1808.02471v1 [math.AP] 7 Aug 2018

arXiv

INTERFACE DYNAMICS IN SEMILINEAR WAVE EQUATIONS

MANUEL DEL PINO, ROBERT L. JERRARD, AND MONICA MUSSO

ABSTRACT. We consider the wave equation e2(—97 + A)u + f(u) = 0 for 0 <
e < 1, where f is the derivative of a balanced, double-well potential, the model
case being f(u) = u — u3. For equations of this form, we construct solutions
that exhibit an interface of thickness O(e) that separates regions where the
solution is O(e*) close to £1, and that is close to a timelike hypersurface of
vanishing Minkowskian mean curvature. This provides a Minkowskian analog
of the numerous results that connect the Euclidean Allen-Cahn equation and
minimal surfaces or the parabolic Allen-Cahn equation and motion by mean
curvature. Compared to earlier results of the same character, we develop a
new constructive approach that applies to a larger class of nonlinearities and
yields much more precise information about the solutions under consideration.

1. INTRODUCTION

Consider the initial value problem
20u + f(u) =0 in[0,7] x R"
u=uwg, Owu=u; in{0}xR"

(1.1)

where Ou = —97u+ Ayu and Ayu = 7 | 92 u. We are interested in nonlinearities

of the form
f(s) ==W'(s)
where W (s) is a “balanced double-well potential”, namely a C*° even function such

that
Wi(s) >0 inR\{-1,1}

W(£1) =W'(£1) = 0, (1.2)
W (+1) =a >0

A canonical example is the wave version of the Allen-Cahn equation

W) = 1(1 - u?)?

FNgir.

sometimes called the ¢* model.

Since the mid 70’s, it has been accepted in the physics and cosmology literature
(see for example [17, 22, 20]) that under some circumstances, solutions of (1.1)
should exhibit an interface, separating regions where v ~ 1 and u ~ —1, that
approximately sweeps out a timelike minimal surface in Minkowski space. (The
timelike Minkowskian minimal surface equation — the condition that the mean
curvature, with respect to the Minkowski metric, vanishes identically — is a quasi-
linear geometric wave equation described below.) Formal asymptotic arguments in
support of the same picture have been known in the applied mathematics literature
for about 20 years, see for example [21, 24]. The first rigorous verification of this
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scenario appeared only in rather recent work of the second author and collabora-
tors [16, 14, 11], which constructed solutions of (1.1) with an interface concentrated
near a timelike minimal surface.

In this paper, we revisit this problem, developing an entirely new approach that
yields stronger results and is likely to be more robust and flexible. In doing so, we
are largely motivated by the clear analogy between the problem we study and the
numerous classical results concerning solutions of the elliptic Allen-Cahn equation

e2Au+ f(u) =0 in Q c R"

with interfaces that concentrate near (Euclidean) minimal hypersurfaces in (.
Many proofs in the elliptic setting fall into one of two large families:

e proofs involving I'-convergence and related ideas, see for example [20, 25],
which proceed by characterizing energy concentration when 0 < € < 1, and

e proofs involving Liapunov-Schmidt reduction or its variants, ultimately re-
lying on a linearization of the equation about an approximate solution built
around a minimal surface.

The latter family of arguments has a number of advantages over the former — it is
capable of providing much more precise descriptions of the solutions being studied
[23]; it is more readily adapted to studying solutions of finite (nonzero) Morse index;
it can be used to build entire solutions of the Allen-Cahn equations [8], including
counterexamples to the de Giorgi conjecture [9]; it can be used to study refined
phenomena such as interface foliation [7, 1].

Prior rigorous work on timelike minimal surfaces and interfaces in solutions of
(1.1) is more similar in spirit to the first family of elliptic results described above
— all papers to date rely on weighted energy estimates to show that under suitable
hypotheses, energy concentrates near a timelike minimal surface. In this paper,
by contrast, we aim to adapt to the hyperbolic setting techniques from the second
family of elliptic results — for example, linearization about a high-order approxi-
mate solution. Thus, our proofs may be loosely seen as hyperbolic analogs of those
in [23, 8, 9]. Our results show that as with elliptic problems, this approach yields a
much sharper description of the solutions constructed than appears to be available
from energy estimates alone. A more detailed comparison of our results with earlier
work is given in Section 1.3. Interfaces in the parabolic analog of Equation (1.1),

—Ou+Au+e?f(u) =0 inRY x (0,7)

located near solutions of mean curvature flow for surfaces is also a subject that has
been widely treated. See [6, 3, 13, 15]. See also [10] and references therein for the
corresponding interface foliatlon problem.

1.1. Some preliminaries. Let J denote the (n + 1) x (n + 1) diagonal matrix
-1 0 --- )
0O 1 0 e 0
J =10 0 1 <o 0
0

We consider the standard Minkowski inner product
(a,b)py =a-Jb, a,beR",
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where - denotes the standard FEuclidean inner product.

We let v be a Minkowki unit normal vector field along I'. This means that v
satisfies |(v, V)| = 1 and (v, 7),, = 0 for all vectors 7 tangent to I'. Since J? is the
identity, it is easy to see that v = Jv, where v is normal to I' with respect to the
Euclidean inner product.

An orientable hypersurface I' in R™*! with Minkowski normal vector field v is
said to be time-like if (v,v), >0 on I'. Normalizing v we will always assume

(v,vy,, =1.

A basic fact is that under assumptions (1.2) there is a unique solution to the
problem
w’(€) + f(w(C), w(0) =0, w(doo) ==L (1.3)
which is defined by the relation

w(¢) ds
([
0 QW(S)
w((¢) is an odd function since W is even. It satisfies
w(C) = £1+0(e~ ) as ¢ — +oo,

and
D’gw(C) =0(e %l as ¢ — +o0 for all k € N.

In the case of the Allen Cahn nonlinearity f(u) = u(1 — u?), we explicitly have

w(C) = tanh (%)

We will need a standard fact for the quadratic form associated to the linearization
of equation (1.3): there is a positive constant ¢ such that for any ¢ € H'(R) with
Jg w" = 0 we have

Q) = / W2 = Fwp® > e / W + [P (1.4)

This estimate follows from a direct compactness argument and the identity
2
Q) = [wP v =p'
R

Using w(¢) we can find a class of explicit examples to solutions with phase
transition across time-like planes. Let T’ be a time-like hyperplane in R™+! with
Minkowski normal v. Then for any p € T', all its points can be described as the set

[={Y=(z,t) eR"™ /(Y —p,v) =0}, (vyv)=L (1.5)
We observe that all points (z,t) € R"*! can be expressed as
(z,t) = p+z2v, (p,2)el xR,

Clearly we have z = <(x, t) —p, V>m. Let us consider the function
z
u(z,t) =w (E) , 2= {(x,t)—pv) (1.6)
We quickly check that
e?0u(z,t) + f(ule, b)) = (v, v)m w" () + f(w(()) =0, (=7,

QINIRS
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and hence u solves (1.1) with a sharp transition on I between the values —1 and
+1, for suitable initial data.

1.2. Statement of the Main Result. Next we introduce the objects and notation
necessary for the statement of our main result.

e We assume that T' is a smooth, time-like hypersurface in [0,7] x R™ that
divides the space [0, 7] x R™ into two disjoint open components O~ and O with
O~ being bounded.

e We assume in addition that I' is a Minkowski minimal surface in R"*!
(in the sense of Definition 1 below), and that the velocity of I" vanishes at ¢t = 0.
We remark that the Cauchy problem for timelike minimal surfaces is studied in
[2, 18, 19].

e We also assume that there exists some § > 0 such that
(Y,2) e x (=6,0) — (x,t) =Y +2zv(Y) is injective, (1.7)
where v(Y) is a Minkowski normal vector field on I" with
(V) v(Y))m = 1.

Let us call A/ the set of all points of the form (1.7). For a function &(z,t)
defined on A\ sufficiently smooth we write D} DL€(Y, z) meaning iterated directional
derivatives respectively on tangent directions to I' at Y or in v-direction. We choose
v to be the normal pointing towards OF. We let the limit phase function be

) -1 if (x,t) € O
It = {+1 if (z,t) € O (1.8)

Our main theorem is the following.

Theorem 1. For each j € N, there exist initial conditions ug, u§ for a solution
ue(x,t) of problem (1.1) with the property that

ue(x,t) = I(z,t) as €—0 in the CI+1 sense

in compact subsets of ([0,T] x R*)\ N. Inside N" we have
ue(at) =w (2) +oula,t), (0,0) =Y +20(Y).

and
(0= (z, )| + | DI pe (2, 1) + | DLOs e (x,1)] < Ce. (1.9)

The proof of Theorem 1 involves various ingredients with a simple philosophy:
First we obtain an expansion in powers of € of a true solution that gives an arbitrar-
ily algebraic high order of approximation in €. After this approximation is built,
estimates for the remainder with a sufficiently good control are found. This is a
delicate step in which positivity of the one-variable quadratic form associated to
the linearization of the equation (1.3) is essential, as well as designing well-adapted
systems of coordinates.

The proof provides much more precise information about the solution. In fact,
for a given number £ > 1 we can find a solution that near I' takes the form

e (2,) = w (g . h:(Y)) Vot t) + el t), (2,8) =Y +zu(Y),  (1.10)
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where h*, ¢* are explicit functions with h} = O(e), ¢ = O(g?) in smooth sense,
and the remainder ¢, satisfies

e (@, )] + | DI pe(, )| + | Didepe (2, 1) < Ce . (1.11)

The solution described is stable in the sense that smooth perturbations of its initial
condition with size O(¢™) and sufficiently large m produce a solution with the
same qualitative features. This rules out exponential growth of small perturbations
(which in general may happen).

1.3. More about prior work. As noted above, our proof of Theorem 1 constructs
solutions u. whose behavior we are able to describe to arbitrary precision, in arbi-
trarily strong norms. The best (indeed, the only) prior results construct solutions
ue that satisfy the weaker estimate

||u5 — ]I||L2((07T/)><RN) < C’(T/)El/2 for any T < T,

together with some weighted estimates that quantify energy concentration around
I'. This was proved in [16] under the assumption that Ty is a topological torus,
but allowing rather general initial velocity for I' — more general in fact than we
consider here. The proof in [14] assumes that T’y has zero initial velocity but allows
it to be an arbitrary smooth connected compact manifold, among a number of
generalizations of the results in [16].

It has been recently proved in [11] that when n = 2, one can extract from the
weighted energy estimates in [16, 14] an estimate of the form

e — uZl| 20,7 xr2) + €| D(ue — ul)|| L2071 xR2) < C(T")e¥? for any T' < T

for some u} whose description is less explicit than the one that we construct in
this paper. This seems to be the limits of the precision attainable by the strategy
employed in prior work, and it also seems only to be available in 2 space dimensions.

Another drawback of the technique of [16, 14, 11] is that these results rely on
standard well-posedness theory to provide solutions of (1.1). This imposes growth
conditions that render these papers unable to address the canonical cubic nonlin-
earity f(u) = u(1 — u?) in high dimensions. No such growth conditions are needed
in this paper.

Related prior results on issues that we do not address include the following:

e In [11], equations like (1.1), but with asymmetric nonlinearities for which
there is a bias toward one of the potential wells, are shown to have solutions
with an interface that approximately sweeps out a timelike hypersurface of
constant (nonzero) Minkowskian mean curvature.

e In [16], a Ginzburg-Landau wave equation — like (1.1), but for a complex-
valued function u, with nonlinearity f(u) = u(1— |u|?) — is shown to have
solutions for which energy concentrates near a codimension 2 surface of
vanishing Minkowskian mean curvature.

e Results of a similar character are proved for the Abelian Higgs model in [5],
a Ginzburg-Landau wave equation coupled to a wave equation for an elec-
tromagnetic potential, for certain values of a coupling constant appearing
in the equations.

e A scattering result is proved in [4] for (1.1) in R**3 for initial data (u, u¢) =0
a small, very smooth perturbation of (w(x?),0). This can be seen as an



6 M. DEL PINO, R. L. JERRARD, AND M. MUSSO

analog for (1.1) of results [18, 2] that establish scattering Minkowski mini-
mal surfaces with initial data that is a small perturbation of a motionless
hyperplane.

We believe that it should be possible to strengthen at least some of the above results
by the methods that we introduce here.

2. CONSTRUCTION OF AN APPROXIMATION

2.1. The wave operator in Fermi coordinates. Let us consider a general
smooth, orientable n-dimensional manifold T' embedded in R™t! and let A/ be
a small tubular neighborhood of T' defined by relation (1.7). We will find an ex-
pression for the wave operator acting on functions u(z,t) with (x,t) € N,

Ou = —0%u+ Ayu in N

when wu is expressed in Minkowskian Fermi coordinates that we introduce next. All
points in N can be uniquely represented in the form

(x,t) =Y +2v(Y), Yel, |z|<d.
provided that ¢ is taken sufficiently small.

Let assume that I' is compact and parametrized by a finite number of smooth
maps
yeN, CR" — Yi(y) e R"™, el

so that
r=[Jvi(A).
iel
We also use the convention y = (yo, ..., Yn—1)-
Define

Tu] = //Rn+1(|vzu(:zr,t)|2 - |ut(:17,t)|2) dx dt

where u(z,t) is a smooth function supported sufficiently close to a compact portion
of the manifold I". We write

V(o) = [ at“(x’t)} .

Vau(z,t)
Then
Iu] = // Vu(z, )T IVu(z,t) d dt
Rn+1

Let us assume for the moment that w is supported close to one of the coordinate
patches Y;(A;). Let us omit the subindex 4 in the pair (A;,Y;) and consider local
coordinates in a neighborhood of Y/(A) C T' given by

(1) :=Y(y) +2v(y), yeACR", [z/<$

where we are just setting v(y) := v(Y (y)). We refer to (y, z) as Fermi coordinates
associated to the local coordinate system Y : A — I'. Let us write

v(yaz) = U(Iat)v (Iat) = Y(y)+zy(y)
and

s[5



INTERFACE DYNAMICS IN SEMILINEAR WAVE EQUATIONS 7

We use the following notation
Yo =0,,Y +20,,v, =0,1,....n—1; Y, =v
and
9o, 2) = (Yo, Ys)m, a,f=0,...,n.
We will call g(y, z) the matrix of entries [g(y, 2)]ag = gap(y, 2). We will also denote

9 (y.2) = [9(y,2) ap

and

ggb(y):gab(yvo)a Cl,,b:O...,TL—l.
Consistent with this, we will always tacitly assume that «, 3,... run from 0 to n,
and a,b,... run from 0 to n — 1, and we will sum over repeated indices.

We introduce the matrix
B =Yg Y],

and we remark that BT .JB = g. The definition of the Minkowskian normal v = Y,
directly imply the following basic property of Fermi coordinates:

gan:gna:<Ya7I/>m:O fora,:O7...,n_1,

Gnn = (v, V), = L. 2.1)

From Chain’s rule we find
Vu(z,t) = B T Voly,2), (x,t)=Y(y)+ 2v(y).
and hence
(Vu)'JVu = (Vo)' A~ Vo
where
A=B"JB=yg (2.2)
and hence (using (2.1))
AT =g = (g = [@“b)o?’io ﬂ |

A related observation is that

Videtg(y,2)| = |det [B|I/H (2.3)
|det [B|v]| = /|det A

where A is the matrix in (2.2) and (2.3) readily follows.
Then we find that

Tu| = Vo' -y \/ | det dyd

[u] /j]%nﬂ v g(yaz) v | € g(z)| yaz
= of 0,0 0 d dy dz.
[/Rnﬂ 9" (y, z) Oqv Dgv \/‘ et g(z)| ydz

Taking a test function ¢(z,t) supported within the range of validity of these local
coordinates we find

Indeed, we have

1d
—551[11—1—)\90]})\:0 :/R Ou(z,t) o(x,t) dt dx

n+1
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hence letting ¥ (y, z) = (Y (y) + zv(y)) we find

J[ outwtete.tyaar = [[ Lol 2)vt0.2) VIdet . Ty oz

= // L[v] o dtdx
Rn+1

dalV/| det g(y, 2)|g*" (y, 2)0pv]. (2.4)

where

1

L] = ——
i V| det g(y, 2)|

Recalling the form of (¢g?), this simplifies to

! 1
780‘ de 2 ab 2 Opv 782 de , 2 8Z1)
qota (52 [V det g(y, 2)|g"(y, 2) Opv] + EREE (v/]det g(y, 2)]0-v)

and g% (y, z) = [g(y, 2) "!]ap. The following definition is in order. For a sufficiently
small z, the wave operator associated to a time-like manifold

I.={Y+z2v(Y)/YeTl}

Lv] =

is given by
1
Or, = ——=—==0a[V/|detg(y,2)[g""(y,2) D]

V| det g(y, 2)|

which acts on functions of the local coordinate y for I',. The mean curvature in
the Minkowski sense of the manifold T', at the point Y (y) + zv(y) is defined by the
quantity

10
Hr. (y) = —5510g|detg(y,z)|,

so that correspondingly the Minkowskian mean curvature of I' at the point ¥ =
Y (y) is given by

10
He(Y) = —52—log|detg(y, )] | _, (25)

For a function f defined on I" we will write indistinctly f(Y) or f(y) when Y = Y (y),
with reference to local coordinates.
In summary, we have proven the validity of the formula

O=0r, +02— Hr,0, . (2.6)

At this point we establish the key definition.

Definition 1. A time-like hypersurface T in R™*! is said to be minimal in the
Minkowski sense if its Minkowski mean curvature given by (2.5) vanishes:

Hp(Y) = 0 forall YeT. (2.7)
In what follows we will always assume that I" is minimal. We can then write

Hr.(y) = zar(y) + 2*br(y, 2) (2.8)

The justification of the notation Op_ comes from the fact that the matrix g(y, z)
defining the metric, and hence the operator in local coordinates has all positive
eigenvalues except one which is negative. This is a consequence of the time-like
character of the surface I'. To see this, we check that in the case of a non-vertical
time-like plane in R"*!. We can parametrize it in the form

(Iat):(o"yay)v y:(ylv"'vyn>'
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where o = (a1, ..., @,). A normal vector to this plane is (—1, «) and the time-like
character clearly corresponds to the relation |a|? > 1. In this case we directly
compute
(BTJB)U = 61']‘ — Q.

We see that 1 is an eigenvalue of this matrix with multiplicity n — 1, while its
trace is negative because of the time-like condition. Hence in addition, exactly one
negative eigenvalue is present. It follows from this fact and the compactness of T"
that (after shrinking ¢ if necessary)

detg(y,z) < —c <0 everywhere in I' x (=6,0). (2.9)
We will introduce in §3.1 local coordinates under which O truly becomes a wave

operator.

2.2. Shift of coordinates and construction. Our purpose is to find a good
approximate solution for the equation

S(u) :=e*0u+ f(u) =0 (2.10)

valid in a small e-independent neighborhood of the manifold I', that has a sharp
transition layer near I". More precisely, let us consider a heteroclinic w(¢) as defined
n (1.3). Taking into account expression (2.6) for the wave operator and (2.8), we
see that equation (2.10) can be written as

S(u) = e20%u + f(u) + £*0Or,u — £(ar + zbr)z0.u = 0,
where we write
u(y, z) = u(x,t)  for (x,t) =Y (y) + zv(y).

We take as a first approximation, in the small neighborhood of T', |z| < 4, ug(x,t) =
w (?) In that region we get
alz|

S(ug) = —e*(ar(y) + 2br(y, 2))(0cw(C) [¢=c-1. = O(ee™ ).
To be observed is that the fact that I' is a Minkowskian minimal surface yields that
the order of approximation on the interface is & times better. As we will see, more
than this: is will be possible to slightly modify ug so that the order of approximation
is O(Eke_%) for any given k£ > 2. Indeed, as we will see one can find a function
u®(y, z) that achieves this property in the region |z| < ¢ for a small § with the form

Ha )=t .0 (=2 @)=Y twl) (21

where

v (y,¢) = w(¢) + 6" (1.), " (y.Q) = O(e* ). (2.12)
For a given, sufficiently small function A defined on I" and a function v(y, ¢) of the
form

u(@,t) = v(y,e 2 = h(y)), (x,t) =Y (y) +zv(y).
we compute
S(u) = £20u(e,t) + f(ulz, 1) = S(v,h)
where
S(v,h) = 62‘“(% Q)+ f(v(y,¢)) + Le(z,h)[v](y, () }zzs(@rh(y))v
Le(z,h)[v] = ®0p_ v —e?0Op_hdcv — ez(ar + zbr)dcv
+&*(Vr_ h, Vi h)dZv — 2¢*(Vr, dcv, Vr_h)
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and we have denoted, for functions hi(y), ha(y),

(Ve hi(y), Ve ha(y)) = g°°(y, 2)0aha(y)Obha(y).

To construct a first approximation, we let v°(y, () = w(¢) + ¢°(y, ¢). Choosing
h =0 we get

S",0) = 9Z6° + f'(w)¢” — ear (y)¢w'(¢) — e’br(y,e0)¢*w'(¢)

2.13
+ e20r, 0% — % (ar (y)¢ — ebr(y,e0)¢%) dc¢” + N(¢°), (219
where
N(¢) = f(w(Q) +¢) — f(w(C)) — f'(w(C))s.
A basic property that we will use is that the equation
P () + f(w(Q)p(C) +49(¢) =0, (€[-R R
has the solution
¢ s
w0 =T =@ [ w2 ([ anw@ar)as. @i
-R -R
We have that if
R
/ q(T)w'(T)dr =0, (2.15)
-R
and for j >0
ID7g(Q)] < (L+[¢[™e ¢, ¢ € [-R.R],
then
IDIp(Q] < Cj (1 +[¢[™ el (e [-R,R]. (2.16)

with C uniform in all large R. At this point we observe that since w the heteroclinic
is odd by assumption, ¢(¢) = (w'(¢) satisfies (2.15) for any R > 0. We now let

¢°(y, ) = —e”ar(y) T[cw' ().
Using (2.16) we see that for j,I > 0 we have

. . )
1Dy DL (O < Cpue® (1 +[¢he,I¢[ < -

Moreover, the first three terms in expansion (2.13) are identically cancelled and the
resulting error gets one order smaller. Indeed, we directly check that

: . )
D, DES(°,0)(3, Q)] < Cue® (14 [¢)e?¢l,[¢f< =

This procedure can be continued inductively but involves adjusting the function
h(y) to get the orthogonality conditions (2.15) satisfied. As we will see, such an
adjustment will involve an equation for h that involves the Jacobi-Minkowski op-
erator of the minimal surface I'. More precisely we need to solve equations on I' of
the form

Jr[h] :=0Oph+ar(y)h =g inT

2.17
h =0h =0 onTN{t=0} (2.17)
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Lemma 2.1. Let g a function of class C>(T"). Then Problem (2.17) has a unique
solution h which is also of class C*°(T'). Moreover for each j > 0 there are numbers
m;, C; such that

IDIAl e ry < C; > IIDL gl e (ry-
=0

The proof consists of reducing the problem to one for a standard wave-like op-
erator. We postpone it for the appendix. Our main result in this section is the
following.

Proposition 2.1. Given k > 0 there exists smooth functions h*(y) and ¢*(y, (),
with ¢F defined in the set

D={(y,¢) : yeTl, —i<<<i},

2e 2e
such that for all j,1 >0
1Dy D" (y, Q)| < Cye® (1+[¢CDe ¢, [DLDI*(y,¢)] < Chre  (2.18)

and for v (y,C) = w(C) + ¢ (y,C) we have
DL, DLS (0, hF)| < Cijp 3 (1 + [¢[FF2)e 1<) in D. (2.19)
Proof. We proceed by induction. The case k = 0 has just been dealt with with the

choice h® = 0. Let us assume the existence of functions h*, ¢* as in (2.18)-(2.19).
We will make a choice for hF+1, gkl

Let us consider two functions h(y) and ¢(y, ¢) with the following properties: for
a certain m and each numbers j,[, there are constants Cj;, Cj such that for all
sufficiently small € we have

IDED) Oy, O < Cgne™ (14 [¢[F2)e e, (2:20)
|DIh(y)| < Cjre™t. (2.21)
We explicitly find functions that satisfy constraints of this form such that hF+! =
h* + h and ¢t = ¢* + ¢ reduce the error, thus completing the induction step.
We expand in the region D,
Lo(e(C+h*+h), W+ B)[oF +¢] = Lo(e(¢+ 1Y), h")[0"]
+ (Lo(e(C+RY + R),hE + h) — Lo(e(¢ + h7), hF)) [og]
+ L (e(¢ + h* 4+ h), b + h)[¢]
= L.(e(C+ "), ) [0"] + 2[Orh + aph]ocw
+ O1(h, ¢)
where the remainder 01 (h, ¢) satisfies
|DEDO1 (B, ¢)| < Cigpe® (14 [¢[F)e (2.22)

for some constants relabeled Cj;. Hence we find
S.(v* + o, % + h)

) . (2.23)
=R+ f'(w(()p + S-(v*, h*) + *[Orh + arh]dcw + O(h, §)
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where © satisfies an estimate of the form (2.22). Next we choose the function h:
We consider h(y) such that the following relation holds.

)

/TZ E(y,Q)0cw(()d¢ = 0 forall yel. (2.24)

T 2e
where
E(y, Q) = S=(v*, ") (y, Q) + £*[Orh(y) + a(y)h(y)]dcw(C),
We can write this equation in the form
Jrlhl(y) = Orh(y) +ar(y)h(y) = g(y) onT
where the function g(y) satisfies that for each j > 0
IDjg(y)l < Cipe™™ inT

Assuming the initial conditions h = 9:h = 0 on T'N{t = 0} we see from Lemma 2.1
that a unique solution h of this problem exists which also satisfies a bound of the
form (2.21). Now, we choose ¢(y, () to be the solution of the equation

4]
020+ 1'(w(r)o +E(y, () =0, [¢] <2
given by

¢(y, Q) = T[E(y, Q)]
with 7 as in (2.14). Using Estimate (2.16) we get that ¢ satisfies the bounds

IDLDLG, )l < Coek™ (14124, 1)< 2.
With these choices of h and ¢ made, we indeed have the validity of (2.20). Hence
setting v+t =% 4 ¢, RFTL = hF + h we get
SR R = O(h, ¢)
which satisfies bounds (2.22). The induction is thus complete and the proposition

follows. O

2.3. The global approximation. We have built in Proposition 2.1 an approxi-
mation to a solution of S(u) =0 of the form

uf(z,t) = we™ e = he(y)) + ¢"(y.e 72 = ha(y)),  (x,8) =Y (y) + 2v(y),

which is only defined in the small neighborhood A/ of T'. We can obtain a globally
defined approximation by just interpolating with the function I defined in (1.8)
as follows. Let us consider a smooth, nonnegative cut-off function 7(s) such that
n(s) =1for s <1 and =0 for s > 2, and set

Xo(z,t) =n <%> : (2.25)

where 2r < § and this function is understood as zero whenever (z,t) is outside the
neighborhood of T' of points with coordinate |z| < § and r is a sufficiently small
number which we will specify at the beginning of Section 4, Then we define

uz(x,t) == xo(z, t)uf(x,t) + (1= xo(z, t)(x,t) (2.26)

where the number k will be chosen sufficiently large.
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3. FURTHER COORDINATE SYSTEMS

3.1. A canonical coordinate system in I'. Let us consider a time-like manifold
I" endowed with local parametrizations

(Yi,A), 1=1,...,m.
The tangent space to I' at the point Y = Y;(y) is the n-dimensional space
Tyl = Span{0;Y;(y) /i=0,...,n—1}.
We denote I'* the t-section of I, namely
I =rn{(z,t) /Jr € R"}

We claim that if I'* is nonempty, it is a n — 1 dimensional smooth manifold. Indeed,
let of I". Writing

}/l(y) = (tl(y)vxl(y))v y e A CR™
Then Tt is locally parametrized by the equations #;(y) = t. This set is a smooth
manifold. In fact, V,t;(y) # 0 In fact if V,t(y) = 0 we would have that Ty T at
Y =Y(y) is just {0} x R™. Hence an Euclidean normal vector is eg = (1,0,...,0).
That contradicts the time-like condition. The section I'; has an n — 1-dimensional
tangent space Ty T contained in {0} x R™. We consider a vector E(Y) € TyT
which lies in the orthogonal to Ty I'*. We make the unique choice of this vector
with
E(Y)-e=1.

Themap Y € I' — E(Y) € Ty T defines a smooth vector field on I which we will use
to define a natural system of local coordinates that will be helpful for computations.

Natural coordinates on I' are those associated to flow lines for the vector field
E. These are the trajectories of the differential equation on the manifold I"
ay
ds
The meaning of this equation is given by local coordinates as Y (s) = Yi(y(s)),
where y(s) € A; C R™ solves the system of equations

(s) = E(Y(s), Y(s)el. (3.1)

DYl(y(s))[%] = E(Yi(y(s)))

or equivalently the system of ODEs

Wis) = Ply(s))
where
F(y) = [(DYi(y))" (DYi(y))] " (DYi(y))"E(Vi(y)).

For each point Y° = (0,29) € I'°, Equation (3.1) has a unique solution Y (s) with
Y (0) = Y° which we denote as Y (s, z0). To be observed is that by definition of E,
this function has the form

Y(t, ,To) = (t, X(t; ,To))
where X (0;z9) = xo.
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Using this map we can define local coordinates on I' just based on coordinates
on I' We regard I' as a n — 1 dimensional manifold in {0} x R™. We consider a
family of smooth maps X : V; C R"~! — R" with the functions

y/ = (ylv"'vyn—l) EVi— (O7Xl0(y/)) € ro

defining local coordinates for I'°. Then the following maps define local coordinates
that parametrize entire I'. We let T > 0 be any number such that I'* is nonempty
for all 0 < s < T and define

A =[0,T)xV, I=1,...,m
and consider the maps Y; defined as

Yi(yo,v') =Y (9o, X7 (v) = (o, X (40, X' (v/))) (3.2)

Let us consider the Minkowski metric ¢g°(y) associated to this parametrization,
defined on IT" as

gan(y) = (0aYi(y),OYi(y)), a,b=0,...n—1L (3.3)
Lemma 3.1. The following properties of the metric ¢° defined above hold:
Joo =0, a=1,...n—1, (3.4)
o0 < 0.

The matriz §° with coefficients

‘]

%y =9y j=1...n—1

is positive definite.
Proof. To be noticed is that for i = 1,...,n — 1 and Y = Y;(y) we have that
9,Y, € Tyt and 0pY; = E(Y).
Since J0,Y; = 9,Y], then by definition of F we have that
g()a:@oYl,ain):O, i:l,...n—l.
Next, let us observe that for ¢, =1,...,n — 1 we have that
(0:Y1,0;Y1) = 0; Xy - 0; X

Besides the n — 1 vectors &;(t) := 9;X;(t,y’) are linearly independent. This follows
from the fact that all vectors & (¢) are solutions of a linear system of the form

de o
L) = AW )

They are linearly independent at t = 0 since they are associated to local coordinates
for the manifold I'’, and that property is preserved in time. The matrix =(¢) whose
columns are &(t) is therefore non-singular, hence the matrix

7°(0,y") = Z(yo) " E(yo)

is positive definite.

Finally, (3.4) and the positive definiteness of g° implies that goo and det g have
the same sign, so (3.5) follows from (2.9).

The proof is concluded. (I
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A nice characteristic of the local coordinates built above is that they allow to
express the Op operator in a clean way as a second order wave operator. That leads
to a clean proof of Lemma 2.1

3.2. Proof of Lemma 2.1. We want to solve the equation

Oph+arh =g inT

h—8h =0 onTn{t=0}. (36)

for a given function g. In local coordinates around A; = [0,T] x V; the equation is
expressed as
1
| det g°(y)|

As customary we write g% (y) for the entries of the matrix (¢°(y))~!. From the
previous lemma, we see that

da(v/Idet g0(y) g * (y)Oph) + ar (y))h = q(y) (3.7)

(gO(y))fl — (980%/))_1 (go(g))_l

and hence, naturally relabeling y = (¢,4'), (3.7) can be written in the coordinate
patch [0,7] x V; in the form

—07h 4 aij(t,y)dizh + bo(t,y)Ouh + bi(t,y)dih +ar(t,y')h = Q(t,y),
(t,y') €[0,T] x Vi, (3.8)
h(0,y") = h(0,9") =0, o' €V.

for certain coefficients b, where

ai;(t,y") =goo(t,y') g7 (t,9),
ar (ta y/) - gOO(ta y/) ar (ta y/)a
QY =goo(t,y) q(t,y).

The matrix with entries a;;(¢,y) is uniformly positive definite. If we consider a
smooth bounded domain 2 C V; and restrict equation (3.8) to  with zero bound-
ary conditions, the standard theory for linear wave equations based on energy esti-
mates, as developed in [12], Section 7.2 yields existence and regularity with uniform
controls in Sobolev spaces of arbitrary order in terms of corresponding norms of Q.
Existence of a solution of the full problem (3.6) follows from a standard argument
using a partition of unity on I', while uniqueness is a byproduct of energy identities.
That solution clearly has uniform controls as stated thanks to Sobolev embeddings.
The proof is complete.

3.3. modified Fermi coordinates. In our later arguments, we will need to glue
together estimates close to and far from I'. In order to do this, it is convenient
to introduce a new coordinate system in a neighborhood of I'. These will coincide
with Fermi coordinates near I' and farther from I', they will have the property that
the timelike variable coincides with the ¢ variable of standard (x,t) coordinates.
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We will mostly' abuse notation somewhat and not distinguish between Fermi
coordinates and modified Fermi coordinates. Thus we will continue to write the co-
ordinates as (y, z), where y = (v0,%") = (Y0, .-, Yn—1). Similarly, we will generally
write gog to denote the metric tensor with respect to these coordinates.

To state the main properties of this coordinate system, we first need to introduce
some notation. Let

Y: A>T, I=1....m for Ay = [0, T] x V] (3.9)

be the canonical local parametrizations fixed in Section 3.1. With this notation,
given T < T, the modified Fermi coordinate system will be defined locally via

(CL‘,t) = (I)l(yvz)v (y,z) € [Ole] X W X (_61751)

for some map ®; : [0, T1] x V; x (=61, 61) — RF™ and some §; < 6, both constructed
in the proof of Lemma 3.2 below. We will choose these maps to be independent of
[ in the sense that

if Vi(y) = Yi(y) for y € A; and y € Ay, then @;(y, z) = i (y, 2). (3.10)
This implies that {®;}; will induce a well-defined function
®:[0,Ty] x % x (=61,6,) — R*™

defined by setting ®(yo, XP(y'),2) := ®(yo,y’,z). We will abuse notation some-
what and write ® to mean either this function or else its representative ®; with
respect to a generic local parametrization X lo :V; = IT'Y, depending on the context.

We will use the notation [ 9gaB }n for components of the metric tensor in

«a,B=0
local coordinates:

o, 0D
0P, 31> 7 avﬁzov,,_,nvwithi:gl

gaﬁ(yvz) = <5—ya’ 6—yﬂ . R 92

n
a,B=0
Lemma 3.2. There exists coordinates as described above and numbers ro < rqp <
01/2 with the following properties.

First, ®(y,z) =Y (y) +zv(y) for |z| < ra, whereY is the canonical parametriza-
tion of T' from (3.2), and thus

goi = 9" =0(z|) fori=1,...,n

Similarly, [ g*P } denotes the inverse metric tensor.

Jan = 9" =0 fori=0,....,n—1 when |z| < 1g (3.11)
and 5
—d =0. 12
% detlofy. )| =0 (312)
Second,
>
yo =1t when (x,t) = ®(y,2), if Zlz e or (3.13)
Yo = 0.
Finally,
900, 9 <0
n Cn o , (3.14)
[ Gij ]ij:l ,[ g ]ij:l are positive definite

1cxcept in the proof of Lemma 3.2 in Appendix A, in which we need to distinguish carefully

between the different coordinate systems.
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everywhere in [0,T1] x Vi x (=61,81) for all .

We defer the proof to Appendix A. Conclusions (3.11) and (3.12) will be imme-
diate from our construction and from properties of Fermi coordinates noted above.
Properties (3.13) will be useful when we patch together energy estimates near and
far from I'. Condition (3.14) is the point in the proof that requires the most at-
tention. It is needed to guarantee coercivity of energy estimates computed with
respect to this coordinate system.

4. LINEAR THEORY

We are interested in linear estimates associated to the operator

Llg] = O + 5 /() (11)

obtained by linearizing (1.1) around the global approximate solution u* constructed
in Sections 2.2 and 2.3. We first introduce some notation.

Recall that the construction of modified Fermi coordinates introduced induces a
map ® : [0, 7] x % x (=61,81) — R, For s € [0, T1] we will write

Y= {®(s,y’, 2)  y €T |2| < 61},

Our standing assumptions imply that T's = {®(s,y’,0) : ¢/ € ['°} divides {s} x R"
into two disjoint open components, say OF and Oy, with O being bounded. The
same thus holds for T's , := {®(s,y’,2) : y’ € 'V} whenever r; < |z| < §1, since then

(3.13) imples that I's , is a subset of {s} x R™ that retracts onto I's. For s € [0, 7]
we define

Y, := the bounded component of ({s} x R")\ T's _,,
YT := the unbounded component of ({s} x R™)\ [y,
v .= yrux;
Y= Xy nier
Y= Use[o,Tl]Es-

For 0 < p < 61 we will also use the notation

NP = {@(y,y/,z) : (yovy/vz) S [Ole] X FO X (_pap)} (42)
Next, we specify that the cutoff function x¢ in the definition of u} satisfies
onl in NT2/4, XQZOiDE\er/Q. (43)

The exponential decay of the local approximate solution u. away from I" implies that
for every I, supy, |D'(ue — uf)| < Ce~¢/¢ for suitable constants C,c (depending
on [). Hence in N5, , writing u* as a function of modified Fermi coordinates (y, z),

* z
Uiy 2) = wely D) +0y:2) ) =w(Z-hy) @)
where w is the heteroclinic (1.3) and h, ¢ satisfy (2.18). We will prove

Proposition 4.1. Given a smooth function n € L*(X) and smooth data (o, p1) €
H' x L*(R"), there exists a smooth solution ¢ : ¥ — R to the initial value problem

Lol =n inX, (cp,atso)‘ = (0, 91)- (4.5)

t=0
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In addition, there exist C,eg > 0, depending only on I' and Ty and §1, such that
and for every s € [0,T1] and € € (0,e¢), we have the estimate

/Z 2 (19,0 + (019)%]) + ¢

s 1
<c | (| w)do+C [ |IVapol + o1 + 58 | da.
0 2o R™ €

In (4.6), the integrals over X are with respect to the induced Euclidean n-
dimensional volume. (In fact we will employ a variety of different n-forms in our
arguments, but all of them are uniformly comparable to the Euclidean n-volume.)

The point of the proposition is the estimate; existence of a solution is standard
and we will not discuss it.

Note that even when n = 0, the estimate as stated allows the terms on the
left-hand side to be larger by a factor of =2 than the corresponding terms on
the right-hand side. In fact our proof yields a sharper estimate, see Remark 4.1.
However, (4.6) is sufficient for our later purposes.

(4.6)

Proof of Proposition 4.1. 1. Our overall aim is to construct some quantity FE(s)
that controls the left-hand side of (4.6), and that satisfies a differential inequal-
ity allowing for the application of Grénwall’s inequality. This quantity will be
constructed by integrating an energy density over ¥, with respect to well-chosen
n-forms. We will treat 7" and $/" separately.

We start by describing the n-form we will employ on ¥7". First, fix a volume form
on I'%, which we will write in local coordinates as w®(y')dy’. Let x"" : R — [0,1]
be a smooth function such that

—C(r1) < 9,x™ <0, x""(z) =1 for z <, x""(2) =0 for z > 2r

for ry defined in (3.13). Then we define w?” to be the n-form on X7 written in
local coordinates as

wi =Wy X" (2)dy’ dz.
Thus for any s € [0, 73] and function f = f(s,y,2) on 7" = {s} x 'V x (=41, 81),
01
Jwlm = / / f(s,9,2)W°(y)dy' X" (2) d=.
znr —&1 Jy ero
We next define w/" as the n-form on ¥/ written in (z,t) coordinates on as
wlo =X (s,2) dx
where x/9" € C>(O) satisfies
7" =1 outside of N,
and in N, , writing /%" as a function of modified Fermi coordinates (y, 2),
Xy, 2) = 1= X" (2).

Finally we will define w, := wf{%" + w?", an n-form on X, that is uniformly compa-
rable to the induced Euclidean n-volume.

2. We now derive an energy identity in modified Fermi coordinates near I'. In
doing so, we will write the solution ¢ of (4.5) as a function of modified Fermi
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coordinates (y, z), and we will identify % with %. In these coordinates, we find?
from (2.4) that (4.5) has the form

1 0 dy 1
— [ /[detg|g*® == | + = F'(u)p = 1.
Tdots] v ( |det glg 8y5> + 5 fw)e =1

We rewrite this as

for

b8 W ap O [ Idety|
\/|detg|g Ya wo .

We multiply this equation by 9,,¢ and rewrite. This gives rise to a number of
terms. An easy term is

_ Oy 5,0 [1 % 0
2l ok — 2 Zopl(,, % 2\ 2 7 /[, %
e Y R )]

The error term b? 0gp Opp we keep as it is. The leading term is rewritten as follows:

2
15<ww%)%_15<ww%ﬁq_w% O

W Oya s ) Oyo  w Dya dys Oyo ys Dyadyo
19 0 ap Op Op 1 0 ,50p Op
~ o (" s ) ~ 25 B )
10g*? dp Oy
2 dyo Dy dyo’
We substitute these computations into the equation, write %(- --) as aiyo(- S+

6%(- -+), where ¢ runs from 1 to n, and rearrange to obtain

9 0 0p 1 509 Op 1 ., =,

Ao
18(01.[38@8@) 1.0 .5 Op Op
= — w _— — —g —_—
w’ Jy; dys Oyo) 2 O0yo~ ~Oya Oys
2
- 0 . Op Op Oy
- ) Y e P
2e2 dyo dys dyo " Oyo
We introduce the tensor (a®?), defined by
a® = —g%, A% — 40 — ail = g¥i (4.8)
fori,j=1,...,n. It is then easy to check that (ao‘B) is positive definite, and that
1 1
— 9™ %ks + 590‘[35&5,3 = 5@"65&53 for all &. (4.9)

Note also that the quadratic form a®0,p dy¢ does not depend on the choice of

local coordinates on I'Y. We will write
2

1 ap 00 O¢ @
nr _ [ = a8 (%
i) = (0 g g~ S0 s ) (4.10)

2In the discussion that contains (2.4), we were interested in Fermi coordinates, but (2.4) is
completely general, and the particular choice of coordinates was used only later. In any case this
is standard.
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With this notation, (4.7) becomes
O (e _ 1 9 (4 500 Op 1.0 5 0p Op
2 (0) - s (0722 22 ) Aoy 02 0

Yo w9 dy; Ay dyo Yo Y3 (4.11)
L8O ey ypp 220000
22 Oyo : dyp Oyo Ty

We will also write
B (sio) = B = [ @) = [ e (ot e @)y ds

3. We will next integrate (4.11) with respect to the n-form w?” over X7, First
note that since w® and x™" are independent of yo,

8 O/, 7/ /
_ 'n.T TL'I" 'n,T nr d d
/E (e / / o G RO S

Next, for every z € (—d1,61), let X(+;2) denote the vector field on I'” whose
ith component in local coordinates on I'? is given by Xi(y) = gzﬁa—y‘%a—y‘%(s Y, 2).
For every fixed z, the divergence of X (-, z) on I'’ with respect to the n — 1- form
WOy )dy is

1%~ 0

divgo X = —
Vo 0 2 By,

(w°X7)

Since T is a compact manifold without boundary, [ (divye X) w°(y)dy" = 0.
Thus

1 0 ([ o .500 dp / / W 3 0p Op
I wp - T nro_ n d nr d
/E?T w0 dy; (w g 0ys Oyo Ws o 0z Qys Yo yXT(z)dz

8(p 8(p
nﬁ nry\/ 0 / d / d
/51 /ro dys Oyo (") (2)w"(y)dy" dz

By integrating (4.11) we thus obtain

01
/ / nfB 890 890 X”T)’(z)wo(y’)dy’dz

ay,@ 5y0 Yo=s
O e s 00 D0\ L,
+ /?T ( 8yo(f (ug))252 +bv° 5 O, w! (4.12)

1 dp Op o)
_ a af __rr - _ . nr'
+/n (2( v )3ya ays oy )
4. We next derive a (completely standard) parallel identity far from T.
The counterpart of (a®?), defined as in (4.8), but starting from the Minkowski
metric tensor .J in standard (z,t) coordinates, is just the identity tensor (6%%). We
thus define

far

g
el () = (00 + IVapl? + 55

N =

(0 + 9.7 - P 5] =

l\3|’—‘

Yo=s

Yo=s
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where o = —f/(£1) and we have used the fact that u* = 41 in /97, We also set

Bl (i) = BL(s) = [ elerie) wl

Then arguments like those in the derivation of (4.12), but significantly easier, lead
to the identity

d _ror dp Oy oxrer ar oxrer
EE-;‘ (s):_/gfwgax_ o dx+/W ef (go)—at da (4.13)

dp
—|—/ — ==y Jar s,x)dx.
o " 50 X (s,2)

5. As mentioned earlier, we plan to construct a quantity E(s) which satisfies
a differential inequality allowing for the application of Gronwall’s inequality. This
will have the form

B(s) = B (5) 4 BL(6) + & [ ol (1.14)

where 7 : ' — R is a function defined in (4.19) below, arising as a component in a
decomposition of ¢, and C'is also fixed below. These are needed to guarantee that
E(s) bounds suitable norms of ¢; this is not completely straightforward, since the
quantity —e =2 f/(u?)¢? appearing in E"(s) is negative in places.

We next derive the relevant bounds. In doing so, we will define v and fix the
constant C' in (4.14).

It is convenient to decompose E”"(s) into pieces. Recall from Lemma 3.2 that
modified Fermi coordinates coincide with actual Fermi coordinates in N,.,. To take
advantage of this, we fix x1 : R — [0, 1] be a smooth function such that

1
|azXl| < C(T‘Q)u Xl(z) =1 for |Z| < 5’/‘2, Xl('z) =0 for |Z| >y
We then split E"(s) into two pieces as follows.
L= / e (PXi() Wi, L= / e (p)(1 = xi(2)) wi™.
xnr znr

Concerning I, we only note that we have arranged in (2.26), (4.3) that u¥ = £1,
and hence —f’(u}) = o when |z| > 13/2, so

1 o
b= / (4™ 000 030 + 6% (1 = X3 (@)l (4.15)
snr 9

Next, it follows from (4.8) and properties of Fermi coordinates, see (3.11), that

1 r2 1., .
L= /FO/ (a“baasoabso + (0:0) — gf’(ua)sf) Xi(2)w’(y) dz dy'.
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(For the duration of the estimate of I, all integrals are evaluated at yo = s.) We
define ¢(y', 2) := (v, 2)x1(2). Then

/F/a 0ap Opp WO(y') dz dy’
- (0:¢)* = % F)a? ) o) dz dy
[ [ (0er=gron)
/Fo /_T2 < )%¢0” + X1 X1 g08Z<p> O(y') dz dy’

=hi+ha—hg. (4.16)

It is clear that I, ; is positive definite. We write p0.¢ = 10.(¢?) and integrate by
parts to obtain

ro
I 3] < C/ / WOy ) X" (2) dz dy’ . (4.17)
FD —T2
Since ¢? = x3p? + (1 — x})¢? = > + (1 — x})¢?, it follows from (4.15) that

ro
|3 <C (8212 +/ / 7% (y') dz dy’) .
0 J—ry

We now split ¢ as

Py, 2) = ¢~ (y,2) +1(y)dwe (y, 2), (4.18)
where w.(y, z) = w(Z — h(y)) and
° 5 == w? ) :
1) = £ [ 90210000, 2)d == [wra @)

The definition implies that

[ #0020z =0 (4.20)

for all y and hence that

|oear= [ [etretedzay « = [ Aeea. @
E"T ro € Jro

In terms of ng and -y, our above estimate of I; 3 takes the form
C
|1 3] < Ce?1 + C/ / V2dz WP () dy' + ;/ Y2 (y)dy' . (4.22)
T0

Turning to I; 2, and omitting “dz” and “w®(y’)dy’” when no confusion can result,
we now set f'(u}) = f'(£1) = o for |z| > ro, and we rewrite

ha=j [, [@e - 5raeh

_ 0 1 y _ 2l
—|—/ / v 0w, 0. (p* + 58211)5) — —2f'(u5)”y(?zw5(g0L + —d.w.).
70 JR g 2
=li21+ 120

We integrate by parts in the z variable and use the fact that 93w, +& =2 f'(w.)d,w. =
0 to find that

1
haa= [ [ Z( @) = )00 (0 + Jo0.).
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It follows from (4.4), (2.18) that |f/(w.) — f'(u})] < Ce? everywhere, and as a
result,

haal <€ [ [howliet s 2@ < S [ 2ve [ [@r am)
o r

Next, because [ @¢1d.w. = 0, it follows from (1.4) that there exists some ¢ > 0
such that

[0 - Srwaeh a2 ¢ [ (0.6 + (00
R R

for every 3. Arguing as with (4.23), we infer that

Ii21 > C/FO/]R(az@L)2 =+ é(@L)QWO(y/) dz dy
3 [ ] ) = et d dy
> C/FO/R((?Z@J‘V—!— 51 (@) (y) dz dy’ (4.24)

for e sufficiently small.
Next, we consider I; ;. By compactness, there exists some ¢ > 0 such that, if we
write a“b(y) = a®(y, z), then for every & = (&,...,&n_1) € R™,

cag (y)€alp < a“b(y,z)ﬁaﬁb < c_lagb(y)fafb for all (y,z2) € [O,T1]><I‘0><(—(51,51).
—Lw" (2 — h(y))Oph(y) = —€ 0., w. Oph,

£ €

L. / / [0u 5% O™ + 0y Oy 1(Bo2)? + €292 (Dowe)? D Oph) &P (3 )y dz
o

Then noting that 90, w.(y, z) =

+ c// ag (y)[@aQJ‘ab’y@zws — 0,570, w, 8bh]w0(y')dy'dz
R JT,

— c/ / agb v OaYOphe D we O, w, wo(y’)dy' dz
Iy JR

The last term vanishes because w is odd. In any coordinate chart we can differen-
tiate the orthogonality condition (4.20) to find that

0= 8a/ @J‘azws dz = / &lgﬁj‘azws dz — / Egﬁj‘ﬁzzwsaah dz.
R R R
Using this we can rewrite the middle term as
—c / ai’(y) / € 022w 0h(§" 0y + Bapt )W (y )y da.
Ty R

For any f, we will write |D, f|* = a0, f Opf. Since f]R(azzwg)2 dz < Ce™3 and
|Dyh| < Ce, the above is bounded in absolute value by

Ce [ [P + 1Dy Pl )iy dz + € [+ 41Dl )y
roJr ro

Clearly |Dy@*|? + (9.¢1)? = |[D@* |2 = (0,61)% + |V.pt|?, so we may combine
the above terms from I; ; with other terms estimated in (4.22), (4.23), (4.24), to
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find that for e sufficiently small,

C
I > —Ce%l, — —/ V2 wOy') dy' + E/ |Dyy? WOy dy’
g Jro g Jro

1
o[ [IDe P+ St Pt dzay
ro JRr €

In view of this and (4.15), we may fix a particular constant C' such that if we
define E(s) as in (4.14), which we recall is

c
B(s) 1= B (5)+ L () + £ [ (6000 )y’

then for every s € [0, T1], after adjusting ¢ we have
c 1
E(s) > - /0 (7 + 1DAP) )y |+ C/ (1-x7) (|l7<p|2 + §w2> w
r Yo=s S,

1
c/ /|D¢7J‘|2 + —2(@L)2w0(y’) dzdy' . (4.26)
ro Jr €

for w 1= w" + wg"”. (We have extended 1 to a function defined on all of X, and
vanishing on ¥/97.)
6. We now want to show that

—FE(s) < CE(s).

(4.25)

We first consider terms arising from %E;””(s). We rewrite the localized energy
identity (4.12) as

d nr nr n 8<P 8<P nr
Dprsy= [ Fuor / / 8.90 00 nryi()u0(y )y d=
ds $nr 51 To

ayﬁ 33/0 Yo=s
where
d . o dp dp 1 dp dp 3<P
- i) QR et i s
Yo (f (ua))2€2 * 9yp Yo * 2(809 )6y ays " oye

Recall that x1 = 0 in supp(x™") C {(y,2) : 2r; < z <4r1}. It follows that

/61/ ns 02 00 (\nryi()u0(y )y dz

3% 3yo

< [ (1-x)IDePu. < CE)
Yo=s Es
Straightforward estimates show that

1
|F| <C (|Dg0|2 + 5_2('02) + COn? on the support of 1 — x7.

(In particular, the construction of u} implies that dyf'(uX) = 0 on this set.) We
use (4.26) to deduce that

d

—EIM(s) = Fxi(z)wim +C (1 —xD)n*wl™ + CE(s). (4.27)
ds nnr snr

We now consider various terms in the first integral on the right-hand side above.
First, again writing x1¢ = ¢ = ¢ + 7. w., we decompose

2
do(f' (u ));pg)ﬁw =131+ 132
Snr
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where
1 % _ — nr
I3;1 = 2_52 60(f/(u5))[(90L)2 + 290L/7 asz]ws ’
sor
1 * nr
ha= 5 [ ()0l
g nnr

It follows from (4.4), (2.18) that

Ao(f'(ul)) = (f"(we) + O(*)) (02 we Doh + Do) = [ (we)edwe Boh + O(e?).
(4.28)
Moreover, | " (w.)ed, w. dph| < Ce. Tt follows that

C

S @it howdur <o [
g snr snr g

—-1\2
(‘P ) +,Y2(azws)2w;w

3.1

IN

C L C
= [ @)W+ = [ P(sy) o Y)dy
g Z;”‘ g FO

IN

(4.26)
< CE(s).

We next use (4.28) to write

1

I3 = —
’ 2e nnr

[f" (we)zwe Boh + O(e)]7* (0zwe)* wi™ .

Since f and w are odd, and w. = w(Z — h(y)), we find that z — f"(w.)(9:w.)?
is odd, modulo a translation by h(y) = O(g). Since it decays exponentially, its
integral over z € (—ry,72) is thus exponentially small. We then easily deduce that

C
|I5,2] < - /0 (s, y) WOy dy’
r

and hence that
2

001 (u2)) 55} i

52 < CE(s). (4.29)
sor

We next consider the convection term. Recall that by definition,

PR N QLTINS
\/|detg| 8yo¢ wO

In particular, since g®" = §*" in supp(x1) and w" is independent of z,

1 0
by, 2) = ——— L /Tdet g(y.2)] ,
(y,2) etal 207 |det g(y, 2)|
and thus it follows from (3.12) that
1" (y, 2)| < C|2| in supp(x1).
Therefore
dp Op | , » 0p 0p 2,009 o
2P PN 2 o[ qab O 9P ad
By, Oyo| X1 N\ ooy T (32
0p 0@ o0p 0
_ ab g 299\ 2.2 2 2 ;0 9
_C(a’ ayaayb z (82) 2 X1 ¥ z XleaZ(SD ) .
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We again write ¢ = @+ + y(y)w.(z). Using the fact that [, z*w/?dz = £, and
arguing as in the estimate of I; 3 above, we find that

Oy O
/ eV
Bnr ay'y Jyo

(4.26)

< CE(s) .

Next, again because g®" = §*" in supp(x1), it is clear that
dp ¢ 9p 9¢
) af 2 o™ / ) ab o
L, @ 15e gl = | [ g™ g

8ya 6ylg L
Finally, since 8%095 = B%O(XNP) — Xla%o%

890 2 nr
—nNX] W <

(4.26)

= CE(s).

0P o 2 2
< _r + w’n,T
/E y( ayO) xXin®w;

(4.26)
< CE(s)+C | xin'w!”
xnr

Putting the above estimates into (4.27), we obtain

4 gr(s) < CE(s) 4+ C / Pl
dS E?r

7. Similar but easier arguments, using (4.13) and (4.26), lead to the estimate

d
—Ff%(s) < CE(s) + C nPwler,
ds Egaw“
The point is that supp(Dx/?") C {x? = 0}. Thus terms in (4.13) containing
derivatives of x/" are easily estimated by Js, (1= x3) (IDel? + L ¢?) ws < CE(s).
Similarly,

d1 1
ot [t < < [ 62+ @)y < CBG)
Combining the last three inequalities, we conclude that

dilsE(s) < CE(s) + C/Z 7 w, (4.30)

Then it follows from Gronwall’s inequality that
E(s) < e E(0) + C/ / =02, do (4.31)
0 Jz.

forall 0 <s < Tj.

8. The conclusion (4.6) of the Proposition follows from (4.31). We sketch the
straightforward verification.

Recall that the n-form wg is uniformly comparable to the induced Euclidean
n-dimensional area in 3, a fact that we will use repeatedly and without further
mention. Thus for example it is immediate that

/ / CO=p2 do < C/ (/ 772) do for all s € [0,T1],
o Js, 0 s
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where on the right-hand side, we implicity integrate with respect to the Euclidean
area, as in (4.6). Next we claim that the left-hand side of (4.6) is bounded by
CE(s). Toward this end, first note from (4.21) that

/ wzws:/ (1 —x]p*ws + // y)dzdy' + /vaO(y’)dy’-
X To T0

(4.32)

o™ | 1]

Thus (4.26) implies that [, ¢*ws < CE(s).

Next, we write |Dg|? = (1 — x%)|D¢|? + x3|Dp|?. The first term is immediately
controlled CE(s), due to (4.26). For the second term we may compute in modified
Fermi coordinates, in which we have

XiI1Dgl? < Cxi[a®dup dpp + (827
< C [a™0.0 03 + (9:0)% + x1(2)x1 (2)9” = 0:(x1X1¢?)]
Note that fzm baago Oppw?" is exactly the term I ; that appeared above in the

lower bound for E (s). There it was convenient to split it into several pieces (from
which we obtained separate control over (9y7)?, needed above), but if we keep that
term as it is, then our earlier estimates of all the other contributions show that
I 1 < CE(s). The terms involving derivatives of x; are handled as in our estimate
of I 3. Finally, we write (0,9)% = (0.¢ + v0..w:)? < 2(0,01)% + 27v%(0..w:).
By integrating and combining with the above estimates, we finally conclude that
g2 s, 3| Dgl? < CE(s), with the loss of a factor of €2 coming from the term

292(0,,we ).
To finish the verification of (4.6), we must check that

nr nr far ar C
BO) = [ e+ [ L@l + T [ P00y
0 0

To

1
< C/ [|Vm<po|2 + |1 + ;gpﬁ} dx. (4.33)
Rn
Indeed, it is immediate from the definition (4.10) that

el (9)(y, 2) < C [(0e0)* + [Vaipl* +e720°] (2(y, 2))
Since ®(y, z) € {0} xR™ when yo = 0, see (3.13), the initial condition (¢, dpp)|i=0 =
(0, ¢1) implies that

nr nr 1
/ el ()wy SC/ {Ivzwol2+|w1|2+;w3] da
nr Rn
0

The corresponding estimate for /%" on Eg'" is immediate. We conclude from these
facts and (4.32) that (4.33) holds.
O

Remark 4.1. In view of (4.26), it follows from (4.31) that

+m/'a—anDﬂ2 24
/ /w¢W L@y dz dy
< C/ / da—i—C/ [|Vmgoo|2 + 1?4+ 12<p0] da.

c

£ [, G+ 1DAR) )
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This is considerably stronger than (4.6)

Higher order estimates. We need estimates similar to (4.6) for higher order
space derivatives. It is convenient to introducing the L?-L°° norm for functions n
defined on ¥,

||77||L°°L2(Z) = sup ||77||L2(Es)'
0<s<T)
Then from (4.6) we get the L>°-H'-estimate for the solution ¢ of Problem (4.5)

ol Leer2(sy +ell@tll L2y +ellDaller2sy <
1 (4.34)
C[||77||L°°L2(2) + g( leoll L2 @®ny + €l Daspoll 2 mny + E||901||L2(Rn))}~

Assuming further smoothness on initial data and the right hand side we can derive
higher order estimates as follows. Let us differentiate twice the equation. We write
D; =0,,, Dij = 0?2 i Then we get

L[Dij¢] = Dijn—e 2oDy;(f'(ul)) — e *(DipD;(f'(ul)) + DjDi(f'(u}))) in %,
(Dijp, 0 Dijep) = (Dijpo, Dijp1).

t=0

Using estimate (4.34) and the facts D;(f'(u?)) = O(e™ 1), Dy (f'(uZ)) = O(e72) we
get

1Dz el L r2(s) + €l Dapill o 2() + llDaell Lo r2(s)
C
< S Illeram) + D2l e cs)]
C (4.35)
t= { lleoll L2@®ny + el Daoll2mny + ellorll 2@ny]

C
+= [”Dg%SOOHL?(R") + el D3oll L2rn) + 5||D925901||L2(R"):|-
Let us consider for m > 0 the following L°°-H" norm

70| oo sy == D 1Dl oo 25y
=0

Then from (4.35) and interpolating with bound (4.34), the following estimate read-
ily follows:

C _
lpllLocmsm)y < P {||77||L°°H2(2) + o1l g2eny + € Hlgoll msny (4.36)
An induction argument (differentiating an even number of times m) yields
Dol r2cs) + el DRl L r2(sy + e DRl oo 2 (s
C m m
< o [||77||L°°L2(Z) + 2| DPnl Loo 2 ()]
C
+ gt | I0llza@n) + 1 Dapoll o) + el acan)]
C m m m
+t2 {HDI @oll L2@ny + €l| Dy o]l L2rny + €l Dy 801||L2(Rn)]-

As in (4.36) we finally find the estimate
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Lemma 4.1. The solution ¢ of Equation (4.5) satisfies the estimate

C _
Il sy < g (Il oot () + Il im ey + & ol e amy | (437)

for each even integer m.

5. THE PROOF OF THEOREM 1

Now we have all the ingredients to proceed to the proof of Theorem 1. We look
for a solution to Problem S(u) = 0 close the approximation u} given by (2.26),
where the number k will be chosen sufficiently large. We look for a solution of the
form

u(z,t) = ul(z,t) + @z, t).
In terms of ¢ the equation becomes
L.[p] + e 2S(us) + e 2N(p,2,t) =0 in X (5.1)
where
N(p,,t) = f(ul(z,t) + @) = f'(ul(z,t)p — f(ul(z,1))
Lelp] = Op + 72" (ul)e.

Let us consider the unique solution ¢ = T[] of the linear problem

Lelpl+n=0 in%, (¢ 0p)| _ = (0,0). (5.2)
which we have estimated in Proposition 4.1. Problem (5.1) with initial data
(¢, Orp) . (0,0) can then be written as the fixed point problem

t=
o =Tle?S(ul) +e*N(p, )] == M(p), ¢€B (5:3)

We will solve this problem by contraction mapping principle in a suitable space B
of small functions defined on 3. We consider the Banach space L H™ (%) endowed
with its natural norm and consider the region

B={peL®H™Z) / |l¢lremm) <e2}

where k is the number in the definition of u¥ in (2.26). Let us fix a number m > n/2.
Among other consequences, this implies that L>°H™(X) is embedded into L>®(X)
and

oYl oo g (zy) < Cllollpoe mrm sy 1Y Lo 5m (5 - (5.4)

From Proposition 2.1 (specifically bound (2.19)), together with the fact that
errors are exponentially small in £ where the cut-off is not constant, we find that

le™2S ()| Lo prm sy < Ce™.
Next, we claim that for ¢, $ € B,

- E_m .

IN(#,-) = N (@, Moo sm(m) < Ce27 ™[ = @l rm(m) (5.5)

To prove this, observe that

1

M) - 8@ = ([ 1z +op+ (1= 0)p) - Pl (o - ).
In view of (5.4), to establish (5.5) it suffices to observe that
* * —m kE_m

I (uZ(t, )+ )= f W) pepmsy < Ce™™ Y]l poopm(zy < Ce2™™, for all ¥ € B.
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which follows from a direct computation using Leibnitz rule, Sobolev embedding
and the fact that D'uX = O(e~™).

At this point we fix a number k with k& > 6m + 2. Let us consider the operator
M(yp] defined on B in formula (5.3). Estimates (4.37) and (5.5) lead to
IMIp] = M@l zorm(zy < Ce? 2™ Ml = @llpwrms) forall ¢ € B.
and
[MO]|pcrm(s) < Ceh—2m=1,
It follows that for all sufficiently small € we get that M(B) C B and that M is

a contraction mapping in B. Hence Problem (5.3) has a unique solution. The
conclusion of Theorem 1 readily follows. O

This proof applies equally well to yield the stability assertion made at the end
of §1.2 by just considering the operator 7 involving sufficiently small initial data.

APPENDIX A. MODIFIED FERMI COORDINATES
In this appendix we present the proof of Lemma 3.2.
Proof. For the proof, we will denote the modified Fermi coordinates as

(v,2) = (y07ylv z) = (yo,---,¥n-1,2)
(denoted (y, z) in the statement of the lemma and elsewhere in this paper), and we
will reserve (y, z) for Fermi coordinates associated to a canonical local parametriza-
tion (y,z) € [0,T] x Vi x (=9, 96) — Yi(2) + zr(y), as constructed in Section 3.1. We
specify that the relationship between modified and Fermi coordinates has the form
(¥0,9',2) = (40(y,2),¥', 2)
where yo depends on (y,z) in a way to be described below. Thus they are related
to (z,t) coordinates via
(x,t) = Yi(yo(v,2),¥",2) + 2v(vo(y,2), ¥') = ®u(y,2)
for
(y,2) € [0,Th] x Vi x (—01,01)

We will also write

Y, = 0P fora=0,...,n—1
0Ya
~ 0P
Yo = —
0z
8as = (Yo Yp),,, for a, 0 =0,...,n.

To define yo(y, z), fix some [ and consider V; : A; — T" as in (3.9). We will often
omit the subscript [, and we will write

(t(y, 2), 2(y, 2)) = Y (y) + 2v(y)
to indicate the dependence of (z,t) on (y, z). Recall that Y; is constructed to that
t(y,0) = t(yo,y’,0) = yo, see (3.2), and hence %(y, 0) = 1 everywhere in A;. Thus
the Implicit Function Theorem implies that for any 77 < T there exists §; < § and

a function ng : [0,T1] x Vi X (=01, 61) — [0,T] such that
m(y,0) =yo,  t(no(y.z),y,z)=yo  everywherein [0,T1] x Vi x (—01,61).
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Here we are implicitly using our assumption that the velocity of I" vanishes at ¢ = 0.
For Y € T and |z| < &, this implies that Y + z1(Y") belongs to {0} x R™, and hence
that ¢(0,y’,z) = 0 for all (y/,z) € V| x (=4,6). It is this property that allows us to
extend the domain of 7y all the way to {yo = 0}, and it implies that 19(0,y’,2) = 0
for all (y/, z).
We can choose ;1 such that the above properties hold for all A;, I =1,...,m.
We will take yo(y, z) to have the form

y0(y,2) = xo(2)y0 + (1 = x0(2))m0(y,2)
where xo will be specified below in the proof of (3.14). It will be the case that

XQ(Z):lif |Z|<7‘27 Xo(Z)ZOif |Z|>T1,

for 0 < 79 < r; < 47 also to be fixed below. We will require that r1,79, xo are
chosen uniformly for [ = 1,...,m, so that (3.10) holds.

It is immediate that (y,z) = (y, 2), and hence gog = gap for (y,z) € [0,T1] x
V' x (—=ra,7r2). Thus (3.11) follows from the corresponding properties of Fermi
coordinates, see (2.1). Similarly, (3.12) is a basic property of Fermi coordinates,
together with the fact that I' is minimal, see (2.5) and (2.8) Likewise, (3.13) is a
straightforward consequence of the definition of yo(y, z).

It remains only to prove (3.14). To do this we note that

s _ 0 9 9o 9o
Yo=— Y +2zv)= —(Y +zv)=— =Yy =—.
0 ayO( ) ayO( ) 50~ Py,
and similarly
v Ly fori=1.....m

dyi
where here and below, we sometimes write z as y,. It follows that

0
goo = (6—%)2900’
Yo

0y 0Yo
i = 8i0 = 7 — , Al
go gio Byo By goo ( )
g = W00,
] 8}’1 8}’] 1]

fori,j=1,...,n.

The fact that goo < 0 everywhere now follows from (A.1) and the corresponding
property of Fermi coordinates.

We next prove that [ 8ij }ijl is positive definite. For |z| < ro this follows
from standard properties of Fermi coordinates. For |z| > 7y it is also straightfor-
ward. Indeed, in this set, for every fixed yq, the map (y',z) = Y + zv is just a
parametrization of a portion of the hypersurface {yo} x R™, on which the induced
metric is simply the Euclidean metric. So in this set, the metric tensor [ 8ij ]:jzl
is just the Euclidean metric rewritten with respect to a new coordinate system.
Hence it is clearly positive definite.

We now consider 73 < |z| < r1. We start with the main point which, it turns
out, is to fix 1,72 and xo so that g,, is bounded away from zero. Since gn, = 1,

as recalled in the proof of (3.11),

0
gun = 1+ (52) 200 - (A2)



32 M. DEL PINO, R. L. JERRARD, AND M. MUSSO

For fixed y = (yo,y’), consider the curve

Z = Y(770(Y7 Z)v y/7 Z) + Zl/(no(y, Z)? ylv Z) = (I)O(yv Z)

and let X denote the tangent vector 9®¢/0z. The definition of 7y implies that
the image of the curve is contained in the hypersurface {yo} x R™, and hence
that X is spacelike, or in other words that (X, X),, > 0. By compactness, after
poisbly shrinking 0, there exists some ¢ > 0 such that (X, X) > ¢ everywhere in
[0,T1] X V x (=671,81). Writing out this inequality in coordinates, and again using
the fact that g,, = 1, we obtain

U+ Oy, 2)2 gl (y,2),v,2) > e (A3)

Next, since yo = 70(y0,0) = 10(y,2) — 2z0:m0(y,z) + O(2?), we use the definition of
Yo(y,2) to compute

%(y, z) = x0(2)(yo = mo(y,2)) + (1 = XW”%(Y’ 2)

= %(Ya z)(1 — xo(z) — 2x4(2)) + O(z*x4(2)).

We now take xg of the form

1 ifz<ro=7r2/(1+r)
Xo(z) = (2 —=1) ifrp<z<n
0 ifz>mr

for 71 > 0 to be chosen below. (More precisely, we take o to be a regularization
of the function defined above, and satisfying essentially the same estimates. But
for simplicity we will compute with the function defined above, which is merely
Lipschitz.) With this choice, —xo(z) — zx((z) = r1 on the support of x(, so

0
S2(y.2) = Gamo(y 2)(1 +11) + O(r}).

We also observe that |no(y,z) — yo(y, z)| < C|z|, because 19(y,0) = yo(y,0) = yo.
It follows that

900(40(¥,2),5",2) = goo(m0o(y,2), ¥, 2) + O(|z).
By combining these with (A.2), (A.3), we find that
gnn(y,2) > c—Cr
for C' depending on ||goo||w1.e and ||0zno| L. It follows that
Enn > /2 at all points where ro < 2z < 7ry. (A4)

for all sufficiently small choices of r; (and hence r2) in the definition of xo.

We next remark that since 7o(y,0) = yo for all y, it is clear that 22 (y,0) = 0

Oy
fori=1,...,n— 1. It follows that

0 .
Gy 2 S Clal fori=1, -1, mo(y,2) - ol < Clel,
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everywhere in its domain, and hence that the same properties hold for yo(y, z). We
then see from (A.1) that for ro <|z| <,
|gij—gij|§07"% for1<i,j<mn—1, and
lgin] = lgni] < Cr for1<i<mn-—1.
Since [ Gij H;:ll is positive definite, we conclude from this and (A.4) that r; may
be chosen so that [ &ij ]ijl is positive definite everywhere.
n

Finally, the facts that goo < 0 and [ gij ] .

i1 is positive definite imply the same

properties for g?° and [ gh }?jzl' This is a consequence of the general formula for

the inverse of a matrix in block form

a b\ ' (a — bB~1pT)~1 —a~b(B — bTa~1b)~!
I B “\ B W (a—bB~WT)"  (B-bTa b))} )

where ¢ € R and b, B are 1 X n and n X n matrices respectively. This formula can

be checked by multiplying the right-hand side by ( ZT % . 0
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