 )mr(5)
as  ap Qs ay 4
31 411 1,1 101
+ cos? <¢ 4¢ )sin(¢ 2¢ >

[(al +az)l + (az — )¢ tan® (¢3’1 — ¢1,1> }

4

31 _ 411 1 1,1 0,1 1,1 _ 01
+ sin ¢ ¢ — COoSs o+ + a; cos ¢ ¢ .

2 aq 2 2
Thanks to (2.8.10)), we have

¢3,1 _ ¢0,2
- 1 . (bLl _|_¢071 ) ¢1,1 _ ¢0,1
= —sIn + a9 Sin

a9 2

(- 2)oe (25) - (oo (252,
a9 aq 4 a9 aq 4

[(al — ay) cos? (¢3,1 ; ¢1,1> — (a1 + ay) sin® (¢3’1 ; ¢1,1> }
N “in (¢3,1 ; ¢1,1> (a’i cos (¢1,1 _;_ ¢0,1) N 0 cos (¢1,1 ; ¢0,1)> ‘
1
Simplifying,
(biyl B ¢072 _ _ail “in (¢1,1 _;_ ¢0,1) Sin2 <¢3,1 ;qbl’l) B COS2 (¢3,l ; ¢1,1) }
s (¢3,1 - ¢1,1> Ly (¢3,1 o ¢1,1> ]
— sin
4 4
31 41,1 1,1 0,1 1,1 _ 40,1
+ sin ((b 5 ¢ > (a cos <¢ —12_(’]5 ) + aq cos <¢ 5 ¢ ))
1
_ ism <¢1,1 + qz50,1) s (¢3,1 _ qbl’l)
aq 2 2
+ aq sin (qu — ¢0’1) Cos (qb&l _ ¢171>
2 2
N “in (¢3,1 ; ¢1,1> (ai cos <¢1,1 _;_ ¢0,1) N o) cos (¢1,1 ; ¢0,1>> ‘
1
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Finally,
1 31 4 401 3,1 0,1
¢i71 — ¢>0’2 = —sin (b + o + aq sin ¢ — ¢
ay 2 2
This ends the proof of the case (2.8.17)).

Step 4. Proof of (2.8.18]). We proceed as before. First, we write the LHS of (2.8.12))
as follows:

¢3,2 o ¢1,2 — ¢3,2 o ¢2,1 + ¢g,1 o ¢1,2‘
Similarly, we have 1?2 — ¢%2 = 12 — ¢Lt + ¢lt — 302 Thanks to (2.8.11)), we have that
(2.8.12) reads now

¢3,2 . (bg,l _ ¢1,2 . ¢2,1
_g((pl,z . ¢i’1 +¢§:’1 . ¢0,2) (1 4 /2 tan? (¢31 . b 1)>

3,1 1,1
co ((b 1 —¢ > (2.8.25)
On the other hand, recall that
1 1,1 0,1 1,1 0,1
Lt — ¢™? = —sin (M) + ag sin (¢ — ¢ ) (2.8.26)
a9 2 2

Similarly, we have

1,1
— ¢!

1 1,1 1,1 1,1 _ 411
— —sin M — ay sin u
ay 2 2

1 1,1 0,1 0,1 1,1 1,1 10,1 0,1 _ 41,1
_ Ll (et o Caysin (¢ o+ — ¢
ay 2 2

_ i (Sin ((,01’1 _¢0,1) o (¢11 ¢01) o (gol’l _¢0,1> “in (¢11 ¢01>)
aq 2 2 2 2
) (Sin ((,01’1;§Z50’1> o (¢11 2 ¢01> s (<p1,1;¢0,1) “in ((bll . ¢01>).

Therefore, (2.8.23) implies
2_ gLl

2
—9¢~1tan (£ 1 1,1 0,1 1,1 40,1
_ (=5 )) (_ (M)_ (%))

1+€—2tan2 p3l—gl! aq 2
4

1 — ¢~2tan? (€22 1,1 0,1 1,1 _ 40,1
. ) (L (29 (159 s

o2 (94101 \a 2
1+ /¢—2tan ( 1 ) 1
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Therefore, replacing (2.8.26)) and (2.8.27) in (2.8.25)) we get
¢3,2 . ¢0,1

_ lsm ¢1,1+¢0,1 0 “in (bll (bOl
(05} 2 2
+Sin ¢31 ¢11 icos (bl,l_'_(bo,l o ¢1’1 _¢0,1
2 a 2 ! 2

— (Zcos2 <¢31 1 ¢11) ¢~ sin® <¢31 1 ¢11)>
(ailsin (¢11 ! ¢01) _alSin (¢11 : ¢01)>

—7 (a% sin ((b“ 5 ¢01> + ay sin (—¢1,1g¢0,1)>
(1+€-2tan2 <¢314¢11)>C (¢314¢11>

Finally, gathering terms and using the value of ¢ we obtain
¢3,2 . gbO,l
1 L1 4 401 1,1 0,1
= —sin ¢ +o — a9 sin ¢ — o
a9 2 2

- ﬁ ((a% + a3) cos <M) - 2a1a2>
1(12' (¢1,1+¢0,1> ) (¢1,1_¢0,1))
—sm| ——— | +asm| ——
aq 2 2
_ﬁ(afjta%—%lagcos <¢31 2¢11)>
1~ W2
<ai sin (¢1 s 5 ¢01> + a9 sin (—Qﬁl?l ; ¢071>)
2
:aisin (¢11 ! ¢01) _GZSin (¢11 2 ¢01) _|_aisin (¢31 ! ¢01)
2 1
_alSin(¢31 gbOl)_iSin(gbll ¢01>+G2Sin(¢11 ¢01>
2 Qo 2 2
B isin qbg’l—i-gbo’l e sin ¢31 ¢01
T 2 ! 2 ’

which finally proves ([2.8.18]).
Corollary 2.8.3. Under the assumptions of Theorem we have

(UQ,S()) = (ao,go), 5 = (5
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Proof. Theorem implies (2o, wo) = (2, Wo). Then, after conjugation of (2.8.5) and
(2.8.6) we have

- 1 B K+ 1
Bm—l—zo,x—Kt—éO:—:sin( Tt *“0>
B+ia+0 2
= Btz—K—i
+ (B +ia + 5)5111( +202 uo),
_ B K
B+ wy — Ky — g, = _sm< +ZO+ +u0>
B +ia+90
= Btz—K-—17
_(6+ia+5)81n( +202 u0>‘

Therefore, thanks to the uniqueness of perturbations (via Implicit Function Theorem), and
using (2.8.1) and (2.8.2), we conclude the result. O

The following result will be essential in the rest of the proof.

Corollary 2.8.4 (Real-valued character of the double BT). Let (zy,wq) be satisfying the
hypotheses of Theorem [2.8.1. Then yg, vy are real-valued.
Remark 2.8.2. This last result finally proves Theorem [2.1.3]

Proof. Note that Corollary [2.8.3| implies § = 5. Then, from (2.8.19)

(B+20—y0) 28+86+0 (K+uo—f—ao)
tan = = tan .
4 2+ — 0 4

Simplifying, we get
ton (B+ 20 — yo) 6+Re<5t b (Im(K+u0)) |

4 a+Imd 2
so that yo(x) is real-valued. O

2.9 2-kinks and kink-antikink perturbations

In this section we will assume that K = R in Definition Consider (D, D;) = (R, R;)
or (A, A;), 2-kink or kink-antikink profiles respectively, with shifts z;, 22 € R and speed
g e (—1,1), 8 #0. Also, we will consider (@, @Q;) a real-valued kink profile with speed —/3
and shift z; + x4, see for more details.

In what follows, we denote by d the parameter of the BT associated to (D, Dy): if

(D, D) = (R, Ry), then d := a3(B) = —a(B); and if (D, D;) = (A, A;), then d := a(f3). See
Fig. for more details.
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Proposition 2.9.1 (Connection to the zero solution). Let (D, D;) be a kink-antikink or

2-kink profile, as in Definitions and with speed 5 € (—1,1)\ {0} and shifts
1,9 € R, Let also (Q,Qy)(; =B, z1 + x2) be a real-valued kink profile associated to
(D, Dy), with BT parameter d. Then, there exist constants ng > 0 and C > 0 such that,

for all 0 < n < ny and for all (z0,wo) € H' (R) x L* (R) such that

H(ZO,IUO)HHI(R)xLQ(R) <,
the following holds:

1. There are unique (ug, So,b) defined in an open subset of H' (R) x L*(R) x R such
that
F(D + zo, Dy + wq, Q + ug, Q¢ + So,d + b) = (0,0), (2.9.1)

and where
H(u(bSO)HHlXLQ + |b| < CT] (292)

2. Making ng smaller if necessary, there are unique (Yo, vo, l~)), defined in an open subset
of H' (R) x L* (R) x R, and such thal

F(Q + uo, Qt + 50, Yo, v0,a” " (B) + b) = (0,0), (2.9.3)

and moreover, i
(Yo, vo) [l zr1xcz2 + |b] < Cn. (2.9.4)

The proof of this result is very similar to the one of Proposition [2.6.1} so that we only
indicate the main differences. First of all, we need the following integrant factor lemma.
For the proofs, see Appendix [D}

Lemma 2.9.2 (Integrant factor for the 2-kink). Let (R, R;) and (Q,Q:) be 2-kink and
real-valued kink profiles as in Proposition |2.9.1. Let us consider

cosh(y(z + 1 + z2)) 1 1
— - R, ——R,
#r(@) cosh?(yxy) + B2sinh?(y(x + x5)) 4y A8y "
Then, ur(z) is smooth and solves the ODE:
1/1 R+@Q R—-Q
B - = 2.9.
s 2(dcos( 5 )+dcos( 5 >)u 0, (2.9.5)
where d = a3 = —a(f). Moreover, we have the nondegeneracy condition
4
pr (Re — Q) = - #0.
R g
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Lemma 2.9.3 (Integrant factor for the kink-antikink). Let (A, A;) and (Q, Q) be kink-
antikink and real-valued kink profiles, respectively exactly as in Proposition |2.9.1. Let us
consider

cosh(vy(z + z1 + 22)) 1 A, 1 A
4By

Ha(w) = 32 cosh?(y(x + x3)) + sinh?(yz;) B 452

Then, pa(z) is smooth and solves the ODE:

,ux—% (écos (A;Q> + d cos (A;Q)),LL:O, (2.9.6)

where d = a = a(f). Moreover, we have

/R - (A= Q) = =5 £0 (2.9.7

In order to show (2.9.1)-(2.9.2)), first item in Proposition we follow the proof in
Lemma After linearizing the BT, we must study whether or not the ODE

Ug,z T (%COS (D;—Q) ~|—gcos (D;Q)>u0
:f—l—%sin (D;—Q) + bsin (D;Q>,

has a unique solution (ug, b) such that ug € H'(R), for each f € H'(R). Using p as in
Lemmas or depending on the cases D = A, R, we have

1 [* b
Uo—;/_@ﬂ(f"’g(l)x—@t))'

Additionally, Lemmas [2.9.2 imply that we can choose b € R such that

/Ru(erg(Dx—Qt)) = 0.

The rest of the proof is similar to the one in Lemma [2.6.3

Finally, (2.9.3) and (2.9.4)), part of the second item in Proposition are consequence
of a new application of the Implicit Function Theorem. In fact, we must study whether or
not the equation

— Yoo T+ a% sin (%) — Qy_; oS (%) + bsin (%) — % cos (%) = f, (2.9.8)
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possesses a unique solution (yo, b) such that yo € H'(R), for each f € H' (R). Simplifying
(2.9.8) and recalling that v = (1 — 32)~/2, we get

b
Yo,. + 7y cOs (%) yo=[f+ 12_ﬁsin (%)

We define now the integrant factor pg(x) := sech(y(x+1zo)). Since g decays exponentially

fast, we have
1 /® 2 . [(Q
e B <f+ g (§)> :

Note that [, pugsin($) = [ sech?(v(z + x)) = 2. Then, we can choose b € R such that

2b
/R,UQ (f—i—l_ﬂsin(%)) = 0.

The rest of the proof is similar to the one in Lemma, [2.6.4

2.10 2-kink and kink-antikink perturbations: inverse dy-
namics

In this section we still assume K = R in Definition [2.2.3] Our objective will be to show
the following result, in the vein of Proposition 2.7.4]

Proposition 2.10.1 (Connection with 2-soliton solutions). Let (D, D;) be a 2-kink or
kink-antikink profile, as in Definitions with speed € (—1,1)\ {0} and shifts
x1,22 € R. Let (Q, Q) = (Q, Q1) (s =5, 21 + x2) be the real-valued kink profile associated
to (D, Dy). Then, there are constants m;y > 0 and C' > 0 such that, for all0 <n < mn and
for all (y,v,b) € H' (R) x L? (R) x R, if

1y ) |1y 22wy + 0] <,
then the following holds:
1. There are unique (u,s) defined in H' (R) x L*(R) such that
F(Q+u,Q:+s,y,v,a(B)"" +b) = (0,0),
and for some 150 in the Schwartz class and z given by the modulation ,

/R(U’S) - (Do, D) = Np(b,u, 2), /50@,0 40, (2.10.1)

and where ND(Z;, u, z) is a nonlinear term in u, and where additionally

[y 8) |12 < O
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2. If |b| < n, and making n; smaller if necessary, there are unique (z,w), defined in a
subset of H' (R) x L? (R), and such that

F<D+Z7Dt+waQ+u7Qt+3>d+b) = (070)7

/(Z,UJ) ' (Dla (Dl)t) = 07 (2102)
R
and finally, ||(z,w)||gixrz < Cn.

Since the proof of this result is similar to the proof of Proposition [2.7.4] we only sketch
the main ideas. The first part of Proposition [2.10.1| requires to understand if the ODE

Uy — 7y COS <%> u=f, (2.10.3)

possesses a unique solution v € H' (R) for all f € H' (R). The associated integrating
factor here is pg(z) := cosh(y(z + xo)), and the solution u is given by

1 1 r
w = o0 u0)+— [ hof.

Precisely, condition ([2.10.1)) allows us to choose u in a unique form. The value of 50,
obtained in the same form as By was obtained in (2.7.2)), is given by

~ 1 D+Q 1 D-Q
DO = Dxmt + %(D — Dt,x) COS ( B ) - §d(D + Dt,:r) COS (T) .

The rest of the proof is the same as before. For the second part, we will need the following
integrating factors:

Ay L _ B?cosh®(y(z + x2)) + sinh?(yay)
i) = (@) = cosh(y(z + 1 + 2)) 7
and
() i L () — SO+ 23)) + cosh ()

" un cosh(vy(z + 1 + z2))

which are smooth and solve the ODE

J (2—1dcos (D;—Q) —|—%lcos (D;Q)),uzo,

with D = A, R, d = a and d = a3 = —a respectively. Both integrant factors are exponen-
tially increasing in space. With these functions on hand, we plan to conclude the proof.
Indeed, the second part requires the study of the ODE

1 D+Q d D—-qQ
zx—(ﬁcos< 5 )_ECOS( 5 ))z:f.
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Simplifying, and using the integrant factors before proposed, we have

1 1 [
R CEURES AR (2.10.4)
w K Jo
Once again, the uniqueness is obtained by imposing (2.10.2). The rest of the proof is
well-known.

2.11 Stability of 2-solitons. Proof of Theorem [2.1.1

In this section we prove Theorem [2.1.1] Let us consider (¢, ¢1) satisfying (2.1.8)) for some
n < no small. Let also (¢(t), ¢:(t)) be the unique solution of (2.1.1)) with initial condition

(¢, 0:)(0) = (¢, ¢1). Note that (¢(t), ¢s(t)) — (D, Dy)(t) € H' x L.

Proof of Theorem Let g9 > 0 be a fixed parameter. Let (D, D;) be a profile
defined as in Consider the tubular neighborhood (2.5.4), for t < T* < +o0. Note
that in order to recover the 2-soliton solutions of Remarks [2.4.2] and [2.4.3] it is enough to
redefine

(D7Dt)(t717;57$1,952) = (Da Dt)(%@,% +t,29).

At this point we split the proof into two cases: (i) breather, and (7i) 2-kink and kink-
antikink.

Breather case

In what follow we split the proof in two cases: ¢ is uniformly far from all ¢;, and the case
t close to some ty.

1. Let us assume then that (¢, ¢;)(t) satisfies (2.5.4) with T™* obeying
T —ty| > eo,

for all & € Z. We plan to show that is satisfied with C* replaced by C*/2, proving
Theorem [2.1.1]for all times ¢ far from t;. Indeed, taking o > 0 small and 7 € (0, 1), thanks
to Corollary we have unique functions x(t),x5(t) € R, defined in [0, T*], and such
that (z,w)(t,z), defined in (2.5.6), satisfy the orthogonality conditions (2.5.7). Note also
that we have (2.5.9). WLOG, we can assume not satisfied and z1(0) = x2(0) = 0.
We define (z, wy) := (z,w)(0). From Proposition [2.6.1 we obtain functions (yo, vo), (uo, So)
and parameters 6, 0. Moreover, Corollary implies that (yo,v9) € H'(R) x L*(R) are
real-valued. Recall that the constants from Proposition do not depend on C*. Now,

we evolve SG to a time ¢ > 0, with initial data (yo,vo). Thanks to Theorem we have
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(2.2.14) for (y(t),v(t)), and Proposition is valid for all ¢ € R far from ¢;. On the
other hand, from Corollary we have

|2 (8)] + [25(1)] < C™n,

so that the set of times #, where (2.3.5) is satisfied is still a countable set of points with
no accumulation points. Invoking Proposition starting at (y,v)(t), and considering
for all time t € R the 2-soliton and 1-soliton profiles

(B, By) := (B, B))(w; B, 2:1(t), x2(t)),
(K Ky) = (K, K) (w8, 21(1), 22(1)),

and parameters 3 —ia+0, f+ia—+d € C, we obtain a function (B*, B)(t)+(z,w)(t). This
form constructed coincides with the solution (¢, ¢;)(t). Indeed, note that at time ¢ = 0,
both initial data coincide, so that, thanks to the uniqueness of the solutions associated
to the Cauchy problem (2.1.1)) (see also Theorems [2.2.6] and [2.2.8), we conclude that
(B* + 2z, Bf +w)(t) obtained via BT is actually (¢, ¢;)(t). Finally, we also have

sup (6, 60)(t) — (B*, B) (1)l iz < Con, (211.1)

‘tftk|250

so that, considering C* large such that Cy < %C’*, we conclude that 7™ must be infinite
(see (2.5.5)). This idea is schematically represented in Fig. 2.9

(B*, B{)(0) + (20, wo) t (B, Bi)(t) + (z,w)(t)
B+ia+d B —ia+6
(K, K7)(0) + (uo, so) (K™, K9)(t) + (u,5)(1)
B —ia+0 B+io+0
t

(y,v)(t)

(0, v0)

Figure 2.9: Diagram for the proof of Theorem in the case where x(t)
does not follow ([2.3.5)).

2. Let us consider now the case |T* — t;| < go for some k € N fixed. We shall prove
that for gy sufficiently small, but independent of k,

* * 3 *
sup  |[(¢, ¢¢) — (B*, BY)||mixr2 < ZC 7. (2.11.2)

[t—tx|<eo
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Since C* grows as € tends to zero, we must choose 7, sufficiently small such that each
step above holds properly. Let Iy := (t, — o, tx. + €0]. Let us consider

3
T, := sup {T €Iy : Vit e (te—eo, T], [(z,w)()lmrxr2 < ZC*U}‘ (2.11.3)

It is enough to show T, = t; + €. Let us assume that 7, < tx +¢c9. Note that, by the same
argument as the previous step, using BT we have

1
(2, w)(te — o)l x> = 50*7%

Now, we use a bootstrap argument. Let t € [ty — o, T%] and consider

_ a1 2, 2 2
A= o (2 /R(szrz +w )(t,x)dx).

We claim that A is bounded by C(C*)?n?, a contradiction to the definition of T,. First,
we will need (2.2.1)) in terms of (z,w), using (2.5.6) with D = B. In fact,

8tB*+zt:BZ‘+w
O Bf + wy = BY, + 242 — sin(B* + 2).

Simplifying, we get

2z =w — 2By — 24,B,
Wy = Zge — sin(B* + 2) 4 sin B* — 2| B}, — 24, B},

Now, computing directly,
A = /(zzt — ZyeZt + WwWy)
R
— [ mw - a5 - 3B)
R
- / W(2ge — sin(B* + z) + sin B* — 2| B}, — 15,B},,)
R
— [ w8y~ ) + [ el B+ B
R R
+ / w (sin B*(cos z — 1) + cos(B*) sinz — 2| B}, — 15,B},.) .
R
Clearly if (z,w) are small,

INES / (24 22+ 0?) + 24 ()2 + [ah(0)]2.
R
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Therefore, using (2.11.3)) and (2.5.10) we obtain that for ¢ € (¢, — £¢,7}] it holds
d 1

al 2 2 2
dtQ/R<Z + 2z + w*)

Consequently, integrating we have that for £ sufficiently small (but fixed)
/ 2(T*) 4+ 2(T*) + u(T)
R

< / 22ty — €0) + 22(tk — €0) + W (ty — £9) + Ceo(C*)*n* <
R

=A< C(C)™n*.

(C*)?n?.

B~ w

Then, has been improved, and T, = t, + 9. This estimate does not depend on
k € Z, but only on the length of the interval ~ ¢y. Therefore, 7™ in (2.5.4)) is infinite for
all C* large enough. This proves and the proof of Theorem in the case of the
breather solution.

2-kink or kink-antikink case

Here we can repeat the previous scheme but with no problem on the time ¢ chosen. Since
proofs are similar, we only sketch the main steps.

Let (z,w)(t) be the functions defined in (2.5.6)) and x4 (¢), z2(¢) modulations from Corol-

lary 2.5.3] Hence, applying Proposition with perturbation (zp,wp) = (z,w)(0) we
obtain functions with real values (o, vo). Then, we evolve SG with initial data (yo,vo) €
H'(R) x L*(R). Finally, we consider functions (Q, Q;)(z; —3,z; + x3) and a parameter of
BT d € R given as follows:

1. If (D, D;) = (A, A;), then we have d := a(p).
2. If (D, D,) = (R, R,) then d := —a(f).

Now we invoke Proposition [2.10.1] for each time ¢ fixed, and with 2-soliton and 1-soliton
profiles given by
(D*a D;tk) = (Da Dt)($; ﬂa xl(ﬂ? xQ(t))v

(QF, Q) = (Q, Qe)(w; =B, x1(t) + 22(1)).

Thanks to the uniqueness of the solution to the Cauchy problem (2.1.1)), we have coin-
cidence between (¢, ¢;)(t) and the functions returned via BT. Lastly, noticing that from
Theorem we have

Suﬂlg ||(yav>(t)||H1><L2 N ||(y0aU0)HH1XL2a
te

we conclude from Proposition [2.10.1| that
sup (6, 60)(¢) ~ (D", D)) (Bl <12 < Con,
€

The proof of Theorem in these cases is complete. [
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2.11.1 Proof of Corollary

We will show the breather case only, the other cases are very similar. Thanks to Lemma

and (2.4.8)), it is enough to compute

B K
(') = lim <1—cos( +Z; +u)>

z—+o00

) ( (B+K)) 2, x— 400
= lim [1-—cos = ,
x—>+00 2 0 r — —0O0

() = lim (1_COS(B+Z—2<K+u>)>:{2, v o +oo

eSS 0 z——00

K 2 —
6172@) _ llrill (1 e <#>) — {07 X +00 ’
a—Eoo T — —00

K — 2 —
02%(t) = lirf (1 — oS (#)) = {07 v e .
w00 r — —00

Hence, using these values, and Proposition [2.6.1 and ({2.2.8),

and

E[B + z, B; + w] :E[K—l—u,Kt—l—s]vLﬁ%—ﬁl(ﬁ—Ha—i—é),
EK +u, K; + 5] :E[y,v]+ﬁ+4(ﬂ—ia+5).
Since 6 = 4 (see Corollary , we obtain
8(8 + Re))

E[B + z,B; +w] = E[y,v] +

(B+Red)?+ (a+ Imd)? + 8(5 + Red),

from which we obtain (2.1.12), since o + 3% = 1. For the momentum part, we proceed in

the same fashion, obtaining (2.1.13)).
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Chapter 3

Dispersive blow-up and persistence
properties for the Schrodinger-Korteweg
de Vries system

In this chapter we are concerned with persistence properties of solutions of the initial value
problem associated to the Schrodinger-Korteweg-de Vries system in well-chosen fractional
weighted Sobolev spaces. This persistence result, in addition to be interesting by itself,
is then used to prove the existence of finite time point singularities, usually described
as dispersive blow-up. It is believed that this mathematical phenomenon is one of the
conceivable explanations for oceanic and optical rogue waves. In our case, our main goal
is to prove dispersive blow-up for initial data in H? (R) x H3/?" (R). This is, as far as we
understand, the first dispersive blow up result known for this system of equations.

This chapter is part of the article

e I'. Linares, and J. M. Palacios, On the persistence properties of the Schrczinger—
Korteweg-de Vries system, and applications to dispersive blow-up, preprint 2018 [55].
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3.1 Introduction and main results

3.1.1 The model

This chapter is concerned with the Initial Value Problem (IVP) associated to the Schrodinger-
Korteweg-de Vries (NLS-KdV) system in R; x R,,

i0yu + 0*u + |u*u = auv, t,x € R,
v + O3 + 30,(v?) = 0, (|ul?), (3.1.1)
u(x,O) :u()(x)? ’U(.I,O) :U0($),

where u = u(t, z) is a complex-valued function and v(¢, z) is a real-valued function. This
system governs the interactions between short-waves u = u(t, z) and longwaves v = v(t, x)
and has been studied in several fields of physics and fluid dynamics: an electron-plasma,
ion-field interaction, a diatomic lattice system, and water waves theory. See [32], [39], [40]
and [77] for these applications.

The Schrodinger-Korteweg-de Vries system (3.1.1]) has been shown not to be a completely
integrable system (see [I3]). Therefore the solvability of (3.1.1) is dependent upon the
method of evolution equations.

Definitions. We recall the definition of the Sobolev spaces H*(R) for index s > 0:
H*R) :={f € L*(R) : [|flls2 = [I7"fll < o0},

where

15l = ( | a- gz>8|f<g>|2ds) "

o0

and fdenotes the Fourier transform of f. In particular, if s > s’ > 0, then

H'(R) € B (R) € L*(R).

Several works related to the well-posedness for the single equations has been done. For the
single nonlinear Schrédinger equation with cubic term (|ul?u) Y. Tsutsumi [83] established
local and global well-posedness for data in L*(R). On the other hand, for the Korteweg-de
Vries (KdV) equation Kenig, Ponce and Vega [44] have proved local well-posedness for data
in H*(R), s > —3. See also [19] and [45] for other local well-posedness results in Sobolev
spaces with negative exponents.

In general, a coupled system like (3.1.1)) is more difficult to handle in the same spaces as in

the space the single equation is solved. In the case of the system (3.1.1)) this is due to the
antisymmetric nature of the characteristics of each linear part. In [12] Bekiranov, Ogawa
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and Ponce showed that the coupled system (3.1.1)) is locally well-posed in H*(R) x H*~z (R)
with s > 0. To obtain this result, the authors used the Fourier restriction norm method
introduced by Bourgain in [I9] to study the NLS and KdV equations. In [22] Corcho and
Linares extended this result for weak initial data (ug,vo) € H*(R) x H*(R) for various
values of k and s, where the lowest admissible values are £k = 0 and s = —% + ¢ with
0<d< %. In this case, the authors deduced some new bilinear estimates for the coupling
terms in system (3.1.1)). The exact statement of this result is the following.

Theorem 3.1.1 (sce [22]). Let k > 0 and s > —3. Then for any (uo,vo) € H*(R) x H*(R)
such that:

1. k—=1<s<2k—1 forkel0,3],
2. k—1<s<k+3 forke(z 00),

the following is satisfied. There exist a positive time T = T(||uo|| g+, ||vo
solution (u(t),v(t)) of the initial value problem (3.1.1), satisfying

u € C([0,T); H*(R)) and v e C([0,T]; H*(R)).

gs) and a unique

Moreover, the map (ug,vo) + (u(t),v(t)) is locally Lipschitz from H*(R) x H*(R) into
C([0,T}; H*(R) x H*(R)).

The endpoint (k,s) = (0,—2) was proved by Z. Guo and Y. Wang in [35]. The key
ingredient in their proof is the use of F*-type spaces (introduced by Guo in [36]) to deal
with the KdV part of the system and the coupling terms. In order to overcome the difficulty
caused by the lack of scaling invariance, they proved uniform estimates for the multiplier.

3.1.2 Main results: persistence

The aim of this work is to prove the following persistence property for local solutions to
the IVP (3.1.1)) associated to the NLS-KdV system in weighted spaces.

Theorem 3.1.2. Let s € R, 1,79 > 0 be fized parameters. Let
(0, v0) € (H™2(R) N L2 (|| dx)) x (H*(R) N L¥(ja]"*da))

with

1
5> s+=>ry, and s> 2r,.

4 2
Then there exist T = T(||u0|\s+% + |lvolls) > 0 and a unique solution (u(t),v(t)) of the IVP
(1.6.4) satisfying

we C([0,T]; HV2(R) N L*(|z|dx)), v € C([0,T]; H*(R) N L2(|z|dz)),
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Furthermore,

_1
HDZ(?muHLgOLzT + HD; 2azUHLgCL2T + HD;axUHLgOLQT < o9,
lullzzse + lvl|p2rge < o0,

HaacuHL‘lTLgo + Ha:vUHL‘lTLgO < 0.

Moreover, given T' € (0,T), the map data solution is Lipschitz continuous.

The proof of Theorem is based on the contraction map principle. As an application,
we consider the question of existence of dispersive blow-up for the IVP (3.1.1]) associated
to the NLS-KdV system.

3.1.3 Dispersive blow up: definitions and properties

Dispersive blow up of (dispersive) equations is a focusing phenomenon of smooth initial
disturbances with finite mass (or finite energy, depending on the physical context), that
relies upon the dispersion relation guaranteeing that, in the linear regime, different wave-
lengths propagate at different speeds. This is especially the case for models wherein the
linear dispersion is unbounded, so that energy can be moved around at arbitrarily high
speeds, but even bounded dispersion can exhibit this type of singularity formation [I7]. In
Theorem 2.1 of [18], Bona and Saut shown that for any given point (t.,z.) € R" x Ry
there exists initial data ug € C*°(R™) N L*(R") N L>=(R") such that the solution u(t, z) of
the corresponding initial-value problem for the free Schrédinger equation:

i0yu + Au = 0, u(t =0) = ug(x), (3.1.2)
is continuous on R, x R™\ {(¢,, z.)}, but

lim  |u(t,x)| = +oc.
(t,2) = (t, )

This fact is referred to as (finite-time) dispersive blow up. The analogous phenomena also
appears in other linear dispersive equations, such as the linear Korteweg-de Vries equation
[T4] and the free surface water waves system linearized around the rest state [I§].

As Bona et al. explain in [17], at first sight, one would expect that nonlinear terms would
destroy dispersive blow up. What is a little surprising is that even the inclusion of physically
relevant nonlinearities in various models of wave propagation does not prevent dispersive
blow up. Indeed, theory shows in some important cases that initial data leading to this
focusing singularity under the linear evolution continues to blow up in exactly the same way
when nonlinear terms are included. In [16], this was shown to be true for the Korteweg-de
Vries equation, a model for shallow water waves and other simple wave phenomena.
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Regarding the dispersive blow-up question, in [16] Bona and Saut studied the dispersive
blow-up of the generalized Korteweg-de Vries equation

Vg + Vggy + V0, = 0, k € N.

In their proof the main tool was the use of weighted Sobolev spaces. Then, in [57] Linares
and Scialom proved that the use of weighted Sobolev spaces was not necessary for the case
k > 2. Later, Linares, Ponce and Smith improved the previous proof to include the case
k =1, i.e., for the KdV equation. On the other hand, Bona and Saut showed in [18] the
existence of DBU for the one dimensional nonlinear Schrédinger with nonlinearity |u|?~'u
with p in the range 1 < p < 3. Later, Bona et al. showed in [17] that the same conclusions

holds for the complete range of nonlinearities p > | %] and any dimension n > 1.

In what follows, we will adopt the following notation: for s > 0

H'R)=|JH'®), H ®R)= ] B'®R)

s'>s 0<s'<s

Let 1 <p,g<ocand f:R x[0,7] - R. We also define the norms
p

T p/q T p/q 1/
I Fllzzas, = (/ ([ 1srr) dx) Ul = (/ ([ irpa) dt) .

3.1.4 Existence of dispersive blow up for NLS-KdV

1/p

As a consequence of Theorem we are able to generalize the results of DBU for the
single equations mentioned above to the Schrédinger-Korteweg-de Vries system.

Theorem 3.1.3. There exist initial data
U()ECOO(R>QH2_<R)7 UoEOm(R)mH3/2_(R),

such that the following holds: there exists t* € [0,T] such that the corresponding solution

(u,v)(+,-) of the IVP[3.1.1]
we C0.T]: B (R),  vec(DdT): HY (R)),
provided by Theorem is such that

ut”,) ¢ HA(R), o(t",-) ¢ C'(R).

The ideas of the proof of Theorem follow from the ideas of Bona and Saut in [16] and
Linares, Ponce and Smith in [56]. Nevertheless, as we shall see, in our case the NLS-KdV
system presents several new difficulties because its coupling terms. The key ingredient on
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the demonstration is the previous persistence property on weigthed spaces, which allow us
to prove some nonlinear estimates on the solution.

It should be said that there is no dispersive blow-up for the solution of the nonlinear
Schrodinger equation, since neither its solution nor any of its derivatives is loosing regu-
larity in terms of the L>-norm (at least we were not able to prove that). Nevertheless, we
shall prove a smoothing effect by a quarter of derivative associated to its nonlinear term.
The main issue to stablish the dispersive blow-up for the NLS solution is to deal with the
coupled term (KdV), which has both worse regularity and worse persistence in weighted
Sobolev spaces, and prove that the solution regularizes. More explicitly, to show that the
NLS solution has dispersive blow-up we must prove that the solution u(¢,z) is in H3te

even when it has a term which is only in H2 (R).

3.1.5 Organization of this chapter

This paper is organized as follows. In section 3.2 we state a series of results needed in
the remainder of this chapter. The dispersive blow-up for each of the linear equation is
established in section 3.3. In this section we show how to construct the initial data which
shall develop dispersive blow-up. Section 3.4 is devoted to prove the main theorem [3.1.2]
The dispersive blow-up for the coupled system (theorem is proved in the last section
3.5.

3.2 Preliminaries

3.2.1 Smoothing properties for Korteweg and Schrodinger linear
evolutions

In this subsection we review some standard results about smoothing properties of the free
Schrodinger group S(t) = ¢ and the KAV group V(t) = e "%,

First, the following lemma provides the smoothing effect of Kato type for solutions of the
linear KdV equation.

Lemma 3.2.1 ([43]).
sup [|0:V (H)voll 2. < cllvol| L2, (3.2.1)

and

t
o, / V(t — ) F(,t) dt iz < | Fllsa. (3.2.2)
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From now on, we will denote the so-called homogeneous derivatives of order s > 0 by

D*f(z) == F (€] £(9) ().

Next lemma give us the smoothing effects of Kato type for solutions of the linear Schrédinger
equation in dimension n = 1.

Lemma 3.2.2 ([43]).

sup | D" ugll 3. < el (323)
t
HDi/Q/ eCORP () d |2 < Cl|F |z, (3.2.4)
0
and
¢
supH(?m/ ei(t*t/)AF(~,t') dt'||LzT < CHFHL;L%. (3.2.5)
x 0

This last Lemma is sharp, in the sense that there exists a class of initial data wuq in which
(3.2.3) becomes an identity. Next, we present Strichartz estimates.

Lemma 3.2.3 (Strichartz and smoothing estimates). Let 2 < p,q < oo be admissible, i.e.,
such that % = % — L. Then the following holds:

p
HeitAfHLfL’; <cllfllzz- (3.2.6)
Moreover, for (a,6) =[0,1/2] x [0,1] it holds that
|22V (#) fllare < ell fllrz, (3.2.7)

where (q,p) = (6/0(ac+1),2/(1 —0))).

For a proof of these estimates see for instace [54]. Finally, we complete the set of estimates
introducing the next maximal function estimate norms for the linear solutions.

Lemma 3.2.4 ([43]). For s > 1/2 and py > 1/4, it holds that
12 Fllzzrge < 1+ T [ fls2- (3.2.8)
For s > 3/4 and py > 3/4 it holds that

V) fllzrge < c(L+T) flls2- (3.2.9)

Proof. For a proof of the first inequality see [84] [75]. For a proof of the second one see
[85]. ]
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3.2.2 Weighted estimates

The following Lemma allow us to interpolate weighted Sobolev spaces by weighted L2-based
spaces and standard Sobolev spaces.

Lemma 3.2.5 ([70]). Let a,b > 0. Assume that J°f = (1 — A)¥2f € L*(R") and
(x)of = (14 |z|?)¥2f € L*(R™). Then, for any 6 € (0,1)

()T £l < ellz) Il T 1l (3.2.10)

3.2.3 Leibnitz rules

The following Lemma is the standard Leibnitz rule and commutator estimate for fractional
derivatives in LP-based spaces, which will be employed to deal with the nonlinear terms.

Theorem 3.2.6 ([43]).

1. For s >0 and 1 < p < o0, it holds

1D;(f9) = fDsg = gD; fllp < cllflloo 1029 1lp- (3.2.11)

2. Let 0 <b< 1. For1 <p < oo, b,by €[0,b] such that by +by = b and py,ps € (1, 00)
with -+ - =1, it holds

ID*(fg) = fD"g = gD"flly < |l D" fllp || D*gllps- (3.2.12)

3.3 Dispersive blow-up: construction of the initial data

In this Section, we construct the initial data for which there will be dispersive blow-up.
Let us divide the analysis in two cases, the linear case for the Schrodinger equation and
the linear case for the KdV equation.

3.3.1 Linear Schrodinger equation.

We will follow the argument employed in [17] and [I8] with some modifications. Consider
the IVP associated to the linear Schrodinger equation:

~ 2, _
{z@tu+8xu =0, (33.1)

u(z,0) = up(x).
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Our goal is to construct an initial data uy € H? with enough decay and such that for any
time ¢ € R, the corresponding solution of the IVP (3.3.1)) satisfies

ult, ) ¢ H2(R).
Now, recall that for any uy € L*(R), the unique solution u of (3.3.1]) has the representation:

ijz—y|?

1
u(t,x) = W/Re 4t Ug(y)dy,

where the integral is taken in the improper Riemann sense. Choose the initial data ug to
be

—ix?

uo(x) : ¢

= 3.3.2
1+ |z]5/2 (8:3.2)

The Sobolev regularity of the initial data wug is explained in the next result.
Lemma 3.3.1. Let ug be as described in (3.3.2)). Then ug € H*(R) for any s € [0,2), but
ug ¢ H*(R). Moreover,

(x)* up(z) € L*(R).

Proof. The fact that (z)>uy(z) € L*(R) for € € (0,2) we just notice that:

1

T+ 272 || gy O

L2 (R)

)=o) ey < H

Now, let us prove that ug € H*(R) for any s € (0,2). Consider first the case 0 < s < 1.
For s in this range, Propositions 1 and 2 in [70] provide the inequalities:
D’ | < c,(1+ |2]*), VzeR", se(0,1), (3.3.3)

and

ID*(Fl 2@y < 1ID°gll2@ey + 119D Fll2@ry, s €(0,1), (3.3.4)

where D* is defined as o\ 1/2
oy = ([ ML),

|z —y|+e

On the other hand, a straightforward calculation reveals that

ID* fllz2@ny = el €17 Fll2@ny = 1D° F| 22 gy (3.3.5)

Combining estimates ({3.3.3) and (3.3.4)) with identity (3.3.5) and using interpolation, one

arrives at the inequality
1
+||D° | ———5
L2 H <1+’1’|5/2)

—ix?
e
D —
H <1+’$|5/2>|

1 2
< H—Ds(e” )
= 5/2
. 1+ |z L2
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<ec
o e
1
T P2

r<|ieral.

1
D, | —=
(1 + |$|5/2) L2

The right-hand side of this inequality is finite for any 0 < s < 1. Note that if instead
s =8+ 1, where 0 < s’ < 1, then simply apply the above analysis to the derivative:

(= 2iz(1 + |x[/?) + 2z) e
(AT TR

8CI:UO =

from which it follows that ||D*(0,u0)| 2y < oo if and only if 0 < s < 1. Thus uy € H*(R)
for any s € (0,2) but uy ¢ H*(R). O

The following result is a direct consequence of the previous analysis, and Lemma 2.1 in
[17].

Corollary 3.3.2. Let a € R, zp € R and

e—ia(:ﬂ—:po)Q

Then,
uy € C(R) N H* (R)N L*({z)* dx) N L>=(R),

and the associated global-in-time solution u € C(R; H* (R)NL*((x)* dx)) of (3.3.1)), with
initial datum g satisfies that, for all t € R, the solution u(t,z) ¢ H*(R).

Proof. The fact that
ue C(R; H* (R)NL*((z)* dx)),

is just a consequence of the well-posedness theory for the Cauchy problem associated to the
free Schrodinger equation and the persistences properties of the solution (see [70]). Now,
to prove that u ¢ H?(R) it is enough to prove that 9?u ¢ L*(R). This is just a consequence
of the fact that the free Schrodinger group is an isometry on H*(R) for any s € R. In fact,
since the Schrédinger group commutes with derivatives, we have

10%u(t, 2)l|s = [le"20Zuo(w)]| 2. (3.3.6)

The latter norm is equals to +o0o due to the main term of 9?ug(x), which is:

a2
ZL‘2€ T

1—|- |z |5/2
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where ¢ is a non-zero constant of no consequence. In fact, since "2 is an unitary group and

all the other terms in (3.3.6) have L?-norm finite, we have that the norm of the solution is
bounded below by,

2 —iz?
2 a2 z%e B
[0u(t, @)[|r2 = [|0;uo(@)]|r2 = m = +00,
L2
Thus, for any ¢t € R we have u(t, ) ¢ H*(R), which completes the demonstration. O

This concludes the case of the free Schrédinger equation. Now the attention is turned to
construct the initial data for the linear Korteweg-de Vries equation.

3.3.2 Linear Korteweg-de Vries equation.

This part was proved in Linares et al. (see Section 3 in [56]). For completeness reasons,
we include it.

Consider the linear IVP associated to the linear Korteweg-de Vries equation:

0, Pv =0, ER,t>0,
W o v (3.3.7)
U(Oa l’) = UO<:U>7
whose solution is given by
o(t, x) = V(t)ve(x) = e Py = S, % vy(x), (3.3.8)

where,

\;ﬁtAi (35&) ’

and A;(-) denotes the classical Airy function. Our goal is to construct an smooth initial
data

Si(x) == 2

vo € C*(R) N H*? (R) N L=(R),

with some decay and such that, for some prescribed time t*, the corresponding solution of

the TVP (3.3.7) satisfies
v(t',) ¢ CH(R).

In this case we will construct an initial data such that for any ¢ € N the solution satisfies
v(t,-) ¢ CY(R). The following Lemma give us the detailed statement for the dispersive
blow-up for the initial-value problem associated to the linear KdV equation (3.3.7)).
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Lemma 3.3.3 ([56]). Consider the initial data

T) = Z%‘V(—j)ﬁb(f)a a; >0,

where a; = ce™” with ¢ > 0 small enough and ¢(z) = e~2*|. Then,
vy € C%(R) N H¥? (R) N L*((x)*/* dx) N L®(R),

and the associated global in-time solution v € C(R; H¥* (R) N L*((z)** dz)) of (3.3.7)
is such that

1. For anyt > 0 with t ¢ Z, we have v(t,-) € C(R).
2. For any t € N we have v(t,-) ¢ C'(R).

Proof. Define the initial data

2)i= Y V(=)o@ a; >0,

Note that if

o
ZO&j < 1,
j=1

we have that vy € H'(R), in fact in vy € H*? (R). This in particular guarantees the
global existence of solutions in H'(R) for the IVP (3.3.7). Now, we will divide the analysis
en four steps.

Step 1: Estimate for V(t)¢ for ¢ > 0.

Assume that 99 € L*(R) and €*9y € L*(R). Now, consider w(t,z) := e*0(t,z). Following
Kato [42], we set 0(t,z) = e "w(t, z) where w is solution of the IVP:

{&tw + (8, — 13w = 0, (33.9)

w(0,x) = e"p(x).
Since (9, — 1)* = 92 — 302 + 30, — 1, one has that

w(z,t) = V(t)e?’ta%e_gtamet(e”ﬁo(x))
_ V(t)e?)t@%e—?)t(‘)z (6x+t2~10($)).

Thus, ,
V(t)vg = d(t, ) = e "V () (" 5o (x — 3t)).
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We notice using the heat kernel properties that
OV (t)0 ~ e "V () (0 02) (6" > To(x — 31)).

It follows that

Cm, ¢

|€“OV (1) Dg]|2 ~ (3t>m/2€ ,

(?)t)—m/QHex “0o(x = 3t)]2 ~

since
||ex_2t170(a: —3t)|l2 = e|le*” 3t1~)0(93 —3t)||2 = ce'.

Similarly, if ¢ < 0, we have an IVP analogous to the one in (3.3.9) with the operator
—(0; + 1)? instead of (9, — 1)3. Thus,

V() = eV (t)e 32310 (¢ ~te =)
_ exv(t)ef?)tagef?)taz (efzftﬁo(x))
= "V (t)e 3% (e o(x — 3t)),

and so we have,

OV (£)Ty ~ €V (1) (Ome™9%) (e~ gy ( + 3t))

and

—x am ~ Cm -
||6 030 V(t)UOHQ ~ (?)t)—m/2€ t. (3310)

Step 2: Next we prove that
Z a;V(=j)p € C*(R),

or equivalently
Z aje "V (=j)¢ € C*(R).

To do this, it suffices to show that

Za] (0V(—j)¢) € LAR) for all m,
or equivalently,
I <
Za] @) /26 00.

7=1
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Step 3: For each t > 0, ¢t ¢ Z", we claim that
V(tho =Y _a;V(t—j)¢ € C'(R).
j=1

In fact, combining (3.3.10)) and the assumption,

o0

1 .
. [t—3] <
D Ty

j=1

one has V(t)vy € HZ (R) C C'(R) which proof the claim.
Step 4: For t = n € Z* we affirm that

V(n)vo = ang + > _a;V(n = j)o = ang + (3.3.11)
j=0
j#n

with @, € C'. As before, using (3.3.10) and taking

- 1
Zaj eIl < too
=0

— "3[n—Jl|
j#n
it follows that ®, € H_(R) which yields (3.3.11). O

3.4 Persistence property: Proof of Theorem (3.1.2
In this Section we prove Theorem For this purpose, we perform a contraction prin-
ciple argument for the IVP problem (3.1.1)).

Proof of Theorem We consider the system of integral equations equivalent to

(3-1.1), that is,

D(u) = S(t)ug +/ St —t) (uv)(t) dt’+/ S(t —t)|u*u(t) dt’,
0 0 (3.4.1)

U(v) =V (t)vyg — /OtV(t—t’)v&Ev(t’) dt'+/OtV(t—t’)ax(yuP)(t’) dat’,

where {S(¢)} and {V ()} are the unitary groups associated to the linear Schrédinger and
the Airy equation respectively.
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By using the definition, group properties, Minkowski’s inequality, and Sobolev spaces prop-
erties we have

s+ s+ ot A T ,
1Dz @(u)|[2 < cl|Da Puollzz + [ ([ Dz *(wv)|z2dt’ + [ [[Dz *(Jul*u) 12 dt
0 0 (3.4.2)

T 1
< cluollstay2 +/ Dz 20 (uv)|| 2 dt/+CT?uP]||U(t)||§+1/2-
0 0T

To complete the estimate we use the commutator estimate (3.2.11]), Sobolev spaces prop-
erties, the Cauchy-Schwarz inquality, and Hélder’s inequality in time to led to

T o 1
/ | D52 0y (uv) || 12 dt
0

T T
gc/ ||D§_1/2(u8$v)||,;2dt+c/ | DE=Y2(,u0) | dt
0

0

T T
gc/ ||8xv\|Lgo|]D;_1/2u||L2dt+c/ D120, 12
0 0 (3.4.3)

T T
+c / H@quLgoHDZ_I/ZUHLz dt +c / ||UD;_1/2(9$UHL2
0 0

< Tl H@szLmoSUP]|IU(t)||s+1/2 + 2 ull 2 | D2 2000l e s
0, T

)

+ T ||f9IUHL4;Lgo[SuTI}||v(t)||H/2 + T |vl| a2 || DY 200l oo
0,

Next we estimate the H°-norm of ¥(v). It is enough to estimate ||[D*W(v)||z2. To do so,
we use group properties, Minkowskii’s and Holder’s inequalities to obtain

T T
1D29(0)| 12 < el Dvoll = + / 1D (00,0)|| 2 df” + / 120, (w2 dt
0 0
T

T
§c||vo||s+/ 1D (09,0)|| 2 dt’+/ 1D (adyu)|| 2 dt’ (3.4.4)
0 0

T
+/ | D2 (ud, )| 2 dt'.
0

The commutator estimates (3.2.11)) and Hoélder’s inequality yield

T
/ 13 (v0,0) || 2 dt < T? ||amv||L4TLg°[Sou7%‘|U(t)||s + 20| | D200 e -
O ?

(3.4.5)
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Similarly, we get

T T
/ | D2 ()| 2 ¥ + / D2 (udyit) | 1 dt
0 0

(3.4.6)
< T3 ||3xu||L4TL2°[Su§H“(t)||s + T |Jul| L2 120 || D3Ol e 2.
0,

On the other hand, using Kato’s smoothing effect (3.2.3]) and the analysis in (3.4.3))
1D°0:®(u)| oo 2,

T T
<Dz Puolia + [ D @) de+ [ DI (Pl de g 7
0 0 (3.4.7)

T T
< clluolls+1/2 +/ 1D3120, (uv) | 2 dt + / 1D 42 (Julu) |2 dt.
0 0

Same argument as above, now applying Kato’s smoothing effect (3.2.1) and the analysis

in (3.4.5)), lead to
T T
ID°0.0(0) s < clDiwllo+ [ D000 indt+ [ |1D20u (w2
0 0
T T
<clul+ [ 102000 ndt + [ D@00 (345)
0 0
T
+ [ IDswdo) ar.
0

From the maximal norm estimates (3.2.8)) and (3.2.9) it follows that

T T
l@(@lzzry < e(1+T) {lluollss/a + / () (1)1 /2.t + / ()21t} (34.9)

and
T

1)z < e+ T){ ool + / lod,v(t)]l dt + / |0 () (Bl dt }. (3.4.10)

The Strichartz estimates (3.2.6)) and (3.2.7)) imply
T

T
0.0 lg < ol t [ ) Ollsredt+ [ JuOlSpde G4

and
T

T
1029 (0) || 24 12 §6|lvo\ls+/ Hvaﬂﬁv(t)usdt—F/ 10 () ()| dt, (3.4.12)
0 0
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respectively.
Finally, we need to estimate :[su%|||x|“<1>(u)(t)||Lz and [suT%H |z|2 W (v)(t)||z2. To simplify the
0, 0,
proof we only consider the case s = 3/4". In other words, we estimate [suT;;H |x|%+(1>(u)(t) || L2
0,
and sup|l[z[¥ " W(0)(t)] 2.
[0,7]
We can also deduce a formula for solutions of the linear Schrédinger equation:

[["S(8)uo(x) = S(t)(|2]"uo) + S(E){ v,y (@) (€)} (3.4.13)

where y
1A (@)(&)} Nz < et + 1) (luollz + Dol 22). (3.4.14)

which is just an analogue to the formula deduced by Fonseca, Linares and Ponce in [31]
for the Airy group: for 5 € (0,1) and ¢t € R,

PV () f = V) (J2”f) + V(e Lus ()]} (3.4.15)

with
1@15(F)ll2 < e(1+ [E))[|fl|25.2- (3.4.16)

Thus, applying formula (3.4.13]), we have

5+ 5+
llz[s @(u)(®)]|L2 < cll|lz]s S(E)uollz2 + |2

t
S50 / St (wo + |uf?u)(t') dt']| 2
0
+ 5+
< [l uollzz + c(1+ |t]) ([luollz2 + [|DF uol|2)

T
+
" C/ llel* (uv + [ulPu)(t)|] 2 dt
0

, (3.4.17)
+c(1+T) / || (uv + |u|2u)(t)HLz dt
0
Fe(l4 T)/ DS (uv + [uf?u) ()| dt
5+ ’
< |lz|5 wol|z2 + (1 + T)Hu0||%+ + A; + Ay + As.
Next we estimate A;, i = 1,2,3. Holder’s inequality and Sobolev lemma lead to
T + +
A < / (M]3 wo ()2 + l2l3 ulul*(t)]2) dt
0 (3.4.18)

2)
5+ |
4

5+ 5+
< o (supllef¥ u(®)llzz x supllo()s+ + supllle]¥ u(@)llzz x supllu(t)
(0,7 [0,7] 4 [0,7] [0,

94



Holder’s inequality and Sobolev lemma yield

Ay <c(1+T)T (sup|]u(t)|]5+ x supl|v(t)||s+ + sup]|u(t)|]3;+> : (3.4.19)
(0,7 * (0,7] * (0,7 4

Applying Sobolev spaces properties we obtain

T 5+ 5+
Ar<e@+T) [ (1DF @)Olle + D3 (uluP)(O)12) e s
0 3.4.20
< e(1+ ) T(suplu(t) |+ suplfo(®)+ + suplju(®)]2.),
[0,T] 1 (o1 4 [0,T] 4

Now we estimate |||x|%+\lf(v)||L2. Applying formula (3.4.15) we get
3+ 3+ 3+
= w(@)llzz < [ll25 vollzz + (1 +T) (lvollzz + 1D vollz2)

t t
+||/ V(t—t’)|x|§+v8xvdt’||Lz+||/ Vit —t)|z|} 8, lul?dt | 2
0 0

T
+c(1+T) / (J[vdvll e + |0z ul?||22) dt
0

+

T 3
+c(1+T)/ 1D (v8,0)| 12 dt
0

T 3+
Le(14T) / 103" 8, (|l 2 dt.
0
(3.4.21)

The last three terms above were previously estimated. To obtain the desired estimate we
need to bound the third and fourth term on the right hand side of (3.4.21]). To do so we
follow an argument introduced in [31].

We take p € C5°(R) with o =1, |z| < 1/2 and ¢ =0, |z| > 1 write
]x|%+v81v = gp(x)|x|g+vaxv +(1-— go(x))]x|%+v&£v

= gp|a:\%+v&w + 0. ((1 — go)lx]%+v2/2) —8,((1 — gp)m?)v?/g (3.4.22)
= Nll + N12 + N13.

Hence

t
H / V(t — )22 vdpo(t)dt |2
0
t
= || / V(t —t') (N1 + Nig + Nig) dt'|| 2 (3.4.23)
r t
< / IV (E— ) (N1y + Nag)[ ot + | / Vit — #)Npo dt'| =
0 0
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Thus,
T
| = Nlar < ool
0

(3.4.24)
< T supllo() 2 10.v] 11 e
(0,7]
Using the dual version of Kato’s smoothing effect (3.2.2) we obtain
t
+
V(t —t")Nypdt'||12 < || (1 —¢ x| V|| 12
I [ V= 0Ntz <l (0= Dol Rlsig .
3+ 3+
<25 vllzeallvllzzee < T2els ollg vl
Finally,
To
/ |V (t —t")Nig||2dt’ < cl|v?||prpe <cT|vl* 4. (3.4.26)
0 : ot g
As above taking ¢ € C3°(R) with ¢ =1, |z| < 1/2 and ¢ =0, |z| > 1 we write
3+ 3+ 3+ 3+
o170 = plol " 2u(1uP) + 2201 = Plal ) = 01 =l o
= Nai + Nag + Nos.
Hence
t . )
H/ V(t =t)|z|s Ou(lul*)(t)dt']| 2
0
t
< / V(t —t')(Na1 + Nag + Nog) dt’|| 12 (3.4.28)
0
T t
< / |V (t —t')(Nay + Nog)||r2dt’ + | / V(t —t')Nogdt'|| 2.
0 0
It follows that
T T
Vit —1t)N: dt’<c/ U0l 2 + ||ud,u dt
| W= Nl < [ (@l + Jud.al.) 5429)
< Tt lullzserz | Ouual| L oo
The smoothing effect (3.2.2) yields
t T 3+
H/ V(t — ) Nag dt' 2 = Ham/ V(E— ) (1= @)l wade | o
0 0
(3.4.30)

3t 3+
<o (P=@)fals wullpars < clllzls ullrars llullzis

5+
< 2| fols ullpgers ull g
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Finally,

To
/ IV (t =) Nag|| 2 dt” < col| ut]| g2 < T sup(|lut)|2llu(t)] =)
0 [0.7] (3.4.31)

< T supllu(t)|?)4+-
(0,T]

The proof is complete. [

3.5 Dispersive blow-up: Proof of Theorem [3.1.3

The proof is built upon the linear analysis appearing in Section [3.3] Consider the IVP
associated to the Schrodinger-Korteweg-de Vries system ((3.1.1)),

i0yu + 0*u + |u*u = auv, t,x € R,
v + 030 + 30,(v?) = 0, (|ul?), (3.5.1)
u(z,0) = ug(x), v(z,0) = vy(x).

Let us consider
ug € H* (R) N L*({z)? dx) N L=(R),

and
vy € C(R) N H3¥?™(R) N L2((x)*/* dx) N L™(R),

be the initial data constructed in the Section [3.3] which leads to linear, independent dis-
persive blow-up at every time ¢ € Z. Now, using the Schrédinger group, the Airy group
and the Duhamel’s formula, we obtain that the solution can be represented as

t t
u(t,x) = S(t)up + Cy / St —t')(uv)(t)dt' + Cg/ St —t")(|uu)(t)dt, (3.5.2)
0 0
and
t t
v(t,x) = V(t)v + 03/ V(t —t)(0.(v))(t)dt' + 04/ V(t —t)(0u|ul*)(t)dt', (3.5.3)
0 0
where C1,Cy, C3 and Cy are non-zero constant of no consequence. If the integral terms

in (3.5.2) and (3.5.3) are H>™(R) and C}(R) functions for all ¢ € [0,T] (respectively),
then the desired result follows from what we already known about S(t)ug and V (t)vy from

Section To do this we divide the analysis in two cases, the inhomogeneous terms at
Schrodinger equation level (3.5.2)) and the other ones at KdV equation level (3.5.3).

The following two propositions are sufficient to complete the proof of Theorem [3.1.3]
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Proposition 3.5.1. Consider initial data (ug,ve) € H**2(R) N L(|z|""dx) x H*(R) N

L?(|z|"2dx) with s > 3/4, 11 = (s +35)” and ro = 5. Let (u(t),v(t)) the corresponding

solution for the IVP ([3.1.1) given by Theorem[3.1.3. From (3.5.2), define I as follows:

u(t,x) = S(t)up + Cy /0 St —t') (uwo)(t')dt' + C’g/ﬂ St —t)(Jul*u)(t)at
=: S(t)up + I(t, x),

then 1€ C([0,T); H*+1(R)).

In other words, the integral term I is “smother" than the free propagator e“ug by a quarter

of derivative. In particular, this implies that for initial data as at the beginning of this
section, the integral term I € C([0,T] : HT (R)).

Proposition 3.5.2. Consider initial data (ug,ve) € H**2(R) N L2(|z|"*dx) x H*(R) N

L2(|z|"dx) with s > 7/6, 11 = (s + 3)” and ro = 5. Let (u(t),v(t)) the corresponding

solution for the IVP ([3.1.1) given by Theorem[5.1.3

v(t,z) =V (t)vy + Cy /0 V(t —t)(0.(v?))(t)dt' + 02/0 V(t —t)(0u|ul*)(t)dt
=: V(t)vo + 11(¢t, x),
then 11 € C([0, T]; H**5 (R)).

In other words, the integral term II is “smoother" than the free propagator V(t)vy by a
one sixth derivative. In particular, this implies that for initial data as at the beginning of
this section, the integral term II € C([0,T] : C*(R)).

Proof of Proposition First of all, recall that Theorem guarantees the exis-
tence of the solution

ue C([0,T]: HH%(R) OLQ(\:U]SJF%*EdJC)), ve C(0,T]: H*(R) ﬂL2(\x|%*de)). (3.5.4)
Now, let us divide the analysis in two steps. First, define
t
uy () ::/ St —t')(uv)(t)dt'.
0
Thus, we shall show that u,(£) € H**3(R) for all t € [0,T]. In fact, by (3.2.4) we have

pita < ||pv/? tSt— NDETE tdt'
1Dz w2 < || D) i (t =)Dz *(uv)()dt'||

41
< D37 (o) 1112

S 1 S 1
< [l0D5 ull g + D5 ll g, + Bn, (3.5.5)
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where FE,; are easy to control by considering the commutator estimates (see [43]) and
interpolated norms of the previous terms to be considered below, so we omit this proof.
Now, using Hélder’s inequality we can bound the first term of (3.5.5)) by

41 41
loD%" *ullpare < cllollaree [I1D2 " ull 22
41
S CTl/ZHUHL%L%oHD; 4uHL§?L§ < 0.
On the other hand, we can bound the second term of (3.5.5) by
41 B 41
JuDs ol < ellte)=uDit olly s

1
< eI sup ) “ullg| D ol g < oo
0,7

Thus we have u, (£) € H*"1(R) for all ¢ € [0, 7], which concludes the demonstration of the
first step.

Now, let us consider the second integral term of the solution u(¢, x):

s (t) ::/0 St —t)(|ul*u)(t)dt'.

Thus, we shall show that us(t) € H*"1(R) for all t € [0, T]. In fact, by the dual version of
the Kato’s smoothing effect we have

+3 +1
1Dz 4 usll 2 < ellDz"* (Jul*u) || 1y 12
1
< cllull sz | D2 ull poe 2 + B < o0

where, again, the terms in F, are easy to control by considering the commutator estimates
(see [43]) and the interpolated norms of the previous terms, so we omit the proof. Thus,
the proof is complete. ]

Proof of Proposition From the previous proof, we have (3.5.4). Even more, we
have

T
/0 IDSO2 Tl p)dt < 00 for  0<k<s, (3.5.6)

for
(¢,p) = (S(a+1), %), 0€(0,1), 0<a<

Now, let us divide the analysis in two steps. First, define

N[

vy (t) :z/0 V(t—t)(0,(v*)()dt' € C'R).
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Thus, we shall show that v, (£) € H*"s(R) for all ¢ € [0,T]. In fact, using the smoothing

Kato effect (3.2.2)), we obtain

t
sup IIDi“/G/ V(t = 1) (00z0)(t)dt |l < |1 D50 (v050) | prrs
0

0<t<T

< HU|‘L§/5L%HD;+1/6UHL§L% + LBy,

where FE; are easy to control by considering the commutator estimates (see [43]) and

interpolated norms of the previous terms to be considered below, so we omit this proof.
Now, from (3.5.6) with p=¢ =6, 0 = % and a = % we obtain:

1D5H /5015 < oo

On the other hand, using (3.2.10) in Lemma we deduce:

[0l yoso s < ell@)* vllug.rg
< TY) 0| ey
< VS|V ()12 0) | o1z
< TP @) ol
with v such that 31~ = %+, i.e. v > 1, and such that (1 —~)s > 1/6. Note that the last

inequality imposes the restriction s > . Thus we have vy () € H*+5(R) for all t € [0,T],
which concludes the demonstration of the first step.

Now, let us consider the second integral term of the solution v(t, z):

vy (t) :z/0 V(t—t)(0.]ul®)()dt' € C'(R).

We shall show that vy(t) € H**5(R) for all ¢ € [0,T]. For this, we use the inhomogeneous
smothing Kato effect (3.2.2), thus we obtain:

Y L1

UZ?ST”D; : 0 V(t— ) (0, |uf?)dt||, < || D3 6(|u|2)||LiL2T
s+%

<cllullpizee | Dz *ull peere, + Eo,

where the terms in Fsy are easy to control by considering the commutator estimates and
the interpolated norms of the previous terms to be considered below, so we omit the proof.

1
Now, to estimate ||D;+6u||LgoL2T, we use the homogeneous smoothing Kato effect (3.2.3),
Minkowskii’s integral inequality and group properties to obtain

T T

+1 _1 _1

1D%" ull e 1, < clluoll oy +0/ 1D 3(uv)lngdt+C/ 1% (Jul*u) | 2
0 0
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< cllugll oy + Tl _ STl
z T

T x

(3.5.7)

el
x T T
Then, by the local-well posedness theory, we conclude that:
1
D5 ez < oo

which concludes the estimates for the solution u. Thus, we conclude that we can reduce
ourselves to consider the linear associated problem so the nonlinearity after Section is
not relevant for our purposes. O]
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Appendix A

Proof of Proposition 2.4.6

We start proving that ([2.4.20)) is satisfied. We follow the same scheme of Proposition m
Taking derivative of A wrt = we get

B 45% cosh?(y(z + x)) — sinh(yz1) :
Y B2cosh?(y(x + x2)) + sinh?(yay) 8 cosh?(y(z + x3)) ysinh(y(@ +22))
_ 4pysinh(yay) sinh(y(z + 22)) (A.0.1)

sinh?(yzy) + B2 cosh?(y(z + x5)

For the sake of simplicity we define 6 := ~(x — 21+ x2). Using basic trigonometric identities
we have

C(A+0Q 2 tan (arctan (%) + arctan (60)>
sin 5 = . (A.0.2)

N 2 sinh(yz1)
1 + tan (arctan (WM) + arctan (69)>

Since tan(a + b) = -anektanb (370 9) reads now

lFtanatanbd’
sinh(yaz1) £ Bcosh(y(z + x2))e’

“in <A + Q) _ (B cosh(y(x + x3)) F sinh(vxl)ee)

T )

sinh(ya1) + B cosh(y(z + 22))e?\ >’
B eosh(y(x + x2)) F sinh(’ya;l)e")

and simplifying,

sin ATQN _ 2fa(x)
( 2 ) (1 + 629) (sinhz(p)/l.l) + 32 COSh2(’7(3§ i $2))) ) (A.O.S)

where fo(x) = fo(x; 8,21, x2) is such that
fo(x) := Bsinh(yzy) cosh(y(z + ) F €’ sinh?(ya,)
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+ 32¢? cosh®(y(x + 22)) — Be sinh(ya1) cosh(y(z + 22)). (A.0.4)

We are now ready to show that (2.4.20) is satisfied. Substracting (2.3.2)) from (A.0.1)) we

obtain
A O = APy sinh(yzy) sinh(y(z + 22)) Aprve? B
’ " sinh®(ya) 4 Beoshi(Y(z + a0)) 1+ e Ry
where
Fy = (1+¢€”) (sinh®*(yzq) + % cosh?(v(z + 22)), (A.0.5)
and

Fy:=—4py |:69 (8% cosh?(y(x + x2)) + sinh®(vya1))
+ (1 + €*) sinh(y(z + 22)) sinh(’y:zl)] :

On the other hand, recalling that a := a(8) and v = 1/4/1 — 32, from (A.0.4) we conclude

ésin <A+TQ> -+ a sin <A_TQ> = % (A.0.6)

where F3 is given by (|A.0.5) and
Fy = 487[(1 — €*) sinh(ya1) cosh(y(z + 22)) + €’ sinh®(ya1) — 5%’ cosh?(v(z + z2))].
Therefore, (2.4.20) is reduced to show that F», — Fy = 0. Indeed,

Fy— Fy = —4Bv[2¢” sinh®*(yz1) + (1 + ) sinh(y(z + 22)) sinh(yay)]
— 467(1 — €*) sinh(yx,) cosh(y(z + 25)) = 0.

This proves (2.4.20). We only need to show (2.4.21)) now. We follow the same scheme as
before: from (2.4.7) and (2.3.1)) we have

4/3%~ cosh(y(z + x2)) cosh(vyy) B dye? é
B2 cosh?(y(z + x3)) + sinh®(yxy)  1+e2  Fy

where Fj is given in (A.0.5)) and

Fy =4y 8% cosh(v(z + x2)) cosh(yz1) (1 + ¢2)
— (B2 cosh®(y(x + 2)) + sinh? (yz1))e?]. (A.0.7)

At_Qx:

On the other hand, since a = a(f) and v = 1/4/1 — 52, and following the same ideas as in
the proof of (A.0.6]), we have

1. [A+Q C(A-Q F,
—sin — a sin = —,
a 2 2 Fg




where Fj came from (A.0.5) and F, denotes the quantity

Fy == —4y (8% sinh(y1) cosh(vy(z + z2))(1 — )
— e(B% cosh®(y(z + x2)) — sinh®(yz1))]. (A.0.8)

Therefore, (2.4.21) has been reduced to show that Fy — Fy = 0. Indeed, from (A.0.7) and
(A.0.8])

Fy — Fy = 4y cosh(yay) cosh(y(z + 22)) (1 + €2?) — 8752 cosh?(y(x + x3))e’
+ 49B%(1 — €*) sinh(yz,) cosh(y(z + 3)) = 0,

which ends the proof.
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Appendix B

Description of derivatives and
orthogonality

B.1 Orthogonality for breather type functions

We start with the following result.

Lemma B.1.1. Let (B, B;) be a SG breather profile with scaling parameter 5 € (—1,1)\{0}
and shifts x1,xo € R. Let us suppose that xo = 0. Then, B, and B, are even and odd
respectively.

Proof. It is enough to see that from (2.4.1)), (2.4.11)) and (2.4.2)),

_ 4a?Bcos(axy) cosh(B(x + x2))

~ a2cosh?(B(x + x2)) + f2sin?(ax;)’
—4B%asin(axy) sinh(B(x + )

a2 cosh?(B(z + x3)) + B2sin®(axy)’

Bt -
(B.1.1)
Bm == B2 ==

so that if zo = 0 we get

403 cos(aury ) cosh(Bx) B _ —48%a sin(ax; ) sinh(Bz)
a2 cosh?(Bx) + A2 sin®(ax;)’ * a2cosh?(Bz) + B2 sin®(ax)’

t:

which readily gives the respective parity properties. O

Corollary B.1.2. Let (B, B;) be a SG breather with scaling parameter § € (—1,1) \ {0}
and shifts x1,xs € R. Then,

/ B;B,dz = 0.
R
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Proof. A consequence of the previous lemma and the invariance under translations of the
integral on R. [

Lemma B.1.3. Let (B, B;) be a SG breather profile with scaling parameter 5 € (—1,1),
B # 0, and shifts x1,xo € R. Consider (B;, By;) the derivatives of B and B wrt the
variables z;, 1 = 1,2. Let us additionally suppose that xo = 0. Then, B;; and B,y are
functions in the Schwartz class, even and odd in x respectively.

Proof. For the sake of brevity we define 6, := vyz; and 0y := y(x 4+ z3) = yz. Since By in
(2.4.2) is smooth, we have after differentiation

sin 0 cosh 65 (a? cosh? 6y + 32 sin? 01) + (3% sin(20;) cos 6, cosh 6’2)
(a2 cosh? 0y + /32 sin? 61)2

(cos 6; sinh 6 (a? cosh? 0, + 3% sin® ;) — o sinh(26,) cos #; cosh 0>)

(a2 cosh? 0y + /32 sin? 01) 2 .

Bt,1= —40435 (

)

Bt72: 4Oé2ﬁ2

The desired parity properties are then direct. O

Corollary B.1.4. Let (B, B;) be a SG breather profile with scaling parameter f € (—1,1)\
{0} and shifts x1,z2 € R. Then,

/Bt’lBth.I‘ = 0.
R

Proof. Direct from previous lemma. ]

B.2 Orthogonality of 2-kink or kink-antikink type func-
tions

In this section, we treat the case of 2-kink R and kink-antikink A. Since proofs are similar
to the breather case, we only sketch the main ideas.

Lemma B.2.1. Let (A, A;) be a SG kink-antikink profile with speed f € (—1,1)\ {0} and
shifts x1,x9 € R. Consider (A;, A;) the derivatives of A and Ay wrt the directions x;,
t =1,2. Suppose again that xo = 0. Then, A; and A, are even, and A, and A, are odd.
Each function above is in the Schwartz class.

Proof. We define 6, := vz, y 02 := y(x + x2) = yx. Thanks to (A.0.1)), (2.4.7) and direct

computations, we have

432~ cosh 6, cosh 6, _ —4Pysinh 6, sinh 6,

Ay = 2 - 120 x = 2 200
(5?2 cosh” 0y + sinh” 6 (52 cosh” 05 + sinh* 6,
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4322 ( sinh @) cosh 6,(3% cosh® §, + sinh? 6;) — sinh(26, ) cosh 6, cosh 92)

At,l = 5 . 19 2 )
(62 cosh” 0y + sinh 91)
A 4324*( cosh 6, sinh 6, (5* cosh? f, + sinh? #;) — 5% sinh(26,) cosh #; cosh 0>)
72 = °
' (62 cosh? 05 + sinh? 91) 2
Here parities are concluded directly since x5 = 0. [

Corollary B.2.2. Let (A, A;) be a kink-antikink profile with speed € (—1,1) and shifts
1,29 € R. Then,

/AtAxdx = O, /AtJAtQ =0.
R R

Proof. Direct form the previous lemma. O

Lemma B.2.3. Let (R, R;) be a SG 2-kink profile with speed f € (—1,1) and shifts x1, xo €
R. Let us consider (R;, Ry;) the derivatives of R y Ry in the directions x;, i = 1,2. Let
us assume additionally that o = 0. Then, R, and R;; are odd, and R, and R, are even.
Each of the last four last functions is in the Schwartz class]]

Proof. Using the same notation as in the proof of Lemma we have

_ —4p%ysinh 0, sinh 6, 4B~ cosh 6, cosh b,
~ cosh?6; + 82sinh? 6, “ " cosh?6;, + B2sinh? 6,
and
Ry coshf;sinh6, (cosh?#, + 3% sinh? ;) — 3% sinh(26,) sinh s, sinh 6,
4322 (cosh2 6, + (2 sinh? 02)2 ’
Ry, sinh 6, cosh B5(cosh? f; + B2 sinh? §,) — 3% sinh(265) sinh 6, sinh 6,
43%~* (cosh2 6, + /32 sinh? 92)2 .

Finally, the following result is direct:
Corollary B.2.4. Let (R, R;) be a 2-kink SG profile with speed 8 € (—1,1), B # 0, and
shifts x1,xo € R. Then,

/ RtRdeE = O, / Rt,lRt,2 =0.
R R

INote that R is not in the Schwartz class.
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Appendix C

Proof of Lemma 2.5.

The proof of this result is standard, we only sketch the main ideas. Let us define H :
R? x U(n) — R?, given by

(H($1,1'2,¢, ¢t))j = (<¢ - D7 Dj>H17 <¢t - Dta (Dt)j>L2>7 j = 1727

where D, Dy, D; y D, ; are evaluated at the point (-; 5,1, x2). Clearly we have H(xq,x2, D, D;) =
(0,0). Moreover, H € C! in a vicinity of (z1, 22, D, D;). Differentiating, we get

(o (21,22, D, D)), = = ({Dis Dy), (Diis Dig)) s € {1,2),

Let us show that H'(xq1,x9, D, D;) is invertible. In what follows, we proceed by cases,
depending on D = A, B or R.

1. Case D = B. Thanks to Lemmas|[B.1.2land |B.1.4] we have H’ diagonal and invertible.

2. Case D = A, R. Thanks to Lemmas [B.2.2] and [B.2.4] we have the same situation as
before.

From the last statements we conclude that the matrix H'(z1, x2, D, D;) is always invertible.
Hence, the Implicit Function Theorem says that, if v is sufficiently small, and v € (0, 1y),
we will have unique functions (Z1,Z») in C!, depending on (¢, ¢;) € U(v), and such that

H<J~:1 (¢7 ¢t)7 j2<¢7 ¢t)7 (¢7 ¢1‘>> = (O’ O)
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Appendix D

Proof of Lemmas 2.6.2] [2.9.2| and 2.9.3

D.1 Proof of Lemma

First of all, note that from (2.3.15) we have that ux in (2.6.1) satisfies

cosh(B(z + x2)) cos(axy) — isinh(B(x + x2)) sin(awy) _ 1 .
cosh?(B(x + x5)) cos?(axy) + sinh?(B(x + 25)) sin?(azy) 28 °

P =

Therefore, it is necessary that x; does not satisfy (2.3.5)) in order to get ux well-defined
for any x. In this case, ux is smooth and decays to zero exponentially in space.

Proving (2.6.5)), notice that since x; does not satisfy (2.3.5)), we can use (2.6.1)) and (2.3.11)):

()= [t
R'UK 2 ) Jrcosh®(B(x + x3) +iax;) B

Now we prove (2.6.6)). It is enough to notice that

5 BZsin(2am,) — ia? sinh(28(x + z2)) D —
- (aﬂ(oﬂ cosh(B(z + 22) 2 + 2 sin(am?)) o

where

. _ 8af? cosh(B(x + x3) + oy sinh(B(x + 2)) sin(ay) — j(2)B,.

(a2 cosh(B(z + x2))? + 2 sin(ax1)2)2
2t
a? cosh(B(x + x9))? + (% sin(axy)

Dy =

5 = w(x) K.

Integrating on R we obtain [, p- (B, — K;) = —i‘—é, ie. (2.6.6).
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Let us show (2.6.3). We have from ([2.3.11)) S cos (%) = —ftanh(B(x + z2) + i),
hence, from (2.6.1)),

(1), = fsinh(B(x + x9) + i) _ Beos (g) .

B cosh?(B(z + x2) + iaxy)
which proves (12.6.3)).

In order to finish, we only need to prove (2.6.4). Recall the notation in (2.8.15]). First
we have

_ Bsinh(0)(a? cosh?(0,) 4 % sin’(61)) — a3 sinh(26,) cosh(0)
B (a2 cosh? () + 82 Sir12(61))2

Mg (37)

[ Btanh(6)(a® cosh®(6;) + 52 sin®(61)) — o’ B sinh(26,)

B a2 cosh?(fy) + B2 sin?(6;) )

B B a? B sinh(26,)

- (B tanh(6) o cosh2(0y) 1 7 Sin2(01)) p(x).
Consequently, our problem now is to show that

a3 sinh(26,)
ftanh(9) - a2 cosh?(#,) + B2 sin?(0,)
- (ﬁ;m) cos (B—;K) + (ﬁ—;za) cos (B;K) : (D.1.1)

Let us compute explicitly the RHS of the last equation. Using basic trigonometric
identities

B+K , (B+K , (BEEK\\ "
Ccos 5 =|1—tan 1 1 + tan 1
(1 — e?)(a?cosh?(0y) — 3% sin*(6,)) F 4a3 cosh(f;) sin(6; )e’
(1 + €20) (a2 cosh?(fy) + B2sin?(6,))
Then, using this the RHS of reads now
RHS(DL)
B(1 — e*)(a? cosh?(6y) — B%sin?(0,)) + 4ia®B cosh(6y) sin(6 ) e’
(1 + e20)(a? cosh?(fy) + 2 sin(6;))
(62)

_ Btanh()(B?sin®(61) — a? cosh?(65)) 2ia® 3 cosh(fy) sin(6;)
B a2 cosh? () + B2 sin?(6;) cosh(6) (a2 cosh?®(6y) + B2sin?(6,))
_ Btanh(6) 2023 tanh(6) cosh?(6s) 2ia® 3 cosh(fy) sin(6;)

a2 cosh®(6y) + B2sin?(0;)  cosh(f)(a? cosh?(fy) + 52 sin®(6;))
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2023 cosh () (sinh(6) cosh(fy) — sinh(if;))

— [ tanh(6) — cosh(8) (a2 cosh®(6y) + 2 sin(6;))

_ 20 sinh(6s) cosh(6s)

= ftanh() — a2 cosh®(0y) + 82 sin?(61) o
= Btanh(6) — 00 S

a2 cosh?(0y) + B2sin®(6;)’
where in (D.1.2)) we used

sinh (@) cosh(#y) — sinh(if;) = sinh(#) cosh(fy) — sinh (0 — 6)
= sinh(#) cosh(6y) — sinh(#) cosh(6,) + cosh(#) sinh(6,) = cosh(#) sinh(6s),

which ends the proof.

D.2 Proof of Lemma 2.9.2

First we prove (2.6.6). Indeed, note that

9 32 sinh?(2y(z + x3)) — sinh(2yx,)
’ B(ﬂQ sinh?(y(x + x3)) + COSh2(’}/ZE1))

:q)1_®27

where
& — 4B~ cosh(y(z + x1 + x2)) cosh(yxy) cosh(y(z + z3))
1 (52 sink (3 z + 22) + cosh (71))°

_ 2607 = u(2)Q
B2 sinh?(y(x + 2)) + cosh? (yx) ;

= () Ry,

Py

Integrating on R we obtain (2.6.6). We prove now ([2.9.5). We will compute each term
involved in the equation. For the sake of simplicity, we denote
0r =1, b=y +w32), 0=7(r+11+22).
First we have
_ v sinh(6) ( cosh®(6;) + 42 sinh?(;)) — 5% sinh(26,) cosh(6)
(cosh?(6;) + 32 si1r1h2(¢92))2

3% sinh(26,)

5 s ().
cosh®(61) + 52 sinh*(6,)
Consequently, our problem now is to show that

3%y sinh(26,) 1 <R + Q) as (R - Q)
tanh(6) — = — = .
7y tan ( ) COShQ(Ql) + 62 Sinh2(92) Qa3 Ccos 5 + 5 Ccos

e ()

= ('y tanh(6) —
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Let us compute the RHS of the last equation. For this, we use trigonometric identities:

o (159) - (-1 (539)) (o (129

(1 — e*)(cosh?(#;) — B?sinh?(6)) F 40 cosh(6;) sinh(6;)e?
(1 + e20)(cosh®(0;) + 32 sinh?(6,))

Hence, using this last identity, the RHS of (2.9.5) is reduced to

—(1 — €??)(cosh?(#;) — B%sinh?(6y)) — 4/3%y cosh(; ) sinh(6y)e’

RHS = (1 + e20)(cosh?(0;) + (2 sinh?(6,))
_ ytanh(0)(cosh?(6,) — 8% sinh®(6;)) 232~ cosh(f;) sinh(6,)
B (cosh?(6;) + (2 sinh?(6s)) cosh(6)(cosh®(6;) + B2 sinh?(6,))
_ - tanh(6) — 23%y tanh(f) sinh*(6) B 232+ cosh(#; ) sinh(6,)
- cosh?(#y) + B2sinh?(fy)  cosh(f)(cosh?(#;) + B2sinh?(6y))
— - tanh(8) — 2% sinh(65) ( sinh(0) sinh(6) + cosh(6;))

cosh(#)(cosh?(6,) + 32 sinh?(6,))

_ __2B%ysinh(6) cosh(f) cosh(6s)
=7 tanh(9) cosh(6)(cosh?(6;) + B2 sinh?(6s))
= ~ tanh(f) — Fy sinh(26,)

cosh?(0;) + 32 sinh?(6,)

The proof is complete.

D.3 Proof of Lemma 2.9.3

Same as the proof of Lemma [2.9.2]
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Appendix E

Proof of Lemma 2.8.2

Proof of (i). We use the same notation as in (2.8.15). We have

K — 4 arctan <2ZQM> = 4arctan (69) — 4 arctan (—Z 8111(91))

2 «acosh(fz) cosh(6s)
0 ei91 _ e—i91
= 4arctan (e ) — 4 arctan (m) .
Therefore, using that arctan(u) — arctan(v) = arctan({%), we obtain
€i91 _ e—iel
iawy _ =i e — m
»>! = 4arctan (ee) —4darctan | ————— | = darctan - —3
€2+6_2 1 9621_611
T + e 02

— 4 arctan

(% + e7%) — 1 4 ¢~
692 + e—02 + e@ (6101 — e 191)

( 25 (z4z2)+iazt + 6—191)

= 4 arctan
arcta —0o + 66 rtx2)+2i0ry

eB T4x2)+2iazy + 6792
= 4 arctan

_ 0\ _ 77
e—02 + el x+x2)+21ax1> = 4arctan (6 ) =K.

Proof (ii). The identities in (2.8.8)) are straightforward. In order to show (2.8.9)), we have

( 4B cos(6y) cosh(6y) ) m ( Bsin(6,) )2
Bysec? (£) a2 cosh?(fy) + B2 sin?(0,) o cosh(6s)
1+ 2tan? (B) — Bsin(6y) \2

4 L+e (a COSh(eg))
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402 cos(6y) cosh(6s)

T2 cosh?(fy) + €232 sin*(6,)
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Appendix F

Proof of (2.7.3))

By the analysis made in chapter 3, it is direct that Re (EOKx) is even and Im (EOKI) is
odd. Then, from the fact that ByK, belongs to the Schwartz class, whenever z; does not

satisfy (2.3.5)), we conclude
/ BoK, € R.
R

Now, to show that the integral is different from zero, first we note that from the invariance
under shifts of the integral we can assume x5 = 0. Then, since we only measure the sign of
the integral, using a proper scaling in x we can assume § = 0.2 and z; is its only remaining
independent variable. A numeric computation performed in Mathematica obtains that the
integral is never zero, as shows Fig. [F.1]

Behavior of the Integral for beta fixed

Figure F.1: Behavior of I(z1) = [, ByK, in z for = 0.2.
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Conclusions and Perspectives

Along this work, several interesting open questions appeared from the already proved
results. Here we mention some of the most interesting ones, in our personal opinion:

1. Asymptotic stability for odd data for SG 2-solitons. This is an open question
that we could not solve because of some bad preservation properties of the Bécklund
transformations in SG. We plan to attack this problem in the near future.

2. Stability of Gardner breathers. This question is currently under work by Alejo
and myself. We plan to show that periodic and nonperiodic Gardner breathers are
stable using the techniques involved in this work. Probably these ideas are useful to
prove other low regularity stability results for nonlocal equations.

3. Sharp dispersive blow-up for NLS-KdV. This is an open question related to
the non sharp character of the proof in Chapter 3. We believe that, improving some
estimates to their best possible level, it is possible to show dispersive blow up at
the (C%(R), CL(R)) level for each equation, respectively. This is part of the current
research by Linares and myself, as well as extensions to other nonlocal dispersive
systems.
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