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that coincides with the convex hull of feasible solutions in the case of a single follower. We present com-
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1. Introduction

Stackelberg games model situations where players strive to op-
timize their individual objectives in a single sequential encounter.
These models assume a player, referred to as the leader, can com-
mit to a strategy that optimizes his utility function and then
players that respond to the leader’s decision, referred to as fol-
lowers, take this decision into account when deciding how to
optimize their own utility functions. Stackelberg games were in-
troduced to model market competition (von Stackelberg, 2011) and
have been used in diverse applications since, such as traffic equi-
librium (Krichene, Reilly, Amin, & Bayen, 2014), network toll set-
ting (Labbé, Marcotte, & Savard, 1998), preventing election control
(Yin, Vorobeychik, An, & Hazon, 2018), and defense (Brown, Carlyle,
Salmerén, & Wood, 2006; Jiang & Liu, 2018).

In this work, we consider normal form Stackelberg games with
finite sets of actions for the leader and followers. We refer to these
as general Stackeblerg games (GSG). The utility functions of GSGs
are described by matrices, where each combination of actions for
the leader and follower gives a reward value for each participant.
Selecting a single action corresponds to a pure strategy, while a

* Corresponding author at: Département d’Informatique, Université Libre de Brux-
elles, Brussels, Belgium.
E-mail address: casorranamilburu@gmail.com (C. Casorran).

https://doi.org/10.1016/j.ejor.2019.05.012
0377-2217/© 2019 Elsevier B.V. All rights reserved.

mixed strategy corresponds to a probability distribution over the
set of actions for the player. Therefore, the utility functions for
GSGs are bilinear functions of the players’ mixed strategies.
Stackelberg games can be expressed as bilevel optimization
problems, where the top level represents the leader’s decision
problem and includes the followers’ responses as the optimal so-
lution to the second level problem (Colson, Marcotte, & Savard,
2007). Mixed integer formulations of GSGs have been devised by
incorporating bilinear functions and linearizing second level opti-
mality conditions using integer variables (Bard, 1998). The manner
in which the bilinear objectives and second level problem optimal-
ity conditions are linearized leads to the different mixed integer
linear programming (MILP) formulations considered in this work.
For instance, using big M constraints to linearize both the leader’s
objective and the second level optimality conditions gives rise to
the (D2) formulation (Kiekintveld et al., 2009). The (DOBSS) formu-
lation considers a single big M constraint but introduces new vari-
ables representing the product of the leader and follower strate-
gies, Paruchuri et al. (2008). Finally, (MIP-p-G) is a formulation
without big M constraints (Yin & Tambe, 2012). Which of these
MILP formulations of the bilevel stackelberg game problem is more
convenient for computational efficiency is an underlying question
of this work. When the leader in a GSG faces a single follower,
the problem can be solved in polynomial time, see Conitzer and
Sandholm (2006). The authors also show that if there are multiple
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followers, then the problem is NP-hard. A solution for the multi-
ple followers problem can be obtained by using the algorithm for
the single follower instance on a Harsanyi transformation of the
problem, Harsanyi and Selten (1972), which combines the multi-
ple adversaries into a single adversary with exponentially many
actions. Solution methods based on mixed integer formulations of
the multiple follower problem have been presented, for example,
by Jain, Kiekintveld, and Tambe (2011) and Yang, Jiang, Tambe, and
Ordoiiez (2013).

Recent work has applied Stackelberg games in security settings
where a leader has a limited budget to protect a set of targets
while a follower aims to attack a single target. In this domain,
the payoff matrices are structured with only two payoff values
for every participant depending on whether or not the defender
strategy protects the target attacked. We refer to problems that
have this structure as Stackelberg security games (SSGs), which
are introduced in detail in Section 2. Some SSG applications have
included assigning Federal Air Marshals to transatlantic flights
(Jain et al., 2010), determining randomized port and waterways
patrols for the US. Coast Guard (Shieh et al., 2012), preventing
fare evasion in public transport systems (Yin et al., 2012), pro-
tecting endangered wildlife (Yang, Ford, Tambe, & Lemieux, 2014),
and patrolling applications to protect networked infrastructure
(Karwowski & Mandziuk, 2019; Li, Qiao, Deng, & Wu, 2019). The
SSG models considered are closely related to the interdiction
games literature, McMasters and Mustin (1970), specifically when
there is a fortification step. Such fortification-interdiction problems
are multi-level optimization problems where a defender decides a
limited fortification of a network, so that an interdictor (attacker)
blocks a number of edges in the network and an operator tries
to maximize flow or minimize a path over the network. If the
optimal operation response can be subsumed in the interdictor’s
decision problem, then the problem has the structure of a Stack-
elberg security game. There are many variants and extensions of
such fortification-interdiction games that allow multiple/sequential
interdictions and problem specific formulations and algorithms.
For instance, a class of generalized interdiction problems and an
optimization-based heuristic to solve them are studied in Fischetti,
Monaci, and Sinnl (2018). For additional material on fortification-
interdiction games see the reviews in Smith and Lim (2008),
Snyder et al. (2016) and Fischetti, Ljubic, Monaci, and Sinnl (2019).
To the best of our knowledge, however, there is no polyhedral
study of different mixed integer optimization formulations that
arise due to the bilevel nature of the interaction between the
defender and the attacker.

In this paper we focus on the polyhedral analysis of differ-
ent mixed integer formulations for GSGs and SSGs. In particular,
we provide the following four key contributions. First, we provide
an exhaustive comparative study of existing MILP formulations for
Stackelberg games. Starting from the natural bilevel representa-
tion of Stackelberg games, we use well-known integer program-
ming techniques such as Fourier-Motzkin elimination (Dantzig &
Eaves, 1973) and Reformulation Linearization Technique (Sherali &
Adams, 1994) to derive known MILP formulations. Our study leads
to a ranking of these MILP formulations in terms of the strength
of their linear programming (LP) relaxations. Second, we explic-
itly show the relation between the GSG and the SSG formulations
by using variable projections from the polyhedra of their LP relax-
ations. This allows us to extend our study of GSG formulations to
the security setting, leading to a comparison of SSG MILP formula-
tions. Third, we derive (SDOBSSgy,s) and (MIP-p-Sgy), two new SSG
MILP formulations. We show that (MIP-p-Sqy) is the MILP formu-
lation with the tightest linear relaxation among SSG formulations.
We further show that if we restrict (MIP-p-Sqy) to a single attacker
type, its LP relaxation provides a complete linear description of the
convex hull of its feasible solutions. Fourth, we provide computa-

tional experiments that compare solution times of the MILP for-
mulations in both settings. Our experiments show that the formu-
lations with the tightest LP relaxations have faster solution times
as problem size increases. In particular (MIP-p-Sqy) scales better
than competing formulations, being able to tackle larger-sized in-
stances.

The remainder of this paper is organized as follows. In
Section 2, we define general and security Stackelberg games. In
Section 3, we derive GSG formulations from the literature. We pro-
vide theoretical results comparing the formulations presented. In
Section 4, we describe and analyze computational experiments for
the formulations in Section 3. In Section 5, we present SSG formu-
lations using projections, in the appropriate space of variables, of
the formulations in Section 3, and derive (SDOBSSqy,s) and (MIP-p-
Sqy), new MILP formulations for SSGs. We then extend our theo-
retical comparisons of the general formulations to the security for-
mulations. In Section 6, we describe and analyze the computational
experiments for the security formulations. We conclude with some
closing remarks in Section 7.

2. Notation and definition of the problem

In this section, we provide a formal definition of the two types
of problems we study.

2.1. General Stackelberg games - GSGs

Let K be the set of p followers. We denote by I the set of leader
pure strategies and by J the set of follower pure strategies. The
leader has a known probability of facing follower ke K, denoted
by w* [0, 1]. We denote the n-dimensional simplex by S" = {a ¢
[0,1]": 3p_; a, = 1}. A mixed strategy for the leader consists in
a vector x e Sl'l such that for i€, x; is the probability with which
the leader plays pure strategy i. Analogously, a mixed strategy for
a follower keK is a vector g e SUl such that, q’J? is the probabil-
ity with which follower k replies with pure strategy je]J. The re-
wards or payoffs for the leader and each follower, resulting from
their choice of strategy, are encoded in a different matrix for each
follower. These payoff matrices are denoted by (R¥, C¥), where
RK e RII<UI js the leader’s reward matrix when facing follower k € K
and C* e RVl s the reward matrix for follower k. The expected
reward of the leader and follower k, respectively, can be expressed
as follows:

DD D mEREXG), (1)

iel jeJ keK
Y > Chixdh, VkeKk (2)
iel jeJ

For all ke K, we define the function B¥ : Sl — sVl as the function
that, given the leader’s mixed strategy x, returns a best response
gk for each follower k. The solution concept used in these games
is the Strong Stackelberg Equilibrium (SSE), introduced in Leitman
(1978) and defined below.

Definition 1. A profile of mixed strategies (x, {B¥(x)};cx) form an
SSE if:

1. The leader always plays a payoff-maximizing strategy:
xTR¥B*(x) = XTR¥B (x') Vx' e sl Vk e K.

2. Each follower always plays a best-response, BK(x) e F¥(x),
where Vk e K,

F¥(x) = arg milx{xTC"q" (gt esihy
q

is the set of best responses for each follower.
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3. Each follower breaks ties optimally in favor of the leader:
x"R¥B¥(x) > xTRkqk Vq* e F¥(x).

An SSE assumes that the follower breaks ties in favor of the
leader by choosing, when indifferent between different follower
strategies, the strategy that maximizes the payoff of the leader.
An SSE is in practice always achievable as the leader can always
induce one by selecting a sub-optimal mixed strategy arbitrarily
close to the equilibrium, causing the follower to prefer the desired
strategy (von Stackelberg, 2011).

Proposition 1below, shows that we can restrict the follower’s
best response only to pure strategies, as done in Paruchuri et al.
(2008), without influencing the SSE solution concept.

Proposition 1. For any leader strategy x and any k<K, there is a
best response to the kth follower’s problem that is given by a vector
q“ {0, 1)1 such that 3 g% = 1.

Proof. Assume that BK(x) =g~ ¢ {0,1}Vl. We show that any
canonical vector e* such that qgs >0, is also a best re-
sponse vector, ie., e e F¥(x) and xTRke/k > xTRkgk for all gk e F¥(x).
Since ¢ ="} (j’]?ef", with ek e Ul and xTCkelk < xTCkgk for all
jel, we have that x'Ckgk =y, cj’]?(xTCkef") <Yy cj’]?(xTqu") =
xTCkgk. This implies that for any q? > 0 we have xTCkelk = xTCkgk,
giving X e F¥(x). A similar argument shows that for any j such
that g¥ > 0 we have xTRke/k = xTRkG: Hence, &/ is a best response
vector. O

In mathematical optimization, Stackelberg games are formu-
lated as bilevel programming (BP) problems (Bracken & McGill,
1973). In BP, the optimization problems have two levels where the
top level problem considers some variables that are the optimal so-
lution to another, second level optimization problem. Important BP
surveys are those by Kolstad (1985), Savard (1989), Anandalingam
and Friesz (1992) and Labbé and Violin (2016). In our setting,
the first level problem corresponds to the leader’s decision prob-
lem and the nested problem corresponds to the follower’s decision
problem. The following model, (BIL-p-Gyxg), is a bilevel program for
the general Stackelberg game problem:

(BIL-p-Gyg) Maxyq SN wfRExig 3)

iel jeJ keK
st.  xesh (4)
q“ e argmax, { Y > " Clxir Vk e K, (5)
iel jeJ
e {0,1) Vel Vkek, 6)
> k=1 Vk e K. (7)
Jjel

The objective function maximizes the leader’s expected reward.
Condition (4) characterizes the mixed strategies considered by the
leader. The second level problem defined by (5)-(7) indicates that
the follower maximizes his own payoff by giving a best response
with a pure strategy to the leader’s mixed strategy. Recall that such
a pure strategy always exists as shown in Proposition 1. If there are
multiple optimal strategies for the follower, the main level problem
selects the one that benefits the objective of the leader.

2.2. Stackelberg security games — SSGs

In a Stackelberg security game (SSG) the defender allocates se-
curity resources to protect a subset of targets. Let | be the set of

Table 1
Payoff structure in an SSG when target j is
attacked by an attacker k.

Protected Unprotected
Defender  D¥(j|p) D(jlu)
Attacker  AK(j|p) Ak(jlu)

n targets that could be attacked and assume there are security re-
sources to protect up to m<n of these targets. The set I of de-
fender pure strategies is composed by all ", (’}) subsets of at
most m targets of J that the defender can protect simultaneously.
With a slight abuse of notation, we refer to i<! in this context as
both the index running through the set of defender pure strategies
I and as icJ the corresponding subset of | with at most m targets
that are protected by security resources. Similar to GSGs, the ele-
ments j €] constitute the pure strategies of each attacker, which for
SSG represents the single target attacked by the follower. In SSGs,
payoffs for the players only depend on whether the target attacked
is protected or not. This means that many of the strategies have
identical payoffs. The authors in Kiekintveld et al. (2009) use this
fact to construct a compact representation of the payoffs.

We denote by D¥ the utility of the defender when facing an
attacker ke K and by Ak the utility of attacker k. Associated with
each target and each player there are two payoffs depending on
whether or not the target is protected, see Table 1. Kiekintveld
et al. (2009) take advantage of the aforementioned compact rep-
resentation to define a protection vector ¢ whose components, ¢;,
represent the frequency with which target j is protected. The com-
ponents of the vector c satisfy

Cj= Z X Vjej (8)
iel:jei
i.e., the frequency with which target j is protected is expressed as
the sum of all probabilities of the strategies that protect that tar-
get. Variables qz? indicate whether an attacker k strikes a target j.
The defender’s and attacker k’s expected rewards, are, respec-
tively:

S5 kgD Gilp) + (1 — D (jlu)), (9)
jeJ kek

S A GiIp) + (1 - cpAtilw).  Vkek. (10)
Jjel

As with GSGs, such a game can be modeled by means of bilevel
programming.

(BIL'p'Sx,c.q)

Max > 7*q¢"{c;D*(jlp) + (1 — ¢;))D*(jlu)}
jel keK

S.t. 4), (8),

q* € argmax, { Y r¥(c;A*(jIp) + (1 - cAX(jlu) } Yk eK,
Jjel
re{0,1} VjeVkek,

Y k=1 Vkek

jeJ
The objective function maximizes the defender’s expected reward.
Constraints (4) and (8) characterize the exponentially many mixed
strategies considered by the defender and relate them to the fre-
quencies with which targets are protected. The remaining con-
straints constitute the second level optimization problem which
ensures that the attacker maximizes his profit by attacking a single
target that is the best response to the defender’s selected strategy.
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Notice that a more compact formulation - one involving a polyno-
mial number of variables and constraints-can be obtained if pro-
jecting out the exponentially many x variables does not lead to ex-
ponentially many constraints. This would give a polynomial size
formulation involving only the ¢ and the q variables. Given an op-
timal solution to this compact formulation - an optimal protection
vector ¢ and an optimal attack vector g - a probability vector x, so-
lution to this game in extensive form, can be obtained by solving
the system of linear inequalities defined by conditions (4) and (8).
As this system involves n + 1 equalities, there exists a solution in
which the number of variables x; with a positive value is not larger
than n + 1, ie., the output size of an SSG, under extensive form, is
polynomial in the input size. See Section 5 for more details.

3. General Stackelberg games - GSGs

In Section 3.1, we present equivalent MILP formulations for the
p follower GSG. In Section 3.2 we compare the polyhedra of the LP
relaxations for the different formulations.

3.1. General Stackelberg games: single level formulations

Paruchuri et al. (2008) tackle the problem of solving the bilevel
formulation presented earlier, (BIL-p-Gyq) by using a MILP refor-
mulation. They replace the second level nested optimization prob-
lem, described by (5)-(7), by the following set of constraints:

> di=1 Vkek, (11)
jel

q§€{0,1} Vje]Vkek, (12)
0< ("= Cx)<(1-4¢)-M Vje]Vkek, (13)

iel

where sk € R for all ke K and M is an arbitrarily large positive con-
stant. The two inequalities in constraints (13) ensure that gk =1
only for a pure strategy that maximizes the follower’s payoff. The
problem defined by (3) and (4) and (11)-(13) is referred to as
(QUADyqs). It is possible to eliminate the nonlinearity in the ob-
jective function of (BIL-p-Gxq) by adding additional variables that
represent the product between x and q. To be more precise, use
zk, =x,»q’]? for all icl, jeJ and keK. This gives rise to formulation
(DOBSSg,z,s) introduced in Paruchuri et al. (2008):

22> Rz

(DOBSS,,s) Max

iel jeJ keK
s.t. (11), (12),
Zzg‘j:Zz}j VielLVkeK, (14)
jeJ Jjel
Yz =q" Vje]VkeKk (15)
iel
z>=0 Viel Vje]Vkek, (16)

0<st =" Cizf,

iel j'ef
<(1-¢9-M VjelVkek, (17)
seRIK.

Alternatively the quadratic term in the objective of (BIL-p-Gxq) can
be addressed by adding |K| new variables and introducing a second

family of constraints involving a big M constant. This gives rise to
formulation (D2,,s) below (a DOBSS variant with 2 big M con-
straints that appears in (Kiekintveld et al., 2009):

(D2y4sf) Max Zn"f" (18)
keK
s.t. 4), (11) — (13),
fE<Y R+ (1-d)-M
iel

s, feRIKl VkeKk.

Vje] Vk ek, (19)

Additionally, we project the real variables s in constraints (13) and
(17) out by using Fourier-Motzkin elimination (Dantzig & Eaves,
1973). This gives rise to constraints:

Z(Cl’; _ C{;)Xi <(1-¢H-M Vj.te] Vk ek, (20)

iel

YD CE -z <1 —aH)-M
iel j'ef
Replacing (13) by (20) in (D2,4s) and (17) by (21) in (DOBSSg_zs)
yields (D2,,s) and (DOBSSq;). We analyze the behavior of these
last two new formulations compared to that of (D2, and
(DOBSSg,zs) to see if removing variables s at the expense of adding
constraints is worthwile.

Another equivalent MILP formulation for the p-follower GSG can
be obtained by replacing constraints (17) with the following set of
constraints:

(- chif =0

iel

Vj, ¢ e], Vkek. (21)

Vj, ¢ €], VkeK. (22)

These constraints are derived by multiplying constraints (20) by
g¥, reorganizing and replacing the nonlinear terms xl-q’]? by zf‘l This
leads to (MIP-p-Gg;):

(MIP-p-Gg ;) Max

2.2 Rz

iel je] keK
s.t. (11), (12), (14) — (16), (22).

The linear relaxation of (MIP-p-Gg.) appears in Yin and Tambe
(2012). The MILP formulation is a p-follower extension to the
single follower formulation (MIP-1-Gg.), due to Conitzer and
Korzhyk (2011). Formal proofs that the formulations seen thus far
are equivalent MILP formulations, i.e., that they are valid for the p-
follower GSG, appear in Paruchuri et al. (2008) for (DOBSSy,,s) and
Paruchuri et al. (2008) and Kiekintveld et al. (2009) for (D2, ).
These proofs show that each of them is equivalent to (QUADygs).
The equivalence of (DOBSS;q) and (D2,4y) is obtained from the
Fourier-Motzkin elimination procedure (Dantzig & Eaves, 1973).
The equivalence proof for (MIP-p-Ggq) is analogous to the proof
used to show the equivalence for (DOBSSg ) and is omitted here.

Paruchuri et al. (2008) state that the big M constants used are
arbitrarily large. To be as computationally competitive as possible,
we provide the tightest value for each big M constant in the for-
mulations discussed thus far.

Proposition 2. The tightest values for the positive constants M are:
1. In (19), M = max; {max,¢ Rk — R§<j} Vje] Vkek.

2. In (13) and (17), M = max;;{max,¢ Ck — cikj} Vje] Vkek.

3. In (20) and (21), M = max,-E,{C{‘j —Ck}.Vj. t €] VkeK.

3.2. Comparison of the formulations
Given a formulation F, we denote by F its linear (continuous)

relaxation and by P(F) the polyhedral feasible region of F. Fur-
ther, let Q = {(x,z) e R" x R™ : Ax + Bz < d}. Then the projection
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of Q into the x-space, denoted ProjxQ, is the polyhedron given
by ProjxQ = {x e R" : 3z ¢ R™ for which (x, z) € Q}, see Pochet and
Wolsey (2006).

First, we introduce an additional formulation which we denote
by (DOBSSyq.ss)- This formulation is equivalent to (DOBBSg;s),
in the sense that the values of their LP relaxations coincide. In
this formulation, we introduce variables f¢ for all k<K to rewrite
the objective function so that it matches the objective function
of (D2,4s5)- We also add variables x; for all iel by rewriting
(14) as 3y zf.‘j =x; for all iel and all keK. Using this last condi-
tion, we can simplify (17)-(13). The formulation (DOBSS, 4 ,y) is as

follows.
(DOBSS,4.5s) Max > ok

keK
s.t. (11) = (13), (15), (16),
fe=3"> "Rzl VkeK, — (23)
iel jeJ
Y zi=x VielVkek, (24)
jel
s e RIKI,

Further, note that from the Fourier Motzkin elimination procedure
we have that

P(D2yq5) = Projyq sP(D2 4 ) and,

P(DOBSSq z) = Projg ,P(DOBSSg 2 5).

Proposition 3. Projy ;s f/P(DOBSS, ;. f) € P(D2, ). Further,
there exist instances for which the inclusion is strict.

Proof. Note that all the constraints of P(D2, 4 ;) can be found in
the description of P(DOBSS, . r) except for constraints (4) and
(19). Constraints (4) are implied by constraints (11), (15), (16) and
(24).

Further, the projection of P(DOBSS,,,, ) on the (x, g, s, f)-
space can be obtained by applying Farkas’ Lemma Farkas (1902).
Constraints (15), (16), (23) and (24) are the only ones involving
variables zf‘J and are separable by keK. For a fixed keK the pro-
jection is given by:

A ={(xq. ) raf +) Bxi+Y vidi =0V y, B):

iel jel
aRi+Bi+y;=0Viel Vje]) (25)

For a fixed jeJ, define o = -1, ,BizRfj for all iel, y;=0 and

Yo = max; (RE — Rfj) for all ¢eJ with ¢+j. This definition of the

parameters satisfies o:Rf.‘j + Bi+y; =0 for all iel, je]. Substituting

these parameters in the generic constraints of A¥ yields

fC<d Rixi+ Y rriyealx(Rﬁ‘e - R)ay VjelVkeK  (26)
iel Lefit#]

Constraints (26) imply constraints (19) for the tight value of M pro-
vided in Proposition 2 since for all jeJ and k€K,

k k \ 4k k k
E max (R, — Rj;)q; < max { maxR;, — Ry
iel iel Lef

Lefit#]
> gf =max {maxR}, — R (1 - q*).
) iel te) J J
Lef:l#]

This proves the inclusion. To show that the inclusion may be strict,
consider the following example where |I| = |J]| = 3 and |K| = 1. Let

the payoff matrix for the game be

(1,0) (0,0) (0,0)
(R,C)=((0,0) (1,0) (0,0)
(0,0) (0,0) (0,0)

and consider the point defined by x=(1,0,0)!, g= (1,1, 1)t
s =10 and f=2/3. Such a point is feasible for (D2, , ) but vi-
olates constraints (26) for j =2 and is therefore infeasible for
Projy .5 fP(DOBSS, 4 ;5 ). O

Next, we compare the polyhedra

Projq ;P(DOBSSq 2 5).

Theorem 1. P(MIP-p-G4,) € P(DOBSSqz) = ProjqP(DOBSSqz;s).
Further, there exist instances for which the inclusion is strict.

P(MIP-p-G4,) and

Proof. The description of P(DOBSSg.) differs from that of
P(MIP-p-G, ;) by only one set of constraints: (21) must hold in-
stead of (22). Hence, the remainder of the proof consists in show-
ing that (21) are implied by (11), (14)-(16), (22) and the nonnega-
tivity of the g variables. The LHS of (21) can be rewritten as:

k K K K k \ ,k
2@ -Chz+ ) D (G -Gz
iel iel j'e]:j/#t

<Y > (C-Chz, using (22),

iel je]:j'#t

cmich ) ¥ Y
< jrefe el

<M > g, given Proposition 2 and (15)
J'elj#t

=M( —g*), by (11).

To show that the inclusion may be strict consider the p-follower
GSG between a leader and a fixed follower k € K where the payoff

bimatrix is:
(1,0
(0,0)

.= (0
The point with coordinates x = (1/2,1/2)t, g¥ = (1/2,1/2)t and
e <1 /4 1 /4)

1/4 1/4
has an objective value of 1/4 and is feasible in 7(DOBSS, ;). How-

ever it is not a feasible point in P(MIP-p-G ,) as it does not verify
constraints (22) when j=2and ¢=1. O

From an interpretation point of view, (MIP-p-G4;) can be seen
as the result of applying Reformulation Linearization Technique
(RLT) Sherali and Adams (1994) to (DOBSS,;). Indeed, by multiply-
ing both sides of constraints (20) by variable qu and noticing that
g¥(1 — g¥) = 0 since q is binary, one obtains Z,-E,(Cﬁ —Co)xiqk <0
which, once linearized by introducing variables Z:(z yields (22).

For a given formulation F, we denote its optimal value by v(F)
and the optimal value of its LP relaxation by v(F). Since (D245
and (DOBSSy ) and (DOBSSq;) and (MIP-p-Gg.) have the same
objective function, the following corollary holds.

1. v(MIP-p-G, ;) < v(DOBSSy ;) = v(DOBSS, ) <

Corollary
U(sz,q,s,f)'

Finally, when (MIP-p-G) is restricted to a single follower type,
Conitzer and Korzhyk (2011) showed that the integrality costraints
are redundant, ie., the remaining constraints in (MIP-1-G) pro-
vide a complete linear description of the convex hull of feasible
solutions.
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Fig. 1. GSGs: || € {10, 20, 30}, [J| € {10, 20, 30}, |K| {2, 4, 6} - without variability.

4. Computational experiments for GSGs

Here, we present computational experiments for the formula-
tions in Section 3. The machine used for these experiments is an
Intel Core i7-4930K CPU, 3.40 gigahertz, equipped with 64 giga-
bytes of RAM, 6 cores, 12 threads and running the Ubuntu oper-
ating system release 12.10 (kernel Linux 3.5.0-41-generic). The ex-
periments were coded in the programming language Python and
GUROBI version 6.5.1 was the optimization solver used with a 3
hour solution time limit.

The instances solved in the computational experiments are ran-
domly generated. We consider two different ways of randomly
generating the payoff matrices for the leader and the different fol-
lower types. First, we consider matrices where all the elements are
randomly generated between 0 and 10 and second, we consider
matrices where 90% of the values are between 0 and 10 but we
allow for 10% of the data to deviate between 0 and 100. In the
first case we say that there is no variability in the payoff matrices,
in the sense that all the data is uniformly distributed, whereas in
the second case, we refer to the payoff matrices as matrices with
variability.

A general Stackelberg game instance is defined by three param-
eters: |I|, the number of leader pure strategies, |J|, the number of
follower pure strategies and |K|, the number of follower types. For
the purpose of these experiments, we have considered instances
where |I| {10, 20, 30}, |J]| {10, 20, 30} and |K| €{2, 4, 6}. For each
instance size, 5 instances are generated without variability in the
payoff matrices and 5 are generated with variability. In total, we
consider 135 instances without variability and 135 instances with
variability.

Performance profiles summarize our results, with respect to the
following 4 measures: total running time employed to solve the
integer problem, running time employed to solve the linear relax-

ation of the integer problem, total number of nodes explored in the
branch and bound (B&B) tree and percentage optimality gap at the
root node. The percentage optimality gap at the root node is cal-
culated by comparing the optimal values of the formulation and of
its LP relaxation: % -100. A performance profile graph plots
the total percentage of problems solved for each value of these
measures.

We study the behavior of (D24¢f), (D2yqf), (DOBSSqzs),
(DOBSSgz) and (MIP-p-Gg,z). Figs. 1 and 2 compare the performance
profiles when the payoff matrices are generated without variability
and with variability, respectively.

We observe that the instances where variability is introduced in
the payoff matrices solve faster than those where no variability is
considered. When there is no variability, (DOBSSyzs) and (MIP-p-
Gq,z) are the two most competitive formulations. (D2, ) can also
be solved efficiently for the mid-range instances but slows down
for the more difficult instances. Introducing variability in the pay-
off matrices, however, leads to a dominance of (MIP-p-Gq;) with
(DOBSSqzs) coming in a close second and (D2ygq;s) becoming non-
competitive for these instances. Regarding the time spent solving
the linear relaxation of the problems, formulation (MIP-p-Ggq;) is
the hardest to solve due to the fact that is has the most vari-
ables and constraints, O(|K|[J|2). On the other hand, (D2, 455), With
O(|K]||J]) variables and constraints, is the fastest. With respect to
the number of nodes and gap percentage, our theoretical find-
ings are corroborated: (MIP-p-Gg ) is the tightest formulation and
therefore uses the fewest nodes. This is even more the case when
variability is introduced.

Table 2 summarizes the mean percentage optimality gap at the
root node obtained across the instances solved. Finally, note that
the formulations obtained through Fourier-Motzkin, (D2,,r) and
(DOBSSg,;), explore slightly less nodes in the B&B tree than their
counterparts, (D2, 4) and (DOBSSyzs), but because of the increase
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Fig. 2. GSGs: |I| €{10, 20, 30}, |J| {10, 20, 30}, |K| €{2, 4, 6} - with variability.

Table 2
Mean percentage optimality gap at the root node recorded for GSG formulations.
(D2yqss)  (DOBSSgzs)  (MIP-p-Gg,)

Mean % opt. gap (no variability) 117.68 23.01 9.94
Mean % opt. gap (with variability)  103.44 40.74 5.17
Total mean % opt. gap 110.56 31.88 7.56

in the number of constraints, the time to solve each linear re-
laxation increases. This increases the overall solution time of the
Fourier-Motzkin formulations.

5. Stackelberg security games-SSGs

In this section, we derive three SSG formulations: (ERASER. 4 ),
due to Kiekintveld et al. (2009), and (SDOBSSqys) and (MIP-p-Sqy).
We derive these formulations by exploring the inherent link be-
tween the general setting, considered up to now and the security
setting, defined in Section 2.2. In this setting, the defender pure
strategies i<l correspond to the different ways in which up to m
targets can be protected simultaneously. With a slight abuse of no-
tation, i eI refers both to the index running through the set of pure
strategies I and to the subset of at most m targets protected by
pure strategy i <l. Recall that the payoff matrices of SSGs satisfy:

« _ |D*Glp) ifjei

Rff‘{Dk(ﬂu) if j¢i @7
A(jlp) ifjei

k

Cff‘{Ak(ﬂu) ifj¢i (28)

The payoff for the leader that commits to a pure strategy i<l
and a follower of type keK responds by selecting strategy je] is
either a reward if pure strategy i eI protects attacked target j €], or,
a penalty if strategy i does not protect target j. The same argument
explains the link between payoffs for the attackers.

5.1. Stackelberg security games: single level formulations

The first formulation we derive is based on (D2, ). Consider
(D2¢xq.50)» an extended description of (D2, 4 ) where we introduce
the c variables through constraints (8) (see Section 2.2). We further
use relations (27) and (28) to adapt the payoff structure:

(D2¢x.45.5)
Max » "k f*
ke
s.t.(4), (8), (11), (12),
0 < st~ A*(jlp)c; - A*(jlw (1 —¢)) < (1 —g) - M
Vje] VkeKk, (29)

fC <D GIp)ej + D Glwy (1 —cp+ (1 —qf)- M Vje)VkeKk,
(30)

s, f e R,

This extended formulation is equivalent to (D2,,s), because,
even though they are defined in different spaces of variables, the
value of their LP relaxations coincide.

The formulation above has a large number of non-negative vari-
ables since in the security setting, the set I of all defender pure
strategies is exponential in the number of targets as it contains
all subsets of at most m targets of J that the defender can pro-
tect simultaneously. In order to avoid having exponentially many
non-negative variables in our formulation, we project out variables
X;, i€l, from the formulation. Note that only constraints (4) and
(8) involve said variables.

Proposition 4. Consider the following two sets:

A= Projc{(x, c) eRINx RU: (4), (8)}



862 C. Casorrdn, B. Fortz and M. Labbé et al./European Journal of Operational Research 278 (2019) 855-868

B={ceRU:Zc,-§m, cje[O,llee]}

jel
Then, A = B.

Proof. Observe first that using Farkas’ Lemma Farkas (1902):

A= {CGRU DY it oy = 0 Va e RUHT
Jel

Y ajt+ap=0Viel:|if<mand oy, >0¢,
jel:jei

Thus ACB. Indeed, the following 2|J| + 1 vectors in RUI*+1:

; j U1 . o J_ . ; jo
Vje] e eRUH tep=1, ek_OVke].k;éjandeUHl_O,

Viel fleRIF:fl=—1, fl=0Vke]:k#j
and f§|+1 =1 and

ge RUIH1 1gj= -1Vje]and g1 =m,

satisfy 3. jei @ + o1 = 0 and o4 > 0. Additionally, when we
substitute the above vectors into the generic constraints defining A,
they yield all the constraints defining B.

To show that A = B, it remains to show that any other inequal-
ity
Zajcj"'“l/\ﬂ >0 (31)
jel
such that o satisfies

> ey =0
jel:jei

Viel:|i| <m and a1 >0, (32)

is dominated by some nonnegative linear combination of the con-
straints defining B.

First, note that we can restrict our attention to constraints such
that ;<0 for all je]. If there exists j eJ such that o> 0, since

o must satisfy (32) and i\ {j}| < |i| <m, it follows that @ with
o'zjz 0 and @; =q;j for all je]J\ {j} also satisfies (32) and since
¢ >0, we have that

Z&jcj +O_lm+1 < Z(XjCj + o1

jeJ je)

Therefore, the constraint defined by « is dominated by the con-
straint defined by @. We thus distinguish two cases of « satisfying
(32):

Case 1. |[{j:aj <0} =k <m, and
Case 2. [{j:aj <0} =k>m.

In Case 1, by considering a linear combination of inequali-
ties ¢; <1 for 1<j<k with respective weights —a; > 0, we obtain
that:

k k
0< ZO{]'CJ' — ZO{]‘ < ZOlej +OCU|+1,
Jj=1 Jj=1 Jjel
since oj = 0 for all j>k and « satisfies (32) for i = {1,...,k}.
For Case 2, assume w.lLo.g that ¢y <@y <--- <@y <0 and @; =
0 for all j>k. Then, build a linear combination of inequality
X j¢ <m with weight —am > 0 and inequalities ¢; <1 for 1<j<m

with respective weights oy — ;> 0. The valid inequality thus ob-
tained is:

m m
0= ajci+ Y amci— Y o= a
j=1 j=1

j>m jeJ
m
- Y aj, since a; > ay for all j>m
j=1
= D0+ ey,
Jjel
since « satisfies (32) fori={1,...,m}. O

Proposition 4 leads to the following formulation based on
(ch,x,q,sf):

(ERASERC,q'&f)
Max > ok fk
keK
s.t. (11), (12), (29), (30),
D ci=m,
Jjel
0<cj=<1 Vjel
s, f e RK.

The above formulation involves a polynomial number of variables
and constraints and was presented in Kiekintveld et al. (2009). The
next result is also an immediate consequence of Proposition 4.

Corollary 2. Pro jc,q,s‘ fP(DZC‘X_q‘S_ f) = P(ERASERC_W f).

We now derive new SSG formulations based on (DOBSSgs) and
(MIP-p-Gq ;). We first present extended descriptions of both formu-
lations by considering y’;j variables satisfying:

k k
Vii= 2 &
iel:tei
We use (27) and (28) to adapt the payoffs to the security setting
leading to:

Vj, ¢ €], Yk e K. (33)

(DOBSSq.2y.5)
Max D> Am O Glp)yk; + DFGilw) (af — ¥5))) (34)
je] keK

st (11), (12), (14) — (16), (33),

0 <s* - A*(jlp) Y v -
j'e]
A=Yy ) =1 -q) M VjelVkeK. (35)
Jj'e]

s e RIK, (36)

(MIP-p-Ggzy) Max Y > 7*(D*(jlp)yk; + D*(ilu) (q¥ — ¥%)))
jeJ keK

st. (1), (12). (14) — (16), (33).
AGIp)yS; + A*Gilu) (g5 — %)
— A¥elp)yf; — A*(elu) (qk - y§) = 0

Vj, e e] Yk eK. (37)
Further, consider the following constraints:
Zyifj = Zy}j Ve e Vk ek, (38)

jel jel
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and let us define the following polyhedra C and D:
C:={(q.zy.s) € [0, 1]¥II x [0, 1]KIMUI [0, 1]KIVP* « RIKI .

(11), (15), (16). (33). (35). (36). (38)}

D:={(qzy) [0, 1]KIUI x [0, 1]KIMUI » [0, 1]¥IU* : (11), (15),
(16), (33), (35), (36), (38)}
Lemma 1. C 2 P(DOBSS; 2,,s) and D 2 P(MIP-p-G, , )

Proof. Consider constraints (14) and sum over all iel such that
Lei:

2.2 a4=2.2.7

iel; je iel; jeJ
Lel Lel

Ve e ], Vk e K. (39)

Applying (33)-(39) yields (38) and the result follows. O

We now project the z variables from the larger polyhedra C and
D. Said variables only appear in constraints (15), (16) and (33).

Lemma 2. Consider the following two sets;

X = Projg,{(q.z.y) e RIKWFHKIUIHINIK : (15) (16), (33)}

Y ={(q.y) e RIKUFKIIT: Sk < mgk Vj e Vk e K,

le]

0<y& <qkVj ee) Vkek}

Then, X = ).
Proof. Note that constraints (15), (16) and (33) can be treated in-
dependeptly for each keK and each je]. First consider the case
where qgi =0 for jeJ and k € K. Constraints (15) then imply that
for all iel, zfi:O and constraints (33) force yifi:O for all ¢e]
and the result holds. For all jeJ, keK such that q?;ﬁO, con-
sider x; = zf‘j/q’j and ¢, = y’lfj/q’J? and apply Proposition 4. The result
follows. O

Consider ProjqysC and ProjgyD as the feasible regions of the
linear relaxations of two MILP formulations-(SDOBSSgys) and
(MIP-p-Sqy)-where we maximize the objective function (34) un-
der the additional requirement that the q variables be binary.

Hence, we present (SDOBSSg,,s), a security formulation based on
(DOBSSqzy.s)s

(SDOBSSg y.5)

Max 33 a*D*(jIp)yk; + D*(ilu) gk - ¥i))
jel keK

s.t. (11), (12), (35), (38)

Zyifj = mq’; Vjel] Vkek, (40)
te]
OSJ’ﬁquﬁ Vj,te] Vk ek, (41)

s e RIKI,
And we also present (MIP-p-Sqy), a security formulation based on
(MIP-p-Ggqzy),

(MIP-p-Sgy) Max > > w*(D*(jlp)y"; + D*(jlu)(qf — ¥%))
jeJ keK
st (11),(12). (35). (38)

The following corollaries are an immediate consequence of
Lemmas 1 and 2.

Corollary 3. Projgy sP(DOBSSy zys) € P(SDOBSSq ys).

Corollary 4. ProjqyP(MIP-p-G, , ) € P(MIP-p-S; ).

In addition, note that if we restrict (MIP-p-Gg.y) to a single
type of follower, constraints (14) disappear and one thus obtains
the following corollary.

Corollary 5. ProjqyP(MIP-1-Ggzy) = P(MIP-1-Sqy)

The above corollary
theorem.

immediately leads to the following

Theorem 2. (MIP-1-Sq ) is a linear description of the convex hull of
feasible solutions for the Stackelberg security game with a single type
of attacker.

Proof. The result follows from Corollary 5 and from Conitzer and
Korzhyk (2011) showing that (MIP-1-Gq ;) is a linear description for
general games. [

As in general games, we use Fourier-Motzkin elimination on
constraints (29) and (35) to project out the s variables from for-
mulations (ERASER. ) and (SDOBSSg,), respectively. This leads
to the following two families of inequalities:

(A*(jlp) — A*(jlw))cj + (A (elu) — Ak (¢]p))ce + A*(jlu)
—A¥(elu)y < (1—¢¥)-MVj e e Vkek, (42)

(A*(jlp) = A“(ilw) Y ¥l + (A*(elu) = A*(elp) Yy
heJ heJ
+ AKGlu) —AR(elu) < (1 —q*) M Vj.ee]VkeKk, (43)
Replacing constraints (29) by (42) in (ERASER.qss) and (35) by
(43) in (SDOBSSgy ) leads to (ERASER. ) and (SDOBSSqy).
In the same spirit as Proposition 2, we present the following

proposition, establishing the tightest values for the big M constants
in the formulations seen so far:

Proposition 5. The tightest values for the positive constants M are:

1. In (30), M =max,g{D*(¢|p), D¥(¢|u)} — min{D¥(j|p), D*(jlu)},
Viel kek.

2.In (29), (35, M =max.{A*(¢|p), Ak(¢|lu)} — min{A¥(j|p).
Ak(jlw)}, Yjel keKk.
3.In (42), (43), M =max{A*(jlp),A*(jlu)} — min{Ak(¢|p),

Ak(elw)}, Vi e e kek.
5.2. Comparison of the formulations

First, we introduce an additional formulation which we denote
by (SDOBSS - This formulation is equivalent to (SDOBSSgy;s),
in the sense that the value of their LP relaxations coincide. In
this formulation, we introduce variables f¢ for all ke K to rewrite
the objective function so that it matches the objective function
of (ERASER ). We also add variables ¢, for all £€J and rewrite
constraints (38) as Zjejy’gj =c¢, for all ¢eJ and all keK. Using
this last condition we can simplify (35) to (29). The formulation
(SDOBSS,.4,5) is as follows.

(SDOBSS, q57) Max

anfk

keK
st (1), (12), (29). (40), (41),
ff =Y (D (ilp) — D*(jlu))+

Jjel

@iD*(jlw)} Vkek (44)
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Y yij=c Vte]Vkek, (45)
Jjel
Se RIKI,
Note that

P(ERASER, 4 r) = Proj 4 fP(ERASER, 45 ;) and

P(SDOBSS, ) = Proj,,P(SDOBSS, ;).

Proposition 6. Proj. , ; 7P(SDOBSS. ¢ r) € P(ERASER. ;¢ ). Fur-
ther, there exist instances for which the inclusion is strict.

Proof. The projection of P(SDOBSS g, ) onto the (c, q, s, f)-
space is obtained by applying Farkas’ Lemma. Constraints (40)-(41)
and (44)-(45) are the only ones involving variables y’,_fj and are sep-
arable by ke K. For a fixed k e K, the projection is given by:

A ={(c.q. /) ra(ff =D D (lwg)) + ) Bece

Jjel te]
Yy Yt 20
jel Jjel tef

Vi, B,y.8):y.6>0, Be+yj+0,;=0Ve, je]:t+#] and

a(D*(jlc) — D*(jlu)) + Bj + ¥j+ 8 = 0 Vj e J} (46)
Consider, for each k ek, the following set BX:
B\ ={(c.q.f):c <y g Vee] (47)
jel
>0, Ve (48)
dYoc=m)y g (49)
tef Jjel

f* < c;(D*(jlp) — D*(jlu))

+ > qiD(elp) + gkD* (jlu)
tefit#j

q§>0 Vje]VkeK)

Vjiel  (50)

Let us see that A¥cB¥ for all keK. First note that if we set o = 0,
the following definitions of the parameters §, ¥ and § comply with
the conditions in (46):

B=e"y={0}y.8={0}jy. Yhe]
:3 = _el’ Yy = {O}je]s 82 = {1}jejv Ve 6_],
ﬂ = {_l}eejv Yy = {1}jejv d= {O}K,je]:

B ={0}g. ¥ = {0}, 81 = {e/}, Vjel.

Substituting these valid parameters in the generic constraints in A¥,
produces all of the constraints in BX except (50). Further, for a fixed
jeJ, consider @ = —1, B, =0 and y, = L (D*(¢|p) — D¥(¢|u)) for all
te] such that ¢#j, Bj = D*(jlp) — D¥(jlu) and y; = 0. Finally, set
8,j =0 for all ¢, je]. This definition of parameters is valid as it sat-
isfies the conditions in (46). Substituting in the generic constraints
in A¥ yields (50).

It remains to show that for all keK, constraints (50) imply
(30) for the tight value of M shown in Proposition 5. The impli-
cation holds because

> @iD(elp) = max{D(elp)} 3 af
Lelie#] d Lefit#]

=(1- q;?)r%x{nk(up)} Vje] VkeK.

Hence, Proj 4 s fP(SDOBSS, g .5 r) € P(ERASER_ 4 ¢ ¢). To show that
the inclusion may be strict, consider the following example where
m=1, |J]| =3 and |K| = 1. Let the reward and penalty matrices for
the defender and attacker be D(:|p) =[1,0,0], D(-|u) =[0,0, 0],
A(-|p) =10,0,0] and A(:|u) =[0, 0, 0]. Consider the point defined
by g= (1.3, Dt c=(1,0,0), s =10 and f = 2/3. Such a point is
feasible for (ERASER. 4, ) but violates constraints (50) when j =2
and is therefore infeasible for Proj. 4 ;sP(SDOBSS. 4, ¢). O

Based on Theorem 1 we can present the following theorem
comparing the polyhedra P(MIP-p-S; ) and ProjqyP(SDOBSSqys):

Theorem 3. »MIP-p-S,,)<P(SDOBSSqy)=Projg.y P (SDOBSSy5).

Proof. The inclusion is a consequence of Theorem 1, the relations
between the payoffs described in (27) and (28) and the relation
between the z and y variables described in (33).

To show that the inclusion may be strict, consider the
following game. We set m=2, |J|=2 and |K|=1. The re-
ward and penalty payoff matrices for both the defender and
the attacker are given by D(:|p) =[1,0], D(:|u) =[0,0], A(:|p) =
[0,0] and A(-Ju) = [0, 1]. Additionally, the point with coordinates

¢ =(1/2.1/2). ¢' = (1/2.1/2) and y* = (}fj m)

has an objective value of 1/4 and is a valid feasible solution of
P(SDOBSSqy). However, it is not feasible in P(MIP-p-S,,) as it
does not verify constraints (37) when j=1and ¢=2. O

Observe that (MIP-p-Sqy) can be obtained by applying RLT
Sherali and Adams (1994) to (SDOBSSqy). Multiplying both sides
of constraints (42) by variable ¢¥ and noticing that g*(1 — ¢¥) =0,
since q’@‘ is binary, one obtains constraints that once linearized, by
introducing variables y’g i yield (37).

Since (ERASER ;) and (f~SDOBSS.gs) and (SDOBSSgy) and
(MIP-p-Sqy) have the same objective function, the following corol-
lary holds.

Corollary 6. v(MIP-p-S; ) < v(SDOBSSqy) = v(SDOBSS. ¢ ¢) <
V(ERASER_ ¢ 5 f)-

6. Computational experiments for SSGs

Our security experiments are run on randomly generated in-
stances. For each instance, four payoff matrices have to be gen-
erated that satisfy DX(-|p)>DX(-|u) and AK(-|u)>AX(-|p). We con-
sider two ways of generating these matrices. First, we generate
matrices where the values for the penalty matrices (D¥(-|u) and
A¥(-|p)) are randomly generated between O and 5 and all values
for the reward matrices (D¥(-|p) and AX(-|u)) are randomly gen-
erated between 5 and 10. We refer to these as matrices with no
variability. Second, we consider an alternative where 90% of the
values for the penalty matrices are randomly generated between 0
and 5 (between 5 and 10 for the reward matrices) and 10% of the
values for the penalty matrices are randomly generated between
0 and 50 (between 50 and 100 for the reward matrices). We re-
fer to these as matrices with variability. We use a solution limit of
3 hours.

A Stackelberg security game instance is defined by |J|, the num-
ber of targets, |K| the number of attacker types and m, the num-
ber of security resources available to the defender. Recall from the
computational experiments for GSGs that using payoff matrices
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Fig. 3. SSGs: K = {6, 8,10, 12}, ] = {30, 40, 50, 60, 70} - with variability.

with variability, amounts to endowing the game with more struc-
ture, thus making it somewhat easier to solve. We have encoun-
tered the same phenomenon in SSGs. For games whose payoff ma-
trices have variability, we have considered J = {30, 40, 50, 60, 70},
K = {6, 8,10, 12} and we have allowed m to be either 25%, 50% or
75% of the number of targets. For games whose payoff matrices do
not have variability we have had to be less ambitious in order to
solve all instances to optimality within the stipulated time limit
and have considered J = {10, 20, 30, 40, 50}, K = {2, 4, 6, 8} while
still considering m to be either 25%, 50% or 75% of the number
of targets. In either case, for each instance size, we generate 5 ran-
dom instances as described above. In total, we consider 300 ran-
domly generated instances.

We study the behavior of (ERASER ), (SDOBSSqy,s) and (MIP-
p-Sqy). For the sake of clarity, we no longer consider the Fourier-
Motzkin formulations (ERASER. ) and (SDOBSSgy). Performance-
wise, (ERASER.,¢r) and (SDOBSSqys) compare to their Fourier-
Motzkin formulations in a similar way to how (D2,,,s) and
(DOBSSg,z,s) compared to theirs in Section 4 (results not shown).
We plot performance profile graphs in Figs. 3 and 4. Note that for
the experiments with variability, (ERASER ) is the fastest for-
mulation for most of the instances. However, we see that for the
more difficult instances, its solution time increases significantly,
eventually surpassing the solution time of (MIP-p-Sgy). This indi-
cates that for these instances (ERASER ) ceases to be competi-
tive and (MIP-p-Sqy) is the formulation that solves the fastest. As
for the instances whose payoff matrices have no variability, and are
thus harder to solve, we observe that (ERASER. ) outperforms
the running time of the other two formulations for 80% of the in-
stances. However, for the most difficult instances, (MIP-p-Sqy) is
faster than the other two formulations. For the last 5% of the in-
stances, (ERASER_ 4 ) is the worst formulation. In terms of size of
the formulations, (ERASER. ) is the formulation with the least
number of constraints and variables: O(|J||K|). Observe that (MIP-

p-Sqy) and (SDOBSSy,,s) have O(|J|?|K|) constraints and variables.
Thus, these formulations have larger LP relaxations and thus take
longer time to solve than (ERASER ) does. However, Figs. 3 and
4 confirm our theoretical findings: (MIP-p-Sqy) has the tightest LP
relaxation and this translates into a clear dominance with respect
to node usage in the B&B tree.

Based on our results, we observe a trend that indicates that for
difficult instances, particularly in the case of payoff matrices with
no variability, one could expect (ERASER. ) and (SDOBSSgys) to
perform very poorly compared to (MIP-p-Sqy). To analyze this,
we consider instances where the payoff matrices have no vari-
ability and where K = {6, 8, 10, 12}, J = {30, 40, 50, 60, 70} and m
is 25%, 50% and 75% of the targets. We generate 5 random in-
stances for each size. In addition, for practical reasons, we con-
sider a time limit of 30 minutes. The computational results for
these instances are shown in Fig. 5. Note that (MIP-p-Sqy) is able
to solve 95% of the 300 instances within the stipulated time limit,
outperforming (SDOBSSgy,s) and (ERASER, ), which are only able
to solve 56% and 45% of the instances, respectively, within the
same time frame. For the 45% of instances which can be solved
by the three formulations, we observe that (MIP-p-Sgy) offers a
much tighter percentage optimality gap than the other two for-
mulations. Because of this, the node usage in the B&B tree is sig-
nificantly smaller in (MIP-p-Sgy) compared to (ERASER. ;) and
(SDOBSSg,y,s). Table 3 records the mean percentage optimality gap
at the root node across all the instances for the three formulations
under study. Observe that (MIP-p-S, ) is significantly tighter than
the LP relaxations of the other formulations. We may thus con-
clude that for the payoff matrices without variability, (MIP-p-Sq,)
is the fastest formulation for the most difficult instances. On the
other hand, (ERASER ) is the fastest formulation when we en-
dow the security game with further structure by allowing matrices
to experience variability. Even then, (ERASER ) looses ground
to (MIP-p-Sqy). This is due to the fact that (MIP-p-Sqy) has the
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Table 3
Meanpercentage optimality gap at the root node recorded for SSG formulations.
(ERASER¢5) (SDOBSSgy.5) (MIP-p-Sgy)
Mean % opt. gap (no 241.26 38.87 3.09
variability)
Mean % opt. gap (with 168.37 18.66 0.35
variability)
Total mean % opt. gap 204.82 28.76 1.72

tightest LP relaxation. The quality of the upper bound obtained
from (MIP-p-S, ,,) translates into a smaller B&B tree and this trans-
lates into reaching optimality of the integer problem faster in many
cases.

7. Conclusions and future work

In this paper, we consider Stackelberg games in two different
settings. We first analyze the general Stackelberg setting, which
models a hierarchical competitive game between different agents,
and the specific Stackelberg security setting, where an agent must
secure subsets of targets from attackers.

In the general setting, we have studied known MILP formula-
tions and have ordered them with respect to the strength of their
linear relaxations. We have presented a formal theoretical link be-
tween GSG formulations and SSG formulations involving the pro-
jection of variables. Exploiting this link has allowed us to i) de-
rive two new SSG MILP formulations (SDOBSSgy,s) and (MIP-p-Sqy);
and ii) extend our study of GSG formulations to SSG formula-
tions, leading to a ranking of the security formulations with re-
spect to the strength of their linear relaxations, where (MIP-p-S)
has been shown to be the strongest SSG formulation. Further, we
have shown its single type of attacker restriction, (MIP-1-Sqy), to
be an ideal formulation.

Our computational studies have shown that (MIP-p-Gg;) and
(MIP-p-Sqy), the tightest formulations in each setting, are highly
competitive with respect to solving time. Further, in the case of
(MIP-p-S), we have seen it scales significantly better than com-
peting formulations when tackling instances with no variability in
their payoff structure. Formulation (MIP-p-S) represents a signifi-
cant theoretical and practical improvement over previously exist-
ing SSG formulations.

However, the obvious bottleneck, at this time, is solving the
tighter but larger LP relaxations for (MIP-p-Gg;) and (MIP-p-Sgy).
The main challenge is to provide an efficient way of solving
these tight formulations. It is our contention that this can be
done by exploiting the inherent problem structure in the Stackel-
berg paradigm to develop either decomposition or cutting plane
approaches.

While this paper focuses on the polyhedral analysis of general
normal form Stackelberg games and Stackelberg security games,
similar polyhedral analyses could be carried out on specific bilevel
security problems in order to develop efficient algorithms for such
problems. In particular, extensions to problems that consider mul-
tiple attacks by followers, dynamic settings, imperfect informa-
tion, or non-rational response would be interesting lines of future
research.

Acknowledgments

Casorran wishes to acknowledge the FNRS for funding his PhD
research through a FRIA grant. Fortz and Labbé were partially sup-
ported by the Fonds de la Recherche Scientique - FNRS under
Grant(s) no PDR T0098.18. Ordéiiez acknowledges the support of
CONICYT through grant FONDECYT-1171419 and the Complex Engi-
neering Systems Institute through grant CONICYT-PIA-FB0816. The

authors would also like to thank two anonymous reviewers whose
comments have helped to elevate the quality of this paper.

References

Anandalingam, G., & Friesz, T. L. (1992). Hierarchical optimization: an introduction.
Annals of Operations Research, 34(1), 1-11. doi:10.1007/BF02098169.

Bard, J. F. (1998). Practial Bilevel optimization: Algorithms and applications. Kluwer
Academic Publishers.

Bracken, J., & McGill, J. T. (1973). Mathematical programs with optimization prob-
lems in the constraints. Operations Research, 21(1), 37-44.

Brown, G., Carlyle, M., Salmerén, J., & Wood, K. (2006). Defending critical infrastruc-
ture. Interfaces, 36, 530-544.

Colson, B., Marcotte, P., & Savard, G. (2007). An overview of bilevel optimization.
Annals of Operations Research, 153, 235-256. doi:10.1007/s10479-007-0176-2.
Conitzer, V., & Korzhyk, D. (2011). Commitment to correlated strategies. . In W. Bur-

gard, & D. Roth (Eds.), Proceedings of the AAAI. AAAI Press.

Conitzer, V., & Sandholm, T. (2006). Computing the optimal strategy to commit to.
In ACM (Ed.), Proceedings of the seventh ACM conference on electronic commerce,
EC '06 (pp. 82-90). New York, NY, USA: ACM.

Dantzig, G. B., & Eaves, C. B. (1973). Fourier-Motzkin Elimination and Its Dual. Jour-
nal of Combinatorial Theory Series A, 14(3), 288-297.

Farkas, J. (1902). Theorie der einfachen ungleichungen. Journal fiir die reine und
angewandte Mathematik, 124, 1-27.

Fischetti, M., Ljubic, I, Monaci, M., & Sinnl, M. (2019). Interdiction Games and
Monotonicity, with Application to Knapsack Problems. INFORMS Journal on Com-
puting. In print

Fischetti, M., Monaci, M., & Sinnl, M. (2018). A dynamic reformulation heuristic
for generalized interdiction problems. European Journal of Operational Research,
267(1), 40-51. doi:10.1016/j.ejor.2017.11.043.

Harsanyi, J. C.,, & Selten, R. (1972). A generalized Nash solution for two-person bar-
gaining games with incomplete information. Management Science, 18(5), 80-106.

Jain, M., Kiekintveld, C., & Tambe, M. (2011). Quality-bounded solutions for finite
Bayesian Stackelberg games: scaling up. In Proceedings of the International con-
ference on autonomous agents and multiagent systems - volume 3 (pp. 997-1004).

Jain, M., Tsai, J., Pita, J., Kiekintveld, C., Rathi, S., Tambe, M., & Ordéiiez, F. (2010).
Software assistants for randomized patrol planning for the lax airport police
and the federal air marshal service. Interfaces, 40(4), 267-290.

Jiang, J., & Liu, X. (2018). Multi-objective stackelberg game model for water supply
networks against interdictions with incomplete information. European Journal of
Operational Research, 266(3), 920-933. doi:10.1016/j.ejor.2017.10.034.

Karwowski, J., & Mandziuk, J. (2019). A Monte Carlo tree search approach to finding
efficient patrolling schemes on graphs. European Journal of Operational Research.
doi:10.1016/j.ejor.2019.02.017.

Kiekintveld, C., Jain, M., Tsai, ]., Pita, J., Ordéfiez, F., & Tambe, M. (2009). Comput-
ing optimal randomized resource allocations for massive security games. In In-
ternational conference on autonomous agents and multiagent systems — volume 1
(pp. 689-696).

Kolstad, C. (1985). A review of the literature on bi-level mathematical programming.
Technical Report. Los Alamos Nat. Lab.

Krichene, W., Reilly, J. D., Amin, S., & Bayen, A. M. (2014). Stackelberg routing on
parallel networks with horizontal queues. IEEE Transactions on Automatic Con-
trol, 59(3), 714-727.

Labbé, M., Marcotte, P, & Savard, G. (1998). A bilevel model of taxation and
its application to optimal highway pricing. Management science, 44(12-part-1),
1608-1622.

Labbé, M., & Violin, A. (2016). Bilevel programming and price setting problems. An-
nals of Operations Research, 240(1), 141-169. doi:10.1007/s10479-015-2016-0.
Leitman, G. (1978). On generalized stackelberg strategies. Journal of Optimization

Theory and Applications, 26(4), 637-643.

Li, Y, Qiao, S., Deng, Y., & Wu, J. (2019). Stackelberg game in critical infrastructures
from a network science perspective. Physica A: Statistical Mechanics and its Ap-
plications, 521, 705-714. doi:10.1016/j.physa.2019.01.119.

McMasters, A. W., & Mustin, T. M. (1970). Optimal interdiction of a supply network.
Naval Research Logistics Quarterly, 17(3), 261-268. doi:10.1002/nav.3800170302.

Paruchuri, P, Pearce, ]. P, Marecki, ], Tambe, M., Ordéiiez, F, & Kraus, S. (2008).
Playing games for security: An efficient exact algorithm for solving bayesian
stackelberg games. In International joint conference on autonomous agents and
multiagent systems - volume 2 (pp. 895-902).

Pochet, Y., & Wolsey, L. A. (2006). Production planning by mixed integer pro-
gramming. Springer series in operations research and financial engineering.
Springer-Verlag New York, Inc.

Savard, G. (1989). Contirbutions a la programmation mathématique a deux niveaux.
Ecole Polytechnique, Université de Montreal Ph.D. thesis.

Sherali, H. D., & Adams, W. P. (1994). A hierarchy of relaxations and convex hull
characterizations for mixed-integer zero-one programming problems. Discrete
Applied Mathematics, 52(1), 83-106.

Shieh, E., An, B., Yang, R, Tambe, M. Baldwin, C., DiRenzo, J.,, Maule, B, &
Meyer, G. (2012). Protect: a deployed game theoretic system to protect the ports
of the united states. In Proceedings of the international conference on autonomous
agents and multiagent systems — volume 1: 1 (pp. 13-20).

Smith, J., & Lim, C. (2008). Algorithms for network interdiction and fortification
games. In A. Chinchuluun, P. M. Pardalos, A. Migdalas, & L. Pitsoulis (Eds.). In
Pareto optimality, game theory and equilbiria. Springer optimization and its appli-
cations: 17. New York, NY: Springer.


https://doi.org/10.1007/BF02098169
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0002
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0002
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0003
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0003
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0003
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0003
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0004
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0004
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0004
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0004
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0004
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0004
https://doi.org/10.1007/s10479-007-0176-2
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0006
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0006
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0006
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0006
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0007
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0007
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0007
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0007
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0008
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0008
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0008
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0008
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0009
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0009
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0010
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0010
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0010
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0010
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0010
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0010
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0010
https://doi.org/10.1016/j.ejor.2017.11.043
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0012
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0012
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0012
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0012
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0013
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0013
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0013
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0013
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0013
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0014
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0014
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0014
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0014
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0014
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0014
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0014
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0014
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0014
https://doi.org/10.1016/j.ejor.2017.10.034
https://doi.org/10.1016/j.ejor.2019.02.017
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0017
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0017
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0017
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0017
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0017
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0017
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0017
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0017
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0018
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0018
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0019
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0019
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0019
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0019
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0019
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0019
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0020
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0020
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0020
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0020
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0020
https://doi.org/10.1007/s10479-015-2016-0
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0022
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0022
https://doi.org/10.1016/j.physa.2019.01.119
https://doi.org/10.1002/nav.3800170302
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0025
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0025
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0025
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0025
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0025
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0025
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0025
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0025
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0026
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0026
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0026
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0026
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0027
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0027
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0028
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0028
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0028
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0028
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0029
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0029
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0029
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0029
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0029
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0029
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0029
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0029
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0029
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0029
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0030
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0030
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0030
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0030

868 C. Casorrdn, B. Fortz and M. Labbé et al./European Journal of Operational Research 278 (2019) 855-868

Snyder, L. V., Atan, Z., Peng, P, Rong, Y., Schmitt, A. J., & Sinsoysal, B. (2016). OR/MS
models for supply chain disruptions: a review. IIE Transactions, 48(2), 89-109.
doi:10.1080/0740817X.2015.1067735.

von Stackelberg, H. (2011). Market structure and equilibrium. Springer. Translated by
Bazin, D., Urch, L. and Hill, R.

Yang, R., Ford, B., Tambe, M., & Lemieux, A. (2014). Adaptive resource allocation
for wildlife protection against illegal poachers. In International conference on au-
tonomous agents and multiagent systems (pp. 453-460).

Yang, R, Jiang, A. X., Tambe, M., & Orddiiez, F. (2013). Scaling-up security games
with boundedly rational adversaries: a cutting-plane approach. . In F. Rossi
(Ed.), Proceedings of the international joint conference on artificial intelligence, IJ-
CAI (pp. 404-410). IJCAI/AAAL

Yin, Y., Vorobeychik, Y., An, B., & Hazon, N. (2018). Optimal defense against election
control by deleting voter groups. Artificial Intelligence, 259, 32-51. doi:10.1016/j.
artint.2018.02.001.

Yin, Z., Jiang, A. X., Tambe, M., Kiekintveld, C., Leyton-Brown, K., Sandholm, T., &
Sullivan, J. P. (2012). Trusts: Scheduling randomized patrols for fare inspection
in transit systems using game theory. Al Magazine, 33(4), 59-72.

Yin, Z., & Tambe, M. (2012). A unified method for handling discrete and continuous
uncertainty in Bayesian Stackelberg games. . In W. Conitzer, & van der Hoek
(Eds.), Proceedings of the autonomous agents and multiagent systems AAMAS.


https://doi.org/10.1080/0740817X.2015.1067735
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0032
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0032
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0032
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0033
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0033
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0033
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0033
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0033
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0033
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0034
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0034
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0034
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0034
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0034
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0034
https://doi.org/10.1016/j.artint.2018.02.001
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0036
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0036
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0036
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0036
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0036
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0036
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0036
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0036
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0036
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0037
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0037
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0037
http://refhub.elsevier.com/S0377-2217(19)30414-X/sbref0037

	A study of general and security Stackelberg game formulations
	1 Introduction
	2 Notation and definition of the problem
	2.1 General Stackelberg games - GSGs
	2.2 Stackelberg security games - SSGs

	3 General Stackelberg games - GSGs
	3.1 General Stackelberg games: single level formulations
	3.2 Comparison of the formulations

	4 Computational experiments for GSGs
	5 Stackelberg security games-SSGs
	5.1 Stackelberg security games: single level formulations
	5.2 Comparison of the formulations

	6 Computational experiments for SSGs
	7 Conclusions and future work
	Acknowledgments
	References


