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1. Introduction

Given a linear operator T', to find an ordered basis in which T assumes an especially simple form is a
classic problem in linear algebra. When we are working in finite dimensional spaces, this problem has a
strong relation with the study of the dynamics of a linear differential equation

i = Alt)a, (1)
where z € R"™ and ¢t € J with J C R an interval.
1.1. Autonomous and nonautonomous contexts

When A(t) = A, the knowledge of the real part of eigenvalues of A allows us to construct the stable and
unstable invariant manifolds and the resulting canonical form of A gives some insights into the form of the
solutions of (1).
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In a nonautonomous context, the problem of finding a simpler form of the matrix A(¢) and as a conse-
quence to study the qualitative behavior of (1) is a more delicate task. In fact, contrarily to the autonomous
case, the eigenvalues analysis does not always allow any conclusion over the stability of the solutions, and
thus an alternative focusing must be considered.

The first approach in this direction was given by G. Floquet [9], which established that a periodic system
can be transformed into a constant coefficients system. Floquet’s result can be seen as an example of the
properties of kinematical similarity and reducibility, which refers that a linear system (1) can be transformed
into

y =By (2)

through a coordinate change x = L(t)y, where the invertible matrix function L(t) is known as Lyapunov
transformation.

The problem in order to obtain a simpler form of (1) has been tackled by using the concept of reducibility
by O. Perron in [16], which proves that (1) can be reduced via unitary transformation to a system (2) where
B(t) has a triangular form whose diagonal coefficients are real. Moreover, under subtle technical conditions
it can be proved that B(t) has a block—triangular form consisting of blocks whose diagonal coefficients are
real.

We have mentioned that an eigenvalues—based approach has several shortcomings and is not an adequate
tool to cope with stability issues in the nonautonomous framework. A tool that emulates the role of the
eigenvalues in this context was developed in terms of the property of uniform exponential dichotomy (a type
of nonautonomous hyperbolicity), namely, the Sacker—Sell spectrum associated to (1), which is the set

o(A) :={AeR: &= (A(t) — AI)z has not uniform exponential dichotomy on J C R}.

This spectrum plays a fundamental role in a better localization of diagonal terms when the system (1) can
be transformed to a diagonal one. In fact, B. F. Bylov in [4] introduced the notion of almost reducibility, i.e.,
reducibility with a negligible error and he proved that any linear system is almost reducible to some diagonal
system with real coefficients. Later, F. Lin in [14] improves the Bylov’s result by proving that the diagonal
coefficients are contained in the Sacker—Sell Spectrum. Moreover, F. Lin proved that this spectrum is the
minimal compact set where the diagonal terms belong to, this phenomenon is known as the contractibility
of a linear system.

We emphasize that these concepts of reducibility and almost reducibility also have a vast literature as
well as in the uniform hyperbolicity ([8], [12]) or in Schrédinger operators [10].

1.2. Structure and novelty of the article

The section 2 introduces the concepts of nonuniformly almost reducible and nonuniformly contractible
systems, both notions are the generalizations of the ideas of almost reducibility and contractibility previously
mentioned. Instead of using the set o(A), we use the spectrum of the nonuniform exponential dichotomy
introduced in [7,22]. The main result of section 3 states that if the linear system (1) verifies a subtle
condition of nonuniform hyperbolicity on J = Ra' , then this system is nonuniformly contracted to the
spectrum of nonuniform exponential dichotomy (a formal definition will be given later). The section 4 deals
with preparatory Lemmas in order to obtain the main result, which is proved in the section 5. Finally, in
section 6, we give an scalar and planar applications of our principal theorem.

Our main result is a generalization of the Lin’s work in [14]. In spite that our proof follows the lines of
that article, it is worth to stressing that, compared with the uniform case, the nonuniform behavior of the
solutions of (1) combined with our restriction to J = R{ arises technical subtleties and bulky technicalities
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(namely conditions (C1)—(C4) in the section 5) in order to obtain the desired result, which deserve interest
on itself.

2. Preliminaries

We consider the linear system (1) with z as a column vector of R™ and ¢ — A(t) € R™*™ the matrix
function with the following properties:

(P1) There exists a couple of positive numbers p, M > 0, such that
|A(t)|| < M exp(put)

for any t € R{.
(P2) The evolution operator ®(t,s) of (1) has a nonuniformly bounded growth ([22]); namely, there exist
constants Ky > 1, a > 0 and &€ > 0 such that

[ @(t,s)| < Koexp(alt —s| +&s), t, s€R,
where ||-|| denotes a matrix norm and
x(t) = ®(t, s)x(s), O(t,s)®(s,7) = ®(t,7), for all t,s7€cR].

The purpose of this article is to study the nonuniform contractibility or nonuniform almost reducibility
to a diagonal system. Namely, the d-nonuniform kinematical similarity of (1) to

y=U®)y, 3)

where U(t) = C(t) + B(t); C(t) is a diagonal matrix and B(t) has smallness properties which will be
explained later.

Definition 1. ([22]) The system (1) is nonuniformly kinematically similar (resp. é —nonuniformly kinemat-
ically similar with a fixed 0 > 0) to (3) if there exist an invertible transformation S(t) (resp. S5(t)) and
v > 0 satisfying

I1S®)|| < M, exp(vt) and ||S*1(t)H < M, exp(vt)
or respectively
S8, )| < Mysexp(vt) and ||[STH(6,t)|| < My, sexp(vt),

such that the change of coordinates y(t) = S™1(t)x(t) (vesp. y(t) = S5 '(t)x(t)) transforms (1) into (3),
where

U(t) = SUOAWDS(E) - S BS0), (4)
for any t € R].

Remark 1. The nonuniform kinematical similarity preserves nonuniformly growth bounded. In fact, if (1)
and (3) are nonuniform kinematically similar through of the function S(-) and their respective evolution
operators are ®(t, s) and Py(t, s), then by lemma 3.1 in [22] we have the invariance property
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1 (t,5)S(s) = S(t)Pa(t,s) for all t,seR{,
and if ||®1(¢, s)|| < Koexp(alt — s| + &|s|), then we verify that

[@2(t,8)| - < [|STHO[ IS ) @12, 5)]
< M, exp(vt) M, exp(vs) Ky exp(alt — s| + &s),

and finally, we obtain that
[@2(t,5)[| < M7Koexp((v +a)|t — s+ (2v + &)s).

As we said previously, the concept of almost reducibility was introduced in the 60’s by B. F. Bylov in the
continuous context. A discrete version of this notion was given by A. Castafieda and G. Robledo (see [5]).

Now we introduce the definition of nonuniformly almost reducible, which is a version of the previous
concept in the nonuniform framework.

Definition 2. The system (1) is nonunifomly almost reducible to

g =C(t)y,

if for any § > 0 and € > 0, there exists a constant K5, > 1 such that (1) is 6 —nonuniformly kinematically
similar to

g=1[C{)+B(t)]y, with [B(t)] <dKs.
for any t € RS‘.

Remark 2.

(i) Tt is appropriate to say that the parameter e represents the nonuniform part in the definition of nonuni-
form exponential dichotomy of the linear system (1), as will be seen in the examples that will be
presented at the end of this work.

(ii) In the case when C(t) is a diagonal matrix, if Ks. = 1, it is said that (1) is almost reducible to a
diagonal system and it was proved by B.F. Bylov in [4] that any continuous linear system satisfies this
property and the components of C(t) are real numbers.

The concept of almost reducibility to diagonal system was rediscovered and improved in the 90’s by F.
Lin in [14], who introduces the concept of contractibility in the continuous context, while in the discrete
case was proposed in [5]. In this paper we introduce its nonuniform version.

Definition 3. The system (1) is nonuniformly contracted to the compact subset £ C R if is nonuniformly
almost reducible to a diagonal system

Y= Dzag(cl (t)v B CTL(t))ya
where C;(t) € E, for any t € R{.

It is worth to emphasize that while Bylov’s result only says that the diagonal components are real num-
bers, Lin’s definition provides explicit localization properties, as the fact that a compact set is contractible
if it is the minimal compact set such that the system (1) can be contracted.
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In the continuous and discrete cases, the concept of contractibility has been applied in some results of
topological equivalence and almost topological equivalence respectively (see [15], [6]). The major contribution
of [14] is to prove that the contractible set of a linear system (1) is its Sacker and Sell Spectrum (see [18]).
Mimicing the construction of that spectrum, S. Siegmund in [19] defines the nonuniform spectrum 3(A) (a
formal definition will be given later). To the best of our knowledge, there exists no result in the nonuniform
framework and the purpose of this article is to obtain condition for the nonuniform contractibility of (1) to
Y (A) by following some lines of Lin’s work in [14].

3. Main result: nonuniform almost reducibility to diagonal systems and nonuniform spectrum
3.1. Dichotomy and nonuniform spectrum

In this section we recall the concept of nonuniform exponential dichotomy introduced by L. Barreira and
C. Valls in [1] and its associated spectrum with some properties.

Definition 4. ([1], [7], [22]) The system (1) has a nonuniform exponential dichotomy on J C R if there exist
an invariant projector P(-), constants K > 1, a > 0 and £ > 0 such that

[t s)P(s)|
(¢, s)(1 = P(s))]]

Kexp(—a(t—s)+els|), t>s, t,se€J,
Kexpla(t—s)+els|), t<s, t,se€..

(5)

<
<

Remark 3. We have the following comments with respect to this nonuniform dichotomy:

1. In the definition of nonuniform exponential dichotomy the condition ¢ < « appears in [7] and [22],
allowing them to show their respective technical results. Our definition is inspired in the work of Y. Xia
et al. [21].

2. Tt is considered a projector P(t) that satisfies the equation

P(t)®(t,s) = ®(t, s)P(s)
and it is invariant in the following sense
dim(Ker(P(t))) = dim(Ker(P(s))),
forall t,s € J.

Definition 5. ([7], [22]) The nonuniform spectrum (also called nonuniform exponential dichotomy spectrum)
of (1) is the set £(A) of A € R such that the system

& =[A(t) — M|z (6)
has not nonuniform exponential dichotomy on ]Rar.

Remark 4. The evolution operator of (6) is ®y(¢,s) = exp(—A(t — s))®(¢, s). Moreover, if A\ ¢ 2(A), then
there exist constants K > 1, a > 0, ¢ > 0 and an invariant projector P(t) such that ®,(¢,s) satisfies the
following estimations for t, s € J:

Kexp(—a(t—s)+e¢ls]), t>s,

lexp(=A(t — 5))®(t, 5) P(s) |
I- Kexp(a(t—s)+els]), t<s.

lexp(A(t — ) (¢, 5)(I — P(s))] (7)

ININ
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Remark 5. If \ ¢ X(A), then A belongs to the resolvent set of A, which is denoted by p(A).

The following result allows us to give a better description of the spectrum when the evolution operator
of system (1) has a nonuniformly bounded growth.

Proposition 1. ([2], [13], [19], [21], [22]) If the evolution operator of (1) satisfies (P2), then its nonuniform
spectrum X(A) is the union of m compact intervals where 0 < m < n, namely,

3(4) = U la;, bi], (8)

with —oco < a1 < by < ... < ay < by, < +00.

Remark 6. Notice that in [2, Theorem 5] this result is done in the discrete framework with J = N. While
that the rest of references are immersed in the continuous context. For more details see [13, Theorem 5.12],
[19, Theorem 3.1}, [21, Corollary 1.8] and [22, Theorem 1.2].

The following result allows us to characterize the nonuniformly bounded growth of the evolution operator
associated to (1) from subtle hypothesis of its nonuniform spectrum.

Proposition 2. Suppose that the system (1) has spectrum X(A) = [a,b], then its evolution operator ®(t,s)
satisfies (P2).

Proof. Let v, € p(A) such that v < a < b < A, then we have that the system
= (A) — D)z

has a nonuniform exponential dichotomy with projector P(t) = 0. On the other hand, the system
= (A(t) — Nz

has a nonuniform exponential dichotomy with projector P(t) = I.
Therefore there exist oy, g, > 0, €1,69 > 0, Ky, Ko > 1 such that satisfies

(2, 5)|| < Kyexp((y + ar)(t = s) +e15) (t <),
|P(t, 8)]| < Kaexp((A—ag)(t —s) +e28) (t>s).

Now we define ¢ = max{0,—y —aj, A — as}, ¢ = max{ey,e2} and K = max {Ky, Ko} which allow to
conclude that

[®(t,s)|| < Kexp(alt —s| +es) (t,s€RS). O

An important property of the spectrum is its decompose when the system is diagonal, as we can see in
the following lemma. We point out that this result will be useful in the last section when we give planar
example of our main result.

Lemma 1. Consider the system (3) where U is written as

U(t) = <U10(t) Uf(w) 9)
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where Uy : RT — M, (R),Us : RE — M, (R), therefore the spectra satisfy
S(U) = S(U1) US(Us). (10)
Proof. If A € (p(U1) N p(Us)), then the systems
&1 = (U1(t) = Az
and
&9 = (Usz(t) — M)z

with evolution operators @ 1(t, s) and ®y 2(t, s) respectively, have a nonuniform exponential dichotomy, i.e.,
there exist constants K1, Ko > 1,0; > 0,u; > 0, for i € {1,2} and P : ]RaL — M, (R), Py : Rar — M,,(R)
its invariant projectors respectively, satisfying

[@xi(t,s)Pi(s)]] < Kiexp(—ay(t—s)+ pis), t=>s,
[@xi(t,s)(I — Pi(s))| < Kiexp(a;(t —s)+pis), t<s.

If we consider the evolution operator of system & = (U(t) — AI)x and an invariant projection as follows
Dy (t,s) = diag(Px1(t,s), Pa2(t,s)) and P(t) = diag(Pi(t), Pa(t)) (11)
and constants K = max {K7, Ko} ,a = min {1, a2} and p = max {u1, po}, then we have

Kexp(—a(t —s)+pus), t>s,

{ [@x(t,5)P(s)] 12
Kexp(a(t—s) + us), t<s,

<
1At )T = P(s))| <

therefore A € p(U).
If A € p(U), then the system & = (U(t) — AI)z admits a nonuniform exponential dichotomy, which implies
that it is satisfied (12). We can write ® (¢, s) and P(t) as in (11) and we can get the following estimates:

[@xi(t, ) Fi(s)|| < [ENCENLOI < Kexp(—a(t —s) + ps),
[@xi(t,s)(I = Pi(s)|| < [|®a(t, )T = P(s))]| < Kexp(a(t —s) + ps),

for t > s and ¢ < s respectively, which implies that A € (p(U1) N p(Uz2)). O

Remark 7. If A ¢ 3(A), it follows from Definition 5 that (6) has a nonuniform exponential dichotomy on
]Rar with projector Py. Nevertheless, it is interesting to note that:

a) Rank(Py) is constant for any A € (b;—1,a;) (i € {1,...,m}).
b) If\ € (bi_l,ai) and )‘H—l S (bi,ai+1), then Rank(P,\L) < Rank:(P)\Hl).
¢) Rank(Py) =0 for any A € (—00,a;) and Rank(Py) = n for any X € (b, +0).
3.2. Main result
The main goal of this article is to prove the following result.

Theorem 1. If (P1)-(P2) are satisfied, then (1) is nonuniformly contracted to 3(A).

In the next section, we will give the technical results which allow us to prove this Theorem.
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4. Preparatory results

The nonuniform kinematical similarity between (1) and (3) will be denoted by A = U. Let us recall that
nonuniform kinematical similarity is an equivalence relation having several properties.

Lemma 2. If A= B, then A — X\ = B — Xl for any X € R.

Proof. If A= B by the transformation y(t) = S~!(¢)z(¢), then S(t) satisfies

It is straightforward to see that
(B(t) — AI) = S~ (0)(A(t) — ADS(1) — S~ (1)S(0),

then A(t) — A =2 B(t)—AX. O
Lemma 3. If A = B, then X(A) = 3(B).
Proof. Let A € p(A) then the system

& =[A(t) — M|z
has a nonuniform exponential dichotomy on RS‘ with invariant projector P(t).

We define ®p(t,s) = S~1(t)®a(t,s)S(t) which corresponds to the evolution operator associated to the

system

§ = [B(t) - My
and an invariant projector is Q(t) = S7(t)P(¢)S(t).

This fact combined with the submultiplicative property of norms and the estimates for S and S~ allow
us to prove that if ¢ > s (the case t < s can be proved similarly), then we deduce the estimation

@5 (t,5) exp(=A(t = 5))Q(s)|| < [[ST'®)|[ [@alt, s) exp(=A(t — 5)) P(s)[| |S(s)]]
< M, exp(vt) K exp(—af(t — s) + £s) M, exp(vs).

~

Finally, if & > v, then A € p(B). In order to prove the other contention, we use the fact that = is an
equivalence relation. O

Proposition 3. If ¥(A) C [a,b] and A > b (resp. or A < a) the system

&= (A(t) — A\)x
has a nonuniform exponential dichotomy with projector P(t) = I (resp. with projector P(t) =0).
Proof. By condition (P2) we have that the evolution operator satisfies

[®(t, )| < Koexp(L|t —s|+&[s]), ¢, s €R].
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Now, we consider A > b. Let h =max{L+1+& A+ 1+¢} and
Dy (t,8) = D(t, s) exp(—h(t — s)),
then we obtain the following estimation
[@n(t, 5)l| = |@(t, )|l exp(=h(t — s)) < Koexp(L(t — s) +&ls| — h(t —s)), (£ = 5).
Assuming this, now we define « = h — L > & and the previous equation becomes
[Pt s)|| < Koexp(—al(t —s) +&ls|) (£ =s),
which implies that the system
&= (A(t) — hl)x

has a nonuniform exponential dichotomy with projector P(¢) = I and [A, h] C p(A).
By using Remark 7, the system

&= (A(t) — M)z

also has a nonuniform exponential dichotomy with projector P(t) = I.
For A < a the proof is similar considering h = min{—(L+1+¢&),(A—1-¢)}. O

The following result has been proved by X. Zhang and J. Chu et al. by using the condition (P2).

Proposition 4. ([7,22]) If the system (1) satisfies (P1)—(P2) then its spectrum is as in (8) and there exist
m+2 matriz functions B; : R — M, (R) such that

1Bi(t)]| < M exp(pit) with pig, M > 0 (13)

where X(B;) = |a;, b;] with i € {1,...,m} and X(By) = X(Bmy1) = 0 such that (1) is nonuniformly
kinematically similar to

y= Diag(BO@)? By (t)v HERE) Bm(t)’ Bm+1 (t))y (14)

Remark 8. In our case the blocks By(t) and By,+1(t) are omitted due to their dimensions Ny and N,11
respectively are 0 (for more details, see [20, Theorem 3.2]).

In [17] it is introduced the concept of diagonal significance which is fundamental in order to obtain the
almost reducibility in the case of exponential dichotomy [5, Proposition 4] in a discrete context.

We point out that in [3] the concept of diagonal significance is studied in the continuous framework. In
our case this condition it is not necessary. However, in the case of nonuniform exponential dichotomy the
condition of diagonal significance is still open.

The following result is inspired by F. Lin [14], which mention a property about the spectrum of the upper
triangular systems.

Proposition 5. Let C(t) be an upper triangular n X n-matriz function such that X(C) = [a, b], then

n

U Z(C”) C Z(C),

i=1

where ¢y (t) are the diagonal coefficients of C(t).
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Proof. Let A ¢ ¥(C) = [a, ] such that A > b. By Proposition 3, we have that the upper triangular system
&= (C(t) — M)z, (15)

has a nonuniform exponential dichotomy with projector P(t) = I. That is, the evolution operator of (15),
namely @, (¢, s), satisfies

[@x(t, s)]| < Kxexp(—ax(t—s) +eals]) (t=>s).

Now for each 7 € {1,...,n}, we have the following estimate

exp /(%’(7’) —A)dr | < || @x(t,5)[| < Kxexp(—an(t —s) +eals]) (t =),

S

and we conclude that the diagonal systems
CL"Z' = (C“‘(t) — /\)CL‘Z

have a nonuniform exponential dichotomy with projector P(¢t) = 1 (scalar systems), which implies that

A ¢ Uiz Zlca)

The case A < a can be proved analogously, thus |J_, X(¢;;) C £(C). O
5. Proof of main results
5.1. Proof of Theorem 1

The proof will be made in several steps, whose ideas are inspired by the work developed by F. Lin in [14]:
Step 1): The system (1) is nonuniform kinematically similar to an upper triangular system: By Proposi-
tion 1, there exists a positive integer m < n such that:

3(A) = U[ai,bi], with —co < a1 < b1 <...<ay, <b, < +oco.
i=1

The Proposition 4 says that the systems (1) and (14) are nonuniformly kinematically similar, where B;(t)
are matrix function of order n; x n, satisfying (13) and X(B;) = [a;, b;] with ¢ € {1,...,m}. Now, by using
the method of QR factorization, we know that, for each i € {1,...,m}, the system

& = Bi(t)w (16)
is kinematically similar (see Definition 1 with v = 0) to
Yi = Di(t)yi, (17)
where D;(t) is a upper triangular n; x n;-matrix function such that
[Di()]| < Niexp(cit) and X(D;) = [as, bi]

Step 2): Nonuniform exponential dichotomy of scalar differential equation: From now on, the diagonal
terms of the upper triangular matrix D; described in (17) will be denoted by {drlr)} , where i is a fixed
r=1

element of {1,...,m}. Now, by Proposition 5, we have
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U () < 5(Dy)

r=1

By Proposition 3, for any § > 0 there exists Ms = % > 0 such that the scalar differential equation
b= [0 (t) ~ (ai = My)| @ (18)
has a nonuniform exponential dichotomy on Rg with projector P(t) = 0 and
&= [dD(0) — (b + My)| @ (19)

has a nonuniform exponential dichotomy on R with projector P(t) = 1. In consequence, there exist 3 > 1,
a >0, e >0 and in this case we need the condition o > €, such that

lexp(®(t,5))| < PBexp(alt—s)+es) (t<s), (20)
lexp(¥(t,8))| < Bexp(—a(t—s)+es) (t=s),
where
t
exp(®(t,) = exp | [(@() - (ai - My))ar |
S
and
t
exp(W(t, s)) = exp /(dgf’g(f) — (bi + Mj))dr |,
are the evolution operators of (18) and (19) respectively.
Step 3): Upper and lower bounds for (20): For any fixed ¢ € {1,...,m}, there exist two functions ¥ and
/\Sf) such that
a; <cPD(t) <b; and |NO(t)| < Ms for any t € R (21)
and there exist A, v > 0 verifying
t
/ 4D (7) = (D (r) + 2D ())dr| < A+ ot, ift>0 (22)
0

for any r € {1,...,n;}.
. —+o00
We will construct a strictly increasing and unbounded sequence of real numbers {TI(Z)} satisfying
=0

Toi) = 0 such that the function cg-i), /\5?') : Rar — R defined by:

O (1) = {“i it te[D ) (¢=0,2.4,...)
bi if [Tq(Jr)lv Tq(+)2)

and
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)0 { ~M; it te [ TY) (¢=0,2,4,...)
My if te[Td, T,

satisfy properties (21) and (22) on R .
It is straightforward to see that (21) is always satisfied. In order to verify (22), we interchange ¢ by s in
the first inequality of (20), then we have:

Y%

s),

23
. (23)

O(t,s) > alt—s)—cet—1In(f) (t
U(t,s) < —a(t—s)+es+In(p) (t

Y
»

=

+oo
} satisfying (22). In order to

By using induction, we will verify that there exists a sequence {Tl(Z l
=0

start, by the Proposition 2 combined with the fact that

t
exp | [ war | < on, @)

S

where ®p, (¢, s) is the evolution operator of the system (17), there exist constants @ > 0, £ > 0 and K > 1
such that the following inequality is satisfied

t
/dgf) (t)dr < alt — s| + &s + In(K). (24)

S

Then, by using the equation (24) we have that
O(t,s) <alt—s)+es+ In(K) + |a;|(t — s) + Ms(t — s). (25)

On the other hand, by (23) we obtain
¢
/dgig(r)df > aft - 5) — et + ag(t — 5) — My(t — 5) — In(B), (26)

and by using the last expression we deduce that
U(t,s) > (—a— (b —a;) — 2Ms)(t — s) — et — In(B). (27)

By the equations (23), (25) and (27) we have the following estimates

{ D(t,s) > (a—e)(t—s)—es—1In(p) (t>s), (28)
D(t,s) < (a+lail+Ms+e)(t—s)+es+ In(K) (t>s),
and
U(t,s) < —(a—e)(t—s)+es+1n(f) (t>s), (29)
U(t,s) > (—e—(bi—a;)—2Ms)(t—s)—es—1n(p) (t > s).

Now we will introduce constants and conditions that allow us to obtain the desired result (these conditions
are inherent in the nonuniform framework).
Let N,&,p, &, p € R constants that satisfy:
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(C1) 0 < N <min{a—c¢e,a+ |a;| + Ms +€}.
(C2) max {In(K), (B)} < p= —p.
(C3) 0 <max{e,e} <—-¢<¢.
If s = 0 in the first inequality of (28), then we obtain

O(t,0) > (o —e)t —In(B), t>0,

which implies that ®(¢,0) is unbounded in RBL . In consequence, given N, &, p € R, there exists Tl(i) > (0 such
that

{ o(T™,0) = NI —0)+€0+p, (30)

®(t,0) < N(t—0)+£0+p 0<t<T?).
Now we consider the value E_Tl(i) + p and
T = min {w eRY : U(w, TPy = —N(TD —0) — €0 — p} :

with T. 2(1) > le(i). Consequently we will calculate the slope of the straight line that joins the points ngf) +p
and —N (Tr(f) —0)—&0—p, which we will denote by N. Moreover, N satisfies the following technical condition:

(C4) max {—(a —¢),—(e+ (b; — a;) +2Ms)} < N.
Therefore we have that the calculation of slope of the line N is as follows

(—N(T" = 0) — €0 — p) — (€T” + p)
T2(z) - Tl(z)
N1 —0) - €0) — eT"
TQ(Z) . Tl(z)

>

?

N

Due to the conditions (C1) and (C3), we have that N < 0. In this way, we consider the straight line
Nt —TY) + €Ty + p. , , |
Based on the above and the equation (29), if s = Tl(l)7 then there exists TQ(l) > Tl(l) such that

{ w1 1) = NI -1+ €T+ p,
v, 1) > Ne-1)+er+p (1 <t<Tf").

By (28) and (30) we obtain that for ¢ € [O,Tl(i))
t
—et —In(f) - Nt =&t —p < /(dﬁ?(ﬂ — (e (1) + AP (7)dr < =Nt — &t —p.
0

In fact, we have
et —In(B) — (=Nt — &t — p) < —et — In(),

also by the equation (28) we have
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¢
—et — In(8 / (d9 (1) — (a; — Ms))dr,
0
then by the equation (30) we can see that

@80~ (@i = Mi)ir < Nt - 0)+€0+ 5
0

and finally,
N(t—0)+£0+p < Nt+ &t +p.

On the other hand, from the equations (29) and (31), we have for ¢ € [Tl(i)7 Tg(i))

et+In(B)+ Nt+&t+p> / (dilr) (1) — (cg,i) (1) + )\ﬁ)(r)))dr > — (=Nt — &t —p).

T
Similarly to the previous estimations, we have that
et +In(B) + Nt + &t + p > et + In(f),

by the equation (29) we have

t
et +1n(8) > / (d@)(7) = (b + Ms))dr,
T
and then by the equation (31)

t
(dD(7) — (b + Mg))dr > N(t — T{V) + €1{" + 5 > —(~Nt — £t — p).

T

Thus for t € [0, TS")

/ O (1) + MO (7)))dr| < 2et + 2In(B) + 2max { Nt + &t +p, —Nt — &t — p} .
0

As inductive hypothesis, we will assume that there exists 2m + 1 numbers
0=T" <7 <1 <...cT{) | <7

m

such that (21) is satisfied and for ¢ € [0, TQ(Z)

t
/ d(1) = (D (1) + A\ (1)))dr| < 2t +2In(B) + 2max { Nt + &t + p, —Nt — €t — p} .
0
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By using the first inequality of (28) and considering s = T. (0 Wwe have that

2m>
®(1,T5,) > (o —)(t — Ti,)) — T} — In(B)
»-2m/) = « € 2m € 2m s

is unbounded for any ¢ > TQ(”. Then, there exists TQ(:,)L > T 2(;)1 such that

STy, T0) = N(T . — Tad) + €T30 +p,
O(t,TL0) < NE—TS)+€T8) +p (TS <t < T, ).

Now we consider the value E_TQ(:,)L 41 TP and

) 2m

T80 o = min {u € Y 900, 7)) = ~N(T80y — 760) — €76), ).

with TS %)

1o > TQ(i)+1. As before, let N be the slope of the straight line joining the points
£T2(:T)L+1 +p and — N(T2(7ir)z+1 ~ T - ETQ('QH-I — P

By the conditions (C1), (C2) and (C3) we have N < 0. In this way, we consider the straight line

N(t = Tipp 1) + D41 +P.

Combining the above straight line together with the equation (29), we can see that if s = TQ(:,)L 41, then
there exists T(i)Jr2 > TQ(ZH such that

2m

{\v(Té:iH,TéiiH) = N0 — T80 1) + EDomir + B, 53

\I’(tv T2(:Y)L+1) > N(t - TQ(:’I)L—‘,-l) + f_TQ(:r)L—i-l + ]37

for T2(2+1 st< T2(7i‘r)l+2'

Now we will prove that for ¢ € [0, TQ(:,)L 42) We obtain
¢
/(dff) (1) — (D7) + AD(7)))dr| < 2et + 21n(B) + 2max { Nt + &t +p, —Nt — &t — p} .
0

By inductive hypothesis, we have proved the case in which ¢ € [0, Tg(i)l) Ift € [T(i) TQ(;)1 +1) we have

2m»

(d5(7) = (€ (7) + A (7)) dr

—

@90 = ) + A r)ar| =

i
m

l\;ﬂ/\

- / (d9(r) — (a; — My))dr] .

i)

By the equations (28) and (32), as before we obtain that for ¢ € [T(i) T2(2+1)

2m»

t

—et —In(B) = Nt — &t —p < / (d9 (1) = (a; — Ms))dr < —Nt — &t — .

9
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In th 5 Ty h
n the case t € [T5,),1,T5,,, ), we have

@@ = () + XD @))dr| = |NE - T + €78 +
t

+—/<¢%ﬂ—@+Mmm

Therefore by the equations (29) and (33), we have that for ¢ € [TQ(:,)l 1 TQ(:,)L 4o) it follows that

et+In(8) + Nt+&t+p > NI, —TO)+eT8) +p
t

+ [ (@)~ G+ My))ar
.

—(=Nt =&t —p).
In fact, (29) and (33) imply that

t
et +1n(8) > /<mw+4m+MmmzNa—ﬁ%n+ﬁ$H+ﬁ

T5i)
Now considering the two previous inequalities separately in (34), we obtain

t
a+mm+NU$H—ﬁ%+a’+p>/wﬂﬂ—@+me
0

and
t
/MWﬂ*@HWMM > N(t— Ty )+ ETS ) + D+ N(Tio , — Ti0) + €T30 +
0

Then by the above first inequality, we have
et +1n(B) + Nt + €t +p > et + In(B) + N(T41) .y — Ta) + ETgn +p
and by above second inequality, we obtain
N(t = Tina) + E5na + 5+ N(Tia = Ti) + €T3 +p > —(-Nt = &t = p).

Therefore, for t € [0, TQ(;)1 4o) it follows that

t
/ d(1) = (D (1) + A\ (1)))dr| < 2t +2In(B) + 2max { Nt + &t + p, —Nt — €t — p} .
0
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Finally, we will prove that T — +00 as m — +oo. First, we have by the equations (28) and (32):

NT o~ T + <0 +p= [ () = (o~ My))ar
i

< @+ |ai| + Ms + )T = TD) + 6T + In(K),
which implies
(€ = &40 +p— In(K) < @+ |as| + Ms +&— N) (T, — Tan).

By the conditions (C1) and (C2), we have the following inequality

p— In(K) (i) (i)
0 <T — Ty
< a-+la]|+Ms+é— N = Il

On the other hand, in view of the equations (29) and (33), we have that

(4)

T2m+2
NI =T )+ €T+ = / (A9 (7) — (bi + Ms))dr
0,

> (—e— (b — ;) — 2M5)(Tyiy 1o — T 1)
_ET2(:7)1+1 - m(ﬂ),

which implies that
(€ + )Ty +P+1I(8) = —(e + (b — ai) +2M5 + N) (T 0r — Tiphy)-
Similarly, the conditions (C2) and (C4) allow us to ensure that

—p — In(f) < 700

0< - .
+ (bl _ ai> + 2M5 +N — S 2m+2 2m—+1

Thus the above allows us to obtain the existence of cg)(t), )\gf)(t) defined on Ry verifying (21), and
finally:

/ (1) + AD(r))dr| < A+t (teRY),
0

with A > 0 and v := v, defined by
v=max{2(e+ N +¢£),2(c— N —§)}. (35)

Due to the definition of cg) and /\7@, we know that they are piecewise continuous. Consequently, there
exist continuous functions ¢, A\ satisfying

a; <&V(t) <b; and |AD(t)| < Ms for any t € RS (36)
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and
t
1@+ 290~ @) + 30 (yar| <1
0
thus we deduce that
t
/ [dD (1) — (@D (1) + XD (7)]dr| < A + vt
0

with A = A +1.
As a consequence of this result, we construct the n; x n; matrix:

Lz<t) = Diag(,ul(t% Ry (t))a

where for any r € {1,...,n;}, u, are defined by

and we conclude that
IL; ()] < Qexp(vt) and HL;I(t)H < Qexp(vt) forany teR],

with Q = exp(A).
Step 4): The systems (16) can be nonuniformly contracted to [a;, b;], for any i € {1,...,m}: The system
(17) is nonuniformly kinematically similar to

Zi = Ai(t) 2, (37)

with y;(t) = L;(t)z(t), where A;(t) = L7 (t)D;(t)Li(t) — L; 1 (t)L;(t) is a n; x n; matrix whose rs-coefficient
is defined by

e (t) + E\g)(t) it r=s,
d@)  if  1<r<s<n,
0 if 1<s<r<n,.

We observe that |d - ( )| < Ky exp(kit) with K1 > 0, for 1 < r < s < n; and by the equation (35), we
have ZS( ) < Ky exp(kat), with Ky > 1 and ky = 2v with v as in (35), then

{Ai()} ] < KoKy exp(rt), (38)

where Kk = k. = K1 + Ka.
Let us define the transformation

with
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R;(t) = Diag(exp(—rM;Kst), nexp(—2cMsKst), ..., 0"~ exp(—nixMsKst)),

and we also define K5 such that KsMs > 1 and

0<n< MH—;‘WQ (39)
Now, we can see that (37) and (17) are J-nonuniformly kinematically similar to
w; = I (t)w,
where the rs-coefficient of I';(¢) is
{Ai(t)},.s + MK if r=s,
{Li(t) ), = 07" {Ai(t) },.; exp(—(s — 1)k M5 K5t) if 1<r<s<n,,
0 if 1<s<r<n,;.
Let us observe that I';(t) can be written as follows:
Li(t) = Ci(t)] + B;(1),
where C;(t) = Diag(¢1(t),...,en,(t)) and the rs-coefficient of B;(t) is defined by
{S\T(t)}rs +reMsKs if r=s,
{Bi(t)},, = "B ald (1) exp(—(s — r)sMsKst)  if  1<r<s<m,
0 if 1<s<r<mn,.
By (36) and (38), we can verify that
| Bi(t)|| < Ms[1 + reKs] + Kilaln+n? + - +0™] < Ms[1 + ninKs] + K1Ko : i o
Recall that My = % and by using (39) it follows that HBZ(t)H < %Kg,s, where Ks. = 2+ n;xKs.
Thus, for any i € {1,...,m} the system (17) is d-nonuniformly kinematically similar (with § = %) to

w; = [Ci(t) + By(t)]ws,
where
Ej(t) S [ai,bi] = E(Bl), j € {1, R ,ni} and HBZ(t)H < %K&S.

Finally, (17) is nonuniformly contracted to ¥(B;).
Step 5): The system (1) can be nonuniformly contracted to ¥(A): By using the previous result, we can
see that (1) is d-nonuniformly kinematically similar to

w = [C(t) + B(t)]w,

where

C(t) = Diag(Cy(t),...,Cm(t)) and B(t) = Diag(Bi(t),..., Bny(t)).
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In consequence, note that
C(t) c Jlai,b:] =%(A) and ||B()| < 6K;..
i=1

Finally, the system (1) is nonuniformly contracted to X(A4). O

Remark 9. The inequalities (28) and (29) show that the functions ®(¢, s) and ¥(t, s) are bounded by specific
functions. This functions not necessarily cross to graph of functions ®(¢, s) and ¥(t, s), thus the conditions

(C1)—(C4) allows us to find straight lines that cross it at least once. Moreover this procedure enables us to

. +oo

construct {Tl(l) }l , which is the sequence of first crossing times of the graph of the functions ®(¢, s) and
0

U(t,s) with those;traight lines. We have proved that this sequence of crossing time has not accumulations
points.

6. Application of the main result

In this section, we present two examples of scalar systems, with their respective spectra and, in addition,
we will prove that there exists a Lyapunov transformation for each system, in order to each one of them can
be nonuniformly contracted to its spectrum. Finally, we will present a diagonal planar example considering
the previous scalar systems.

Example 1. By one hand, let us consider the scalar differential equation studied in [7, p. 547]:
&= A1(t)x, with Aj(t) =g+ atsin(t) and Iy <a<O. (40)
It is straightforward to verify that the example can be adapted to the case Ra' and therefore the spectrum
of (40) is X(A41) = [Mo + a, Ao — al.

We claim that (40) is nonuniformly contracted to X(A). Indeed, given a fixed § > 0 and &1 = 2|a|, we
consider the matrix function ¢t — S1(¢) € M1(R) defined by

€ .
S1(t) = exp (Elt cos(t) — 551n(t)) ,
and we can verify that (40) is d-nonuniformly kinematically similar to
g=(Ci(t)+ Bi(t))y, with Ci(t)=2Xo and Bi(t) =—dcos(t) (1+ 5).

The result follows due to C1(t) € [Ao +a, o —a] and || Bi(t)|| < 6K5.,, where K5, =1+ k.
On the other hand, let us consider the scalar differential equation shown in [23]:

& = Ay(t)x, where Aa(t) = Ai(sin(In(¢+ 1))+ cos(In(t + 1))) (41)
with A; # 0. After calculations we can see that the spectrum of (41) is
E(Az2) = [=[Mals [Al]-

Now we show that (41) is nonuniformly contracted to 3(Az). Indeed, given a fixed § > 0 and €3 = 2A4,
we consider the matrix function ¢ — Sy (t) € M;(R) defined by

Sa(t) = exp (%6[(15 + 1)sin(In(t + 1)) + (¢ + 1) cos(In(t + 1))]) ,
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and we can verify that (41) is d-nonuniformly kinematically similar to

g = (Ca(t) + Ba(t))y,

with Co(t) = Ay sin(In(t + 1)) and Ba(t) = Aj cos(In(¢ + 1)) + 6 cos(In(t + 1)).

Finally, since Ca(t) € [—|A1|,[A\1]] and ||B2(t)|| < 0Ks.,, where Ks., = 1+ 5%; we obtain that (41) is

nonuniformly contracted to X(As).
Example 2. Consider the planar system defined on Ry as follows

i = A(t)z, (42)
where

Ao +atsint 0
A(t) = ( 0 A (sin(In(t + 1)) + cos(In(t + 1))))

with the same conditions as in the Example 1 and also A\g — a < —|A1|. We can see that in view of the
Lemma 1, the nonuniform spectrum of (42) is

Y(A) = [Ao +a, o — a] U [—[A1], [\l

Now we claim that (42) is nonuniformly contracted to X(A). Indeed, given a fixed § > 0 and choosing
£ = max {€1,£2}, we consider the matrix function ¢ — S(t) € M2(R) defined by

56 = (" sy

where S1(t) and Sa(t) are as in the previous examples. It is verified that (42) is é-nonuniformly kinematically

similar to
g = (C(t)+ B(t))y,
with
A 0
ct)= ( 00 Arsin(In(t + 1)))
and

—d cos L
B(t) = ( (t)()(l ) A1 cos(In(t + 1))(1- §cos(In(t + 1))) '

The claim follows since C(t) € ¥(A) and ||B(t)| < 6K, where
K(;,E = max {K(S,al s K5752} .
7. Conclusions

This paper can be seen as a progress report on nonuniform hyperbolicity and its associated spectrum. In
particular, we have introduced the concepts of nonuniform almost reducibility and nonuniform contractibility
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in order to prove that if a linear nonautonomous differential system verifies a subtle hypothesis of nonuniform
hyperbolicity on the half line, then this system is nonuniformly contracted to the spectrum of nonuniform
exponential dichotomy. Additionally, it is an advance in the subject of nonautonomous differential equations
in terms of the obtain a simpler form for a linear system with nonuniform hyperbolicity.

We point out that in [11] it has used strongly the main result of this article in order to prove the topological
equivalence in the half line between a linear system with nonuniform contraction and an unbounded nonlinear
perturbation.
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