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1 | INTRODUCTION

We say that fis a (w, c)-periodic function if there is a pair (w,c), ¢ € (C \ {0}), w > 0 such that f{(t + w) = cf(¢t), for all
t € R (see Pintol). It represents periodic functions with ¢ = 1, antiperiodic functions with ¢ = —1, Bloch waves with
¢ = ¢ and unbounded functions for |c| # 1. Linear systems with periodic coefficients produce, by Floquet's theorem,
(w, ¢)-periodic solutions. This is the case of the famous Hill and Mathieu equations (see Mathieu? and Zounes and Rand?)

2
d_y + [a — 2g cos(2t)]y = 0.

dr?
Mathieu equation is a linearized model of an inverted pendulum, where the pivot point oscillates periodically in the
vertical direction (see Nayfeh and Mook*). In fluid dynamics, we can find many examples of waves being described by
Mathieu equation. The research of Faraday surface waves is very active (see previous studies>”).
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Several properties of (w, ¢)-periodic functions have been obtained in Alvarez et al.® Also, this class of functions appears
for example when it used the method of Bloch wave decomposition in order to obtain the homogenization of self-adjoint
elliptic operators in arbitrary domains with periodically oscillating coefficients (see Conca and Vanninathan®and Orive
et al'® and the references therein).

In this paper, we introduce the space of (w, ¢)-asymptotically periodic functions. A continuous function f is said to
be (w, c)-asymptotically periodic function if it can be written as f = g + h where g is a (w, ¢)-periodic function and h
satisfying ¢~"/“h(t) goes to zero when t goes to infinite. Note that when ¢ = 1, we obtain the space of asymptotically
periodic functions defined by M. Fréchet!! (see also other works'?!3 for additional references), when ¢ = —1, we obtain
the space of asymptotically antiperiodic functions defined in N'Guérékata and Valmorin,'* and when ¢ = ¢*/*, we obtain
the space of asymptotically Bloch-periodic functions studied in previous works.!>!¢ Also, it should be noted that the
space of (w, ¢)-periodic functions are contained in the space of (w, c)-asymptotically periodic functions. Fréchet developed
a remarkable theory in turn to asymptotically almost periodic functions and the solutions of this type in differential
equations, see Fink.!” Then, the new concept of (w, ¢)-asymptotically periodic functions is important not only by the
unification of several classes of periodicity but also by the projections in the Fréchet theory.

We give several properties of (w, ¢)-asymptotically periodic functions including a characterization in terms of the asymp-
totically periodic functions, uniqueness of the decomposition, algebraic properties, and the fact that the primitive of a
(w, ¢)-periodic function is, again, (w, c)-periodic function. Also, we prove a convolution theorem and that the space of
(w, c)-asymptotically periodic functions is a Banach space with the norm ||+ || 4, defined below. Furthermore, we prove that
the range of these functions is relatively compact with this norm. A composition result is given, and a variety of examples
are showed. We point out that the asymptotically periodic, asymptotically antiperiodic and asymptotically Bloch-periodic
functions are defined as a subspace of BC(X), while our results includes unbounded functions on R, that is, the cases
le] < 1and |c| > 1.

The previous results allow to show the existence and uniqueness of (w, c)-asymptotically periodic mild solutions for the
following class of semilinear abstract differential equations

W) = Au() + f(tu), teR,

where A is a closed linear operator defined in a Banach space X which generates a Cy-semigroup {T(¢)};»o. The results
can be extended to delayed systems.

Furthermore, we prove the existence of positive (w, c)-asymptotically periodic solutions to the Lasota-Wazewska
equation with (w, c)-asymptotically periodic coefficients

V' (t) = =8y(t) + h(t)e @Y= > 0. 1)

Wazewska-Czyzewska and Lasota!® propose this model to describe the survival of red blood cells in the blood of an
animal. In this equation, y(f) describes the number of red cells bloods in the time ¢, § > 0 is the probability of death of a
red blood cell, a(t) is a continuous and positive function which is related with the production of red blood cells by unity
of time, 7 is the time required to produce a red blood cell, h(t) is a continuous and positive function which describes the
generation of red blood cells per unit time.

This paper is organized as follows. In Section 2, we introduce the (w, c)-asymptotically periodic functions and give some
important properties. Also, we show that the space of (w, c)-asymptotically periodic functions is a Banach space with a
suitable norm and the fact that the range of this class of functions is relatively compact with this norm. Convolution
and composition theorems will be proved. Several interesting examples are given. In Section 3, we prove the existence
and uniqueness of (w, c)-asymptotically periodic solutions to the first-order abstract Cauchy problem on R. Finally, in
Section 4, we prove the existence of positive (w, ¢)-asymptotically periodic solutions to the Lasota-Wazewska model with
(w, c)-asymptotically periodic coefficients. Also, we show that the solution is exponentially stable.

2 | (0,c-ASYMPTOTICALLY PERIODIC FUNCTIONS

Throughout the paper, d € R, c € C\ {0}, @ > 0, X will denote a complex Banach space with norm || - ||, 2 C X, and we
will denote the space of continuous functions on [d, o) by

C(d, ), X) :={f : [d,0) > X : f is continuous},
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the space of asymptotic functions as
CoX) :={h e C(d, »),X) : tlim h(t) = 0},

and
Co(Q,X) := {h € C([d,0)xQ,X) : tlim h(t,x) = 0 for all x in any compact subset of Q} .

Also we will denote, the space of bounded and continuous functions on R as
BC(X) :={f : R—> X : f isbounded and continuous},
the integrable functions in the real line as
L'R) :={f : R—> R : f isintegrable},
and the space of continuous functions on R x X by
{f :RXxX — X : f iscontinuous},

where R X X is a Banach space with the norm ||(¢,x)|| = max{|¢|, ||x]|}.

Definition 2.1 (Alvarez et al®). A function g € C([d, ), X) is said to be (o, ¢)-periodic if g(t + w) = cg(t) for all
t € [d, ). w is called the c-period of g. The collection of those functions with the same c-period @ will be denoted
by P,.([d, ), X). When ¢ = 1 (w-periodic case) we write P,([d, ), X) in spite of P, [d, o), X). Using the principal
branch of the complex Logarithm (i.e. the argument in (-, z]) we define ¢//® := exp((t/w) Log (c)). Also, we will
use the notation c*(¢) := c¢® and |c|(¢) := |cA®)| = |c|®.

The following proposition gives a characterization of the (w, ¢)-periodic functions.

Proposition 2.2 (Alvarez et al®). Let f € C([d, ), X). Then fis a (w, ¢)-periodic if and only if
@O =coue, o =cl, @

where u(t) is a w—periodic X-valued function.
In view of (2), for any f € P,.([d, o), X) we say that c*(t)u(t) is the c-factorization of f.

Remark 2.3. From Proposition 2.2, we can write all f € P,.([d, o), X) as
f@® = @Ou),

where u(t) is w-periodic on [d, co0). We will call u(t) the periodic part of f. With this convention, an antiperiodic func-
tion f can be written as f(t) = (—1)"“u(t), where u is w-periodic. For example, f(f) = sint can be considered as an
antiperiodic function, with w = z. As Log(—1) = iz, f has the decomposition f{t) = c"(t)u(t) where

M(t) = (-1)/7 = e = [cost +isint],

and
u(t) = sint(cost — isint),

which is periodic with period .

Let ¢ = 27k for some natural number k > 2 and let fbe a (w, ¢)-periodic function. Then fis a periodic function
with period ke but, in general can be written as f(t) = e?*/®y(t), where u is a complex periodic function with period
o. In particular if k = 4, a (w, e"/?)-periodic function f can be at the same time a Bloch wave: f{t + w) = e*/?f(t), an
antiperiodic function with antiperiod 2w: f(t + 2w) = —f(t) and a 4w-periodic function: f(t + 4w) = f(?).
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Definition 2.4. A function h € C([d, o), X) is said to be c-asymptotic if c*(—t)h(t) € Cy(X), that is,
Ilim MN=th() = 0.

The collection of those functions will be denoted by C (X). Analogously, a function h € C([d, o) X £2, X) is said to be
c-asymptotic if c*(—t)h(t, x) € Co(£2, X), that is,

tlim AM(=Hh(t,x) =0
for all x in any compact subset of 2. The collection of those functions will be denoted by Cy (€2, X).

Definition 2.5. A function f € C([d, »),X) is said to be (w, c)-asymptotically periodic if f = g + h where g €
P,c([d, ),X) and h € Cy(X). The collection of those functions (with the same c-period w for the first component)
will be denoted by AP ,(X).

Remark 2.6. The preceding collection includes the asymptotically periodic functions AP, (X) := {f € C([d, ), X) :
f=8+h, g€ Pyi(ld, ©),X), h € Co(X)}, the asymptotically antiperiodic functions AP, (_1)(X) := {f € C([d, ), X) :
f=8g+h g€ P,1n(d, »),X), h € Co(X)} and asymptotically Bloch-periodic functions AP, (X) = {f €
C(d,0),X): f=g+h, g E€P,(d, 0),X),he CyX)}.

The following proposition gives a characterization of the (w, c)-asymptotically periodic functions.

Proposition 2.7. Let f € C([d, ), X). Then fis (w, c)-asymptotically periodic if and only if

fO =cou®), AN =c’? ueAP,X). 3)

Proof. 1tis clear that if f(¢) satisfies (3) then fis a (w, c)-asymptotically periodic function. In order to show the inverse
statement, let f € AP,.(X). Then there exist g € P,.([d,®),X) and h € Cy(X) such that f = g + h. If we write
u(t) 1= cMN=0f(t) = c’*f¢), then

u(t) = cMN=0Hgt) + N(=vh(t) =: Fi(t) + F5(b).

It follows from Alvarez et al®, Proposition 2.5 that F; € P,([d, ), X) and by definition of Cy.(X) we have that F, €
Co(X). Hence u € AP, (X). O

Remark 2.8. The decomposition in Definition 2.5 is unique, that is, there exist a unique g € P,.([d, ®),X) and a
unique h € Cy(X) such that f = g + h. Indeed, suppose that

@ =g+ hi() = &) + ha(t), 81,82 € Poc([d, 0),X), hy,hy € Coo(X), t > d.

Then,

u®) 1= cN=0f () = MN=0gi ) + " (=Dhi (1) = N(=0)g2(D) + " (—=Dha(1)
belongs to AP,(X) by Proposition 2.2. By the unique representation of the functions in this space, we have that
cM—1)g, (1) = cM(—1)g,(t) and c*(—1)h;(t) = c*(—1)h,(t) and consequently g, (f) = g,(t) and hy(t) = h,(t) forall t > d.
Remark 2.9. Note thatif |c| > 1 then Cyp(X) C Cy(X), and consequently P,.([d, ), X) + Co(X) C AP,(X).
As a consequence of Proposition 2.7, we have the following basic properties.

Lemma 2.10. Let a € C. Then

(@) (f+g) € AP,.(X) and ah € AP,.(X) whenever f,g,h € AP ,.(X).
(b) Ift > 0Oisconstant, then f,(t) = f(t + 1) € AP,(X) whenever f € AP, (X).
(©) If f1 € APy, (X) and f5 € APy, (X), then f1 - f2 € APy c,e,(X).
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(d) Letg € P,(X)and h € Cy.(X) such that g,h € C'([d, o), X). Then the derivative of f = g + h € AP,,.(X) belongs
to AP,.(X).

Proof. The proofs of (a) and (b) are consequence of the definition. We see (c) and (d). For (c) let u; and u, in AP,(X)
such that

f1(t) = P (Ouy (), f2(t) = S (Oua().
Since u; - u, € AP,(X), we have that

F1(0) - f2(8) = (O ) ur(t) - ua(t) = (c1c2)"(8) U (t) - ua(0).
Hence f1 - f2 € APy ¢,c,(X). Now, we show (d). For a fixed t € R and every f # 0 with || small enough, we have

gt+to+p)-gt+w) .
= lim
B =0 B

t+H =gl _ o

, .
g(t+w)—}gr(1)

hence g’ € P,.(X). On the other hand, let p € Co(X) such that h(t) = c"(©)p(t). Then h'(t) = () p(t) + c ()P’ (b).
Since p and p’ goes to zero as t — oo and % is constant then ¢ (—t)h'(f) > 0ast — co. O

Example 2.11. Let X = C, |b| < 2 and h be a bounded function. Consider
f() =2'sint+ b'h(t), t>d.

Then f'is a (x, —27)-asymptotically periodic function. Since c"(t) = exp (iLog(—Z”)) = 2'¢", then by Proposition 2.2
we have that
g(0) = 2'e"uy (1)
where
u(t) = sint(cost —isint)
is periodic with period w = z. Analogously,
b'h(t) = 2'e"us(t),
where

t
u(t) = <g> h(t)(cost —isint)

belongs to Cy([d, o0), X). Hence, f has the decomposition

t
f(@ =2'sint + b'h(t) = 2'(cost + isint) lsin t(cost —isint) + <I§)> h(t)(cost — isin t)] .

Remark 2.12. If we put h = 1 in Example 2.11, we have that f(f) = 2'sint + b' is a (x, —27)-asymptotically periodic
function; however, f & P,.([d, ), X) + Co(X). This implies that AP,.(X) is more general than P,.([d, ), X) + Co(X).

Remark 2.13. The sum P,.(X) + Co(X) is not direct. Indeed, let f(f) = 27'sint, t € R. Then fis a nonzero
(27, 27%7)-periodic function and belongs to Co(R). Furthermore, note that

g(t) =27"sint + h(t), with tlim 2'h(H) =0

belongs to P,c(R) + Co(R) where ¢ = 272,

Example 2.14. Let u : [d,o0) — X be a X-valued periodic function with period w and v : [d, ) — X in Co(X).
Let ¢ : R —» C be a function with the semigroup property, that is, ¢(t + s) = ¢(s)¢(¢) for all t,s € R and such that
¢(w) # 0. Then

(b = p(u®) + p(Ov(t), t=d,
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is a (w, ¢p(w))-asymptotically periodic function if the function ¢(t) : = [¢(w)]*(—t)¢(t) is bounded. As a particular case,
we take ¢(f) = ¢/ and obtain the asymptotically Bloch functions.

Remark 2.15. In general, if u is a (w, c)-asymptotically periodic function, and ¢ is a function with the semigroup
property such that ¢(w) # 0, then z(t) := ¢p(H)u(t) is a (w, cdp(w))-asymptotically periodic if @(f) := [Pp(w)](—)(t) is
bounded. Moreover, let (1), be a sequence of (w, ¢)-asymptotically periodic functions and (¢ ),en be a sequence
of functions with the semigroup property and such that ¢, (w) = p # 0 for all k € N. Assume that

PR ACING!
k=1

is a uniformly convergent series on R. Then,
O =Y drOu(t)
k=1

is a (w, cp)-asymptotically periodic function if () := p*(—t)¢,(¢) is bounded for k € N.

The following result shows that, under some conditions, the primitive of a (w, ¢)-periodic function is also a (@, ¢)-
periodic function.

Proposition 2.16. Assume thatfisa (w, c)-periodic function and b € [—o0, 00). Then F(t) = /bt f(s)dsisa (w, c)-periodic
function if and only if F(b + w) = 0.

Proof. We have that

tHw b+w
F(t+w) - F(b+ ) = / f(s)ds — f(s)ds
b b

t+w

b
t
= c/ f(s)ds = cF(t).
b
From here, we conclude that F(t + w) = cF(t) if and only if F(b + w) = 0. O

Remark 2.17. 1t follows from Proposition (2.16) that if F(t) = ]_too f(s)ds is well defined then F is (w, ¢)-periodic
whenever fis a (w, ¢)-periodic function. Analogously, F(t) = f[°° f(s)ds is (w, c)-periodic whenever fis a (w, ¢)-periodic
function.

Remark 2.18. The most elementary equation, y’ = fcan be studied for f € P,.(X). For |c| # 1 the primitive /_too f(s)ds
(or — /t°° f(s)ds) is well defined and it is a (w, ¢)-periodic function.
We recall the following convolution result.

Theorem 2.19. (Alvarez et al®, Theorem 2.7) Let f € P,.(R,X) with fit) = ®Op®), p € P,(R,X). Ifk~(t) :=
M=Dk(t) € LA(R), then (k = f)(t) = [ k(t — 5)f(s)ds € Pye(R, X).

We are ready to present the convolution theorem for (w, c)-asymptotically periodic functions.

Theorem 2.20. Assume thatd € [—o0, ). Let f € AP,(X) with f(t) = c*(t)p(t), p € AP,(X). If for some k(t) we have
that k~(t) := cN(=bk(t) € L*(R), then
(k= f)() = /d k(t —s)f(s)ds = " (O)(k™ * p)(D).

In particular, k * f € AP, (X).
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Proof. Since p € AP, (X) then there exist p; € P,([d, »),X) and p, € Co(X) such thatp = p; + p,. Then f = f; +f,
where f,(t) = c\(0)p,(t) € Puc(ld, 00), X) and fo(t) = cM(6)p,(t) € Co(X). We have

(ks f)() = /d k(t —s)f(s)ds

= /oo k(t —s)f1(s)ds + /°° k(t — 8)f>(s)ds
d d
= (k= f0@) + (k= f2)() =: L)1) + L(0).

From Theorem 2.19, we have that I; € P,.([d, ), X). Next, we prove that I, € Cy(X), that is, c"(—t)[,(¢) belongs to
Co(X). Indeed, we have that

e =OBOI < lel=0) /d k(= )11Lf2(5) s
— Il (=) /d (& = 91 1e™ (¢ = 9)Iel() p(s)llds

- /d (= )| pa(s)lds — 0, (¢ — o),

where we have used that (k = h) € Cy(X) provided h € Cy(X) (see, eg, Lizama and N'Guérékata'?, Theorem 3.3). Now,
from definition of f, we have that (k * f)(t) = c*(t)(k™ * p)(t). Hence, (k * f) € AP,(X). O

Example 2.21. Consider the heat equation
{u,(x, D =unkxt), t>0, xeR,
ux,0) = f(x).

Let u(x, t) be a regular solution with u(x, 0) = f(x). Then, it is known that

1 +oo _ =9
u(x,t) = / e« f(s)ds, t>0,xeR.
2V wt J -

Fix t;, > 0 and assume that f(x) is (w, ¢)-asymptotically periodic. Then, by Theorem 2.20, we have that u(x, ty) is
(w, ¢)-asymptotically periodic with respect to x.

We recall (see Alvarez et al®) that the norm in the space P,,.([d, 0), X) is given by

I Nlwe 1= SllpJ el (= f @Il

te[0,@

Theorem 2.22. AP, (X) is a Banach space with the norm

I/ Nlawe == sup [lel*(=Df @
£

Proof. Let (f,) be a Cauchy sequence in AP,.(X). Then, given ¢ > 0 there exists N € N such that for all m,n > Nwe

have
1 frn = finllawe < €.

Since f,,,,f, € AP,.(X), Proposition 2.7 implies that there exist u,,,u, € AP,(X) such that f,,(!) = c*(®)u,(¢) and
Fu(® = c(®u,(t). Now, note that for m,n > N

um = unllaw = Sug [[Um(8) — un (Ol
>
= Su(Ii) l* (=) frn(t) = (1) fu (D)l
[24
= SUE el N=Ofm(®) = O]l
[24

= |lfn = fmllawe < €.
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It follows that (u,) is a Cauchy sequence in AP, (X). Since AP, (X) is complete, then there exists u € AP, (X) such that
[lun — ullaw = 0 asn — oo. Let us define f(t) := c*()u(t). We claim that ||f, — fllawe = 0as n — oo. Indeed,

lfr = fllawe = sup el (=DLfa(®) = fFO]]
>

= sup ||| (=" (Oun(®) = [c| (=D Ou@)||

t>d

= sup lun(®) —u@®|l = 0 (n - oo).
2

Hence, AP,.(X) is a Banach space with the norm || - || gee- O

Remark 2.23. Let f € P,.([d, ),X). Then the set {c"(—0)f(t) : t > d} is relatively compact in X, that is, given € > 0
there exist {x; }i.‘zl in X such that ||c"(=)f(t) — x;|| < e forsomei=1, ...,k and forall ¢t > d.

Next, we have the following composition result.

Theorem 2.23. Let f(t,x) = g(t,x) + h(t,x) where g(t + w,cx) = cg(t,x) and h € Cy(X,X). Assume the following
conditions.

(@) hi(z) = cN=bh(t, c\(t)z) is uniformly continuous for z in any bounded subset of X, uniformly fort > d and h)(z) —>
0 ast — oo uniformly in z.
(b) There exists a nonnegative bounded function L) such that

lf@x) = fEnl <L®Ollx—yll, t=d x,y€X.
If ¢ € AP,o(X), then f(-, @(-)) € AP,c(X).
Proof. Let (t) = a(t) + A(t) with a € P,([d, ), X) and § € Cy.(X). Then, we have
F@t o) =[FE @) — f(t a®)]+ gt a®)) + h(t,at)) =: F(t) + G(t) + H(?).

Note that
IN=DFO = |e|* (=Dl f (& @) = £ (& a@)|
< eM=DLs )l — a@|
=LyOlle]*"(=0B®I = 0, - co.
It follows that F € Cy+(X). On the other hand, by Alvarez et al®, Theorem 2.11 we have that G(f) = g(t, a(t)) belongs
to P,c([d, ), X). Finally, we prove that H € Cy.(X). From Remark 2.23, we have that K := {c"(—ta(t) : t € [d, o0)}

is relatively compact in X. Then for every § > 0 there exist x;, ..., X € X such that
k
AMN=t)a(t) € UB(xj,é), t>d. (4)
j=1
Consequently, given t > d we can choosej =1, ..., k such that
M (=Da() = x;]l < 6. (5)

Let € > 0. Since hy(-) = c(=bh(t, c*(¢) -) is uniformly continuous on K uniformly for t > d, then taking § = § (%)
we obtain that
Il =0)h(t, A O =Da() = h(t. x| < = (6)

uniformly for ¢ > d. On the other hand, since lim;,c*(—t)h(t,c*(t)-) = 0 on compact subsets of X, then
lim;, e (—t)h(t, cM(t)x;) = 0 for j = 1,2, ..., k. Thus, there exists N € N such that for allt > N > d we have

A (=Dh(t, M Ox)| < g. 7)
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Next, forallt > N > d, we have

lM(=Dh(t, a@)]] < [ (=D, a(t)) = N =Dh(t, (Ox)|| + [|* (=D, (Ox)]| < e. ®
Hence,
tlgg MN=t)H(t) = 0.
Consequently, f(:, ¢(-)) € AP,(X). O

Example 2.25. Let g(t,x) = u(t)v(x) for all t > d and x € R where v(c) # 0, uis a <co % )-periodic function and v is

A
multiplicative. Suppose that [%] (—t) is bounded and h(t, x) € Cy (2, R), (Q C R). Thus, if f{t, x) = g(t,x) + h(t,x) is
Lipschitz, then fsatisfies the conditions in Theorem 2.23.

3 | EXISTENCE OF A (w,c)-ASYMPTOTICALLY PERIODIC SOLUTION FOR
SEMILINEAR ABSTRACT DIFFERENTIAL EQUATIONS IN BANACH SPACES

In this section, we consider the problem of existence and uniqueness of (w, ¢)-asymptotically periodic mild solutions for
the following class of semilinear abstract differential equations

u' () =Au(®) + fLu®), teR, ©)
where A is a closed linear operator defined in a Banach space X which generates a Cy-semigroup { 7(¢) };> o such that there
exist constants M > 0 and a > 0 with

IT@x|l < Me™||x||, t>0. (10)

A function u : R — X is said to be a mild solution of (9) (see N'Guérékata'®) if the function s — T(t — s)f(s, u(s)) is
integrable on (a, t) foreach t > a,a € R and

t
u(t) = Tt — a)u(a) + / T(t—s)f(s,u(s))ds, t>a.

The mild solution defined as the first constant variation formula and the solved equation

t
u(t) = / T(t — 8)f (s, u(s))ds (11)

(o]

are not equivalent. However, they are equivalent when we consider c”(f)-bounded solutions (solutions such that
sup,crlllc]*(=n)u(z)|]| < oo) with |c¢| > e™®* and the semigroup generated by A satisfies (10). Indeed, note that for
u € AP,.(X) we have

IT(t — u@)ll < Me™*c|N@)lle|"(—a)u(a)

< Me™"e*|c|"(a) sup el (=2 u(@)l|
TE.

logle|
< Me“”e(a+ e sup [[lc|N(=D)u()|l = 0, a— —co.
reR
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Now, note that if fis a Lipschitz function, then ¢(s) : = f(s, u(s)) is ¢*(s)-bounded. Consider the integral fr ‘T (t — 8)p(s)ds
for each r < t. Then,

t
/ T(t — s)p(s)ds

r

t
<M / M e ] (=5)p(s)lds

b ( g logld
<M sup ||| (=D)p(r)|le™ / e< o >Sds
reR r

loglel 4

Me o
< ———— sup|l[c|"(=D)p(?)]| < o,
R

+ loglel
w

which implies that /_[oo T(t — s)@p(s)ds is absolutely convergent. These arguments show that

t t
lim [T(t—a)u(a)+ / T(t—s)f(s,u(s))ds] = / T(t — ) f (s, u(s))]ds.

[c)

The previous discussion motivates us to consider Equation (11) and the following definition of mild solution.

Definition 3.1. A function u : R — X is said to be a mild solution of (9) if

t
u(t) = / T(t—38)f(s,u(s))ds (t € R),

o0

where {T(¢)};»0 is the Cp-semigroup generated by A satisfying (10).

Note that every mild solution satisfying (11) is solution of the variation of constants equation.
Since the Equation (9) is defined on R, we will take d = —c0 in (2.22), thus

llullawe = sup ll*(=O)u@)]].
teR

We recall that a Cyp-semigroup {T(f)};» o is uniformly integrable (o strongly integrable) if /Ow [|T®)||dt < 0.
The following result gives us sufficient conditions to obtain a unique mild solution of (9).

Theorem 3.2. Let f € C(R X X, X). Assume the following conditions.

(a) Let f(t,x) = g(t,x) + h(t,x) where h € Cy(X,X) and g(t + w, cx) = cg(t,x) forall t € R, for all x € X and for some
(w,c) € Rt x (C\ {0}).

(b) hi(z) = cMN—bh(t, c\(t)z) is uniformly continuous for z in any bounded subset of X, uniformly fort > d and h(z) —
0 ast — oo uniformly in z.

(¢) There exists a nonnegative function L(t) such that ||f(t,x) — fit, p)|| < L®|lx—yll forallx,y € Xand forallt € R.

(d) A generates a uniformly integrable Cy-semigroup {T(t)}:»0, S” is integrable and sup,cg(S~ * Lf)(t) < 1 where
S7() := e[ T@)|.

Then, Equation (9) has a unique mild solution in AP ,.(X).
Proof. We define G : AP,.(X) - AP,.(X) by

t
Qu)(t) = / T(t =) f (s, u(s))ds,

o

foru € AP,.(X) and t € R. By Theorem 2.23, we have that f(-, u(-)) € AP,.(X). If y(s) is the characteristic function on
(=00, t], by Theorem 2.20, with k(t) := ||T(t)|| - y(t) we have Gu € AP,.(X). Therefore G(AP,.(X)) C AP,(X). Now, if
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u,v e AP,.(X) we have

t
el =/ / T(t = )L/ (s, u(s)) = (s, W(s)] ds

(o)

1G(w) — GW)|lawe = sup
teR

t
< sup / I T(t = $)|c| 97| - Ly(s) - |el™/*|lu(s) — v(s)|| ds

teR J -0

< ”u_V”awcsup/ S™()Ls(t — s)ds
teR Jo
= sup(S™ * Lg)(®)[[u — vl awe-
eR

It follows from Banach Fixed Point Theorem that there exists a unique u € AP,.(X) such that Gu = u, that is u(t) =
[L Tt =9)f(s.u(s)dsforall t > a. O

Example 3.3. Let A := —al where @ > 0 and f as in Theorem 3.2. Then T(f) = ¢ %I and we can conclude that for
each f € AP,.(X) the equation
u(t) = —au(t) + f(t,u®), teR

has a unique mild solution that satisfies

t
u(t) = / e~ =9 £(s, u(s))ds (12)

o

and belongs to AP,.(X) whenever |c| > e¢™*” and ||S™ * Lyl < 1.

Corollary 3.4. Let f € C(R x X, X). Assume the hypotheses (a) and (b) of Theorem 3.2 and the following conditions.

(c) There exists a constant Ly > 0 such that ||f(t,x) — ft, WI| < Lellx -yl forallx,y € Xand forall t € R.
(d) A generates a uniformly integrable Cy-semigroup {T(t)};»0, S”(t) := |c|™®||T(¢)|| is integrable and Ly < ||S~||;1.

Then Equation (9) has a unique mild solution in AP ,(X).

Proposition 3.5. Let f € C(R x X, X). Assume the hypotheses (a) and (b) of Theorem 3.2 and the following conditions.

(c) There exists a nonnegative function L, € L*(R) such that ||f(t,x) — fit, )| < LAt)|lx — y|| for all x,y € X and for all
teR.

(d) The operator A generates a uniformly integrable Cy-semigroup {T(t)}, o such that S~(t) := |c|™/?||T(¢)|| is integrable
and S™(t) < M forallt > 0 for some M > 0.

Then Equation (9) has a unique mild solution in AP,,.(X).

Proof. We define G : AP,.(X) - AP,.(X) by

t
Qu)(t) = / T(t =) f (s, u(s))ds,

o0

foru € AP,.(X) and t € R. By Theorem 2.23, we have that f(-, u(-)) € AP,.(X). If y(s) is the characteristic function on
(—o0, t], by Theorem 2.20, with k(t) := [|T(¢)|| - y(t) we have Gu € AP,.(X). Therefore G(AP,(X)) C AP,.(X). Let

t
(Fu)(t) := cM(=H(Cu)(t) = ¢ / Tt —s)f(s,u(s)ds, teR.
Then,
IGW) — GW)lawe = sup [[(Fu)(t) = (Fv)(®I.

teR
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Now, if u,v € AP,.(X) we have

t
I(Fu)(®) — (Fv)®)|l = ICI_’/’”/ T(t - $)f (s, u(s)) — f(s,v(s))]ds

o0

t
< / 1Tt = 91| - L(s) - |e| =/ [lu(s) — s)]| ds

{e]

t
< 1t = Vllae / S~(t =)L, (5)ds

o

t
<Ml =vllane [ Ly0)ds

(o)

By induction, we can prove that

MIILsNlD"
!

I(F* (@) = F*'n(@I| < llu = vllawe-

. MIIL,l,)" . . . L .
Since ———— < 1 for n sufficiently large, applying the contraction principle we conclude that G has a unique fixed

point in AP,.(X). O
Example 3.6. Let (X; || - [) = (L*(0, 7). | - |I2),

D(Ap) = {u € L¥0, 7) : u” € L*(0, z), u(0) = u(x) = 0},
Apu=Au=u", VueDAp).

Itis well known that Ap, is the infinitesimal generator of an analytic semigroup { T(t)};» on L*(0, #) with || T(¢)|| < e™*
for t > 0 (see Lunardi®®).
Assume that |c| > i. Let

F(t,x) = a(t) sin(b(H)x) + ' cosx =: g(t,x) + h(t, x),

with a € P, (R), |f| < 1and b € P_:(R) (in the literature, usually § is a power of an exponential e?). Note that
gt + w, cx) = cg(t,x) and h € Cy (X, X) satisfies (b) of Theorem 3.2 if | #|* < |c|. Now,

£ (tx) = fE IS < / |/ (£, x()) = f (&, y(s))|*ds

0
< / [la(®)11b®)] + 1] x(s) — y(s) s
0

=1 [Li(®) + Lo P lx = yll3-

Note that L,(f) := |a(t)||b(t)| is w-periodic and therefore bounded. On the other hand, it is obvious that L,(¢) := ' is
bounded. It follows that there exists Ly such that ||f(¢,x) — fit, D)l < Lellx — yll.
On the other hand, since |c| > ei we have that 1 + 1/wlog |c| > 0 and therefore

IISNII1=/ eI~/ IITldt
0

w
L — <o
w + log|c|

Then, by Corollary 3.4, we have that
u' () =Apu(t) + f(t,x), tER,

has a unique (w, c)-asymptotically periodic mild solution whenever L, < wtlogld
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Example 3.7. Let (X; || - ||) = (L*(0, ), || - ||.) and (Ap, D(Ap)) as in the preceding example. Suppose that |c| > i and
assume thatg : R — R is Lipschitz with constant L. As above,||S™||; < c. Let

f(t,x) = e g(x) = 0+ h(t,x).

In this case, the c-periodic part of the function fis zero. On the other hand, h:(z) = cA(—t)e“zg(cA(t)z) is uniformly
continuous for z in any bounded subset of X and

Im@)I < Le~“Tllzll + ¢” |11,

which implies that h;(z) — 0 as t — oo uniformly in z. Furthermore,

I/ (t.x) = f(t. 5 < /0” | f(t.X(s)) — f(t. y(s))| ds
< / ' e 2 LIx(s) — y(s)|*ds
=: zfmzllx— ylI3-
Note that L;(t) = Le™" belongs to L'(R). Then, by Proposition 3.5 we have that
u'(t) = Apu(t) + f(t,x), t€ER,
has a unique (w, c)-asymptotically periodic mild solution.
4 | LASOTA-WAZEWSKA MODEL WITH UNBOUNDED OSCILLATING
PRODUCTION OF RED CELLS

The theory presented above can be extended to the semilinear abstract problem with delay

{J"(f) =AyO+ ft,yt—1)), t20,
y(t) = (), te[-7,0]

where 7 > 0 and for which a mild solution is a solution of integral equation

t
y(t) = T(6)y(0) +/ T(t—s)f(s,y(s—1)ds, t=0.
0

Here, we need to know a history ¢. Note that y(t — 7) = @(t — 7) for t € [0, 7] and if y is (w, c)-asymptotically periodic
then y(t — 7) also is. As an example, we study the important Lasota-Wazewska model with (w, ¢)-asymptotically periodic
variable coefficients.

The Lasota-Wazewska model is an autonomous differential equation of the form

V() = =6y(t) + he D t>0. (13)

Wazewska-Czyzewska and Lasota!® proposed this model to describe the survival of red blood cells in the blood of an
animal. In this equation, y(¢) describes the number of red cells bloods in the time ¢, § > 0 is the probability of death of a
red blood cell, h and y are positive constant related with the production of red blood cells by unity of time and 7 is the
time required to produce a red blood cell.

In this section, we study the following model:

Y (&) = =6y(t) + h(t)e * 0, ¢ >0, (14)
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where 7 > 0, h(t) and a(t) are continuous and positive functions. Equation (14) models several situations in the real life,
see, for example, previous studies?!2* and the references therein. We are looking for positive (w, ¢)-asymptotically periodic
solutions for certain @ > 0, ¢ > 0. Let ft,y) = h(t)e~*"» and assume

(@) T £ w.

(b) his (w, c)-asymptotically periodic.

(c) ais (o, %)-asymptotically periodic.

(d) c¢> e,

(e) |lahl|le < 6.

By (d) and (e) we have that f{t,y) = h(t)e~%"” satisfies the hypotheses of Corollary 3.4 since

| £t y1) = f(& y2) < la@®h®)]|y1 = y2l, (15)

fory,,y, > 0 and its (w, c)-periodic part g satisfies

gt + w,cy) = cg(t, y). (16)

By the variation of constant formula

t
y(t) = e7%'y(0) + / e 20 f (s, y(s — 7))ds, 17)

0

and hence y(0) > 0 implies that y(f) > 0. Note that the condition (d) is necessary for positive c-periodic solutions y. In
fact, (17) and h(t) > 0 imply y(f) > e~%p(0) which evaluated at t = w implies (d) since [c¢ — e %*]y(0) > 0.
Moreover, taking y(0) = f_ooo e% £ (s, y(s — 7))ds, which is well defined, we have that y satisfies

t
) = / e f (s, y(s — 7))ds. (18)

o

Then by Corollary 3.4, we have that (18) has a unique solution y* which belongs to AP,.(X). Hence, y" is also solution
of type AP,,(X) of Equation (14). Moreover, y" is exponentially stable. Indeed, for any solution y of (14), z = y —y" satisfies

Z==6z+ ft,y)— f(t,y =)
=—6z+ f(t,y" +2)— f(t,y*).

Note that

If (&Y +2) = f(t,y »)| < la®h®)]Iz],
Then, taking ||ah||» < 6, z verifies that
l2(t)] < e sup |z(s)]

ty—7<s<t,
fort > tp > 0and « = 6 — ||ah]| -
We have proved the following theorem.

Theorem 4.1. Assume that the conditions (a) to (e) hold. Then, the Lasota-Wazewska model has a unique
(w, ¢)-asymptotically periodic solution which is exponentially stable.
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