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1. Introduction and main results

In this short note, we give a new characterization of inverses M-matrices, inverses of
row diagonally dominant M-matrices and inverses of row and column diagonally domi-
nant M-matrices. This is done in terms of a certain inner product to be nonnegative (see
(1.5), (1.6) and (1.4), respectively). These characterizations are stable under limits, that
is, if an operator % can be approximated by a sequence of matrices (U )y in such a way
that also the corresponding inner products converge (for example in L?) then the limit
operator will satisfy the same type of inequality. This is critical to show, for example,
that % is the O-potential of a Markov resolvent or a Markov semigroup because as we
will see this inequality implies a strong principle called Complete Maximum Principle in
Potential Theory (see for example [22], chapter 4). In the matrix case, this corresponds
to the inverse of a row diagonally dominant M-matrix (see Theorem 2.1 below).

We continue with the formal definition of a potential matrix.

Definition 1.1. A nonnegative, nonsingular matrix U is called a potential if its inverse
M = U~! is a row diagonally dominant M-matrix, that is,

Vi M;; > 0; (1.2)
Vi | Mii| > | M. (1.3)
j#i

Also, U is called a double potential if U and U? are potentials.

We point out that conditions (1.1) and (1.3) imply condition (1.2). Indeed, notice that
these two conditions imply that |M;;| > 0, but if M;; = 0, then for all j we would have
M;; = 0, which is not possible because we assume that M is nonsingular. Finally, Mj;;
cannot be negative, otherwise 1 = Zj M;;U;; <0, which is not possible. We also notice
that if U is a symmetric potential, then clearly it is a double potential.

In what follows for a vector x, we denote by =T its positive part, which is given by
(z7); = (z;)T. Similarly, z~ denotes the negative part of x, so z = % + z~. Also, we
denote by (, ), the standard Euclidean inner product, and 1 is the vector whose entries
are all ones. We are in a position to state our main result.

Theorem 1.1. Assume that U is a nonsingular nonnegative matrixz of size n.
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(i) If U satisfies the following inequality: for all x € R™
(Uz—1)",2) >0 (1.4)

then U is a potential.
(i) Reciprocally, if U is a double potential then it satisfies (1.4).

In particular, if U is a nonnegative nonsingular symmetric matriz, then U is a potential
iff it satisfies (1.4).

Example. Here is an example of a potential matrix U, for which (1.4) does not hold.

2100
U= (1 100)7

Consider

whose inverse is M = U~!

M = (1/1100 17510) =I- <1/(1)00 49}50)

a row diagonally dominant M-matrix. Nevertheless,
(Uv—1)",0) = (22 + 100y — )"z + (2 + 100y — 1) Ty = —5.3,

for x = —0.5,y = 0.2. Notice that U? is not a potential because its inverse, although it
is an M-matrix, it fails to be row diagonally dominant.

To generalize Theorem 1.1 to include all inverse M-matrices we consider the following
two diagonal matrices D, E. Here, we assume that U is a nonnegative nonsingular matrix,
or more general, it is enough to assume that U is nonnegative and it has at least one
positive element per row and column. Let us define D as the diagonal matrix given by,
for all ¢

—1

Dy = ZUU )
J

as the reciprocal of the i-th row sum. Similarly, consider E the diagonal matrix given
by, for all ¢
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the reciprocal of the i-th column sum. We point out that matrices D, F are computed
directly from U.

Theorem 1.2. Assume that U is a nonsingular nonnegative matrixz of size n.

(i) U is an inverse M -matriz iff D UE is a double potential, which is further equivalent
to the following inequality: for all x € R™

(Uz — D '1)", DE~'z) > 0. (1.5)

(it) U is a potential iff UE is a double potential, which is equivalent to the inequality:
for all x € R™

(Uz—1)T,E~'2) > 0. (1.6)

Proof. (i) Assume that M = U~! is an M-matrix. Then, W = DUE is a double
potential. Indeed, it is clear that N = W~! is an M-matrix. Now, consider y = E~'1,
then

Wuy=DUL=1,

by the definition of D. This means that N1 = W~11 = u > 0, and so N is a row
diagonally dominant matrix. Similarly, if we take v = D=1, we have

VW =1'UE = 1%.

This proves that 1* N = v* > 0 and therefore, we conclude that N is a column diagonally
dominant matrix. In summary, W is a double potential. Conversely, if W is a double
potential, in particular it is an inverse M-matrix, which implies that U is an inverse
M-matrix.

Let us prove that U being an inverse M-matrix is equivalent to (1.5). We first assume
W is a double potential, then from Theorem 1.1, we have for all x € R"

0< (DUEz—1)",2) = (DUy —1)*, B~'y) = ((Uy — D~'1)", DE"'y),

which is condition (1.5). Here, we have used the straightforward to prove property that
for a diagonal matrix, with positive diagonal elements, it holds (Dz)* = Dzt.

Conversely, assume that U satisfies (1.5) then, we obtain that W satisfies (1.4) in
Theorem (1.1) and therefore it is an inverse M-matrix. So, U is an inverse M-matrix,
proving the desired equivalence.

(#4) This time we take W = UE. Since U is a potential, there exists a nonnegative
vector ju, such that Uy = 1, then UEE~'y = 1 and W is a potential. On the other
hand, 1'UE = 1%, and therefore W is a double potential. The rest follows similarly as in
the proof of (). O
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The next theorem is a complement to Theorem 1.1. One way to approach this result
is by making the change of variables y = Uz in (1.4).

Theorem 1.3. Assume M is a matriz of size n. Then
(i) If M satisfies the inequality, for all x € R™
{(x — 1), Mz) >0, (1.7)

then M satisfies the following structural properties

Vi #] Mij < O; (18)

Vi Mii Z O; (19)

Vi M;; > Z —M;j. (1.10)
J#i

That is, M is a Z-matriz, with nonnegative diagonal elements and it is a row
diagonally dominant matriz.

(i) If M is a Z-matriz, with nonnegative diagonal elements and it is a row and column
diagonally dominant matriz, then it satisfies (1.7).

There is a vast literature on M-matrices and inverse M-matrices, the interested reader
may consult the books by Horn and Johnson [13] and [14], among others. In particular
for the inverse M-problem we refer to the pioneer work of [8], [11] and [28]. Some results
in the topic can be seen in [1], [2], [5], [6], [9], [10], [12], [15], [16], [17], [18], and [27].
The special relation of this problem to ultrametric matrices in [4], [19], [20], [21], [23],
[24], [25], [26]. Finally, for the relation between M-matrices and inverse M-matrices with
Potential Theory see our book [7].

2. Proof of Theorem 1.1 and Theorem 1.3

The proof of Theorem 1.1 is based on what is called the Complete Maximum Principle
(CMP), which we recall for the sake of completeness.

Definition 2.1. A nonnegative matrix U of size n, is said to satisfy the CMP if for all
x € R™ it holds:

sup(Uzx); < sup (Ux),,
i 22 >0

where by convention sup = 0.
j%}
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The CMP says that if = has at least one nonnegative coordinate then the maximum
value among the coordinates of y = Ux is attained at some coordinate i such that z;
is nonnegative. An alternative equivalent definition, which is the standard in Potential
Theory reads as follows, U is a potential if for all z it holds: whenever (Ux); < 1 on the
coordinates where x; > 0, then Uz < 1. The importance of this principle is given by the
next result.

Theorem 2.1. Assume U is a nonnegative matriz.

(i) If U is nonsingular, then U satisfies the CMP iff U is a potential, that is, M = U~!
is a row diagonally dominant M -matriz.

(ii) U satisfies the CMP then for all a > 0 the matriz U(a) = al + U satisfies the CMP
and for all a > 0 the matriz U(a) is nonsingular.

The proof of (7) in this theorem goes back to Choquet and Deny [3] (Theorem 6, page
89). For a generalization of this result and a more matrix flavor of it, see Theorem 2.9
in [7].

Assume that U is a nonnegative matrix and satisfies the CMP, if the diagonal of U is
strictly positive, which happens when U is nonsingular, then there exists an equilibrium
potential, that is, a nonnegative vector u solution of the problem

Up =1,

see for example (v) Lemma 2.7 in [7].

This vector i plays an important role and it is related to the fact that U~! is row
diagonally dominant, when U is nonsingular. In fact, in this case p = U~11 > 0.

Now, we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. (i) We shall prove that U satisfies the CMP. For that purpose
consider € R™, which has at least one nonnegative coordinate. If (Ux); < 1, for those
coordinates ¢ such that z; > 0, then from condition (1.4) we conclude that

0<(Uz—-1)*z)=(Uz—1)",27),

which implies that (Uz —1)"); = 0 if 2; < 0, proving that U satisfies the CMP. Hence,
from Theorem 2.1 we have that M = U~ is a row diagonally dominant M-matrix.

(ii) Assume that U, U? are potential matrices of size n. Then M = U~ is a column
and row diagonally M-matrix, which is equivalent to have M = k(I — P), for some

constant k > 0 and a double substochastic matrix P, that is, P is a nonnegative matrix
and for all 7 it holds Zj P < l,zj P <1
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We define p = M1 >0and E =U(x —pu) =Ux — 1 to get
(Uz =)t z) ={((Uz —Up)t,z) = (€7, ME+ p) = (E7,kE + p) — k(ET, PE)

=k((€7,65) — (€5 PO) + (6% ).

Since P > 0, we get
(€%, PE) < (67, PE¥) = (€, L (P + PIET) < (€%,67),

The last inequality holds because the nonnegative symmetric matrix %(P + P?) is sub-
stochastic and therefore its spectral radius is smaller than 1, which implies that for all
z € R™ it holds (z, 1(P + P')z) < (z,z). We get the inequality

(Uz — 1)*,2) > (Us - 1)*, 1) 2 0,
which shows the result. O

Proof of Theorem 1.3. The reader may consult [14] Theorem 2.5.3, for some properties
about M-matrix that are needed in this proof.

(7). Assume that M is a matrix, of size n, that satisfies (1.7). In order to prove that
condition (1.8) holds fix ¢ € {1,---,n} and consider a vector = such that z; > 1 and
x =0,k # 4. Then (1.7) implies

0<((z—-1)* Mz)=(z; — 1) Mz,

from where we deduce M;; > 0, proving that (1.8) holds.
To prove (1.9) consider ¢ # j fixed and take a vector « such that x; > 1,2; < 0 and
xr =0,k #14,j. Then

By taking z; a large negative number, we conclude that this inequality can hold only if
M;; <0, proving (1.9).

Now, we prove condition (1.10). For that purpose we consider i fixed and we take
x € R" such that ; > 1 and xz; = 1 for all j # 7. Then

0< ((z—1)*, Ma) = (z; — 1) (:cM +3 Mij).
J#i
This implies that «; M;; + >~ M;; > 0 holds for all z; > 1 and therefore M;;+ Y~ M;; > 0,
J#i J#i
proving that M satisfies (1.10).
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Part (i7) follows from Theorem 1.1 by considering a perturbation of M. For § > 0 take
M(6) = 01 + M. By hypothesis M (0) is a strictly row and column dominant Z-matrix,
proving that M () is an M-matrix. Its inverse, U(#) = (M (6))~1, is a double potential
and therefore it satisfies inequality (1.4). Take y € R™ and consider z = xz(0) = M(0)y
to obtain

0< (U0 —-1)"z) =((y - 1) My) +0((y = 1), y).
The result follows by taking 8 | 0. O

3. Some complements

In Potential Theory, particularly when dealing with infinite dimensional spaces, most
of the time a potential U is singular. According to Theorem 2.1, in case U is nonsingular,
our definition of a potential matrix (see Definition 1.1) and the CMP are equivalent. The
latter makes sense even for singular matrices and this should be the right definition for
a matrix to be a potential. Notice that in (i¢) Theorem 2.1 says that a potential in
this sense, is the limit of nonsingular potential matrices, which also holds in infinite
dimensional spaces.

Theorem 1.1 can be extended to include singular potential matrices as follows.

Theorem 3.1. Assume U is a nonnegative matriz.

(i) If U satisfies (1.4) then U satisfies the CMP.
(ii) Reciprocally, if U,U" satisfy the CMP, then U (and Ut) satisfies (1.4).

That is, for a symmetric matriz U, condition (1.4) and CMP are equivalent.

Proof. The proof of (i) is identical to the one of Theorem 1.1 (7).

(#4). Consider as in Theorem 2.1 a perturbation of U, given by U(a) = al + U, for
a > 0. Since U(a),U'(a) are nonsingular potential matrices we can use Theorem 1.1 to
conclude that for all @ > 0 and € R"™ one has

0<{((U(a)z —1)*,x).
Now, it is enough to take the limit as a | 0, to conclude the result. O

The question now is: is there a principle like CMP, that characterizes inverses M-
matrices? The answer is yes, and it is given by the following principle taken from Potential
Theory.

Definition 3.1. A nonnegative matrix U is said to satisfy the domination principle (DP)
if for any nonnegative vectors z,y it holds (Uz); < (Uy); for those coordinates i such
that x; > 0, then Uz < Uy.
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Theorem 2.15 in [7] is exactly this characterization, which we copy here for the sake
of completeness.

Theorem 3.2. Assume that U is a nonnegative nonsingular matriz. Then, U~' is an
M-matriz iff U satisfies DP.

It is interesting to know a relation between CMP and DP, which is given by
Lemma 2.13 in [7].

Proposition 3.3. Assume that U is a nonnegative matriz with positive diagonal elements.
Then, the following are equivalent

(i) U satisfies the CMP
(i) U satisfies the DP and there exists a nonnegative vector p solution to Up = 1.

Finally let us recall a simple algorithm to check when a nonnegative matrix that
satisfies the CMP or DP is nonsingular (see Corollary 2.46 and Corollary 2.47 in [7]).

Proposition 3.4. Assume that U is a nonnegative matriz, that satisfies either CMP or
DP, then the following are equivalent

(i) U is nonsingular
(i) not two columns of U are proportional.

There is a lack of symmetry in this result from columns and rows, because CMP is
not stable under transposition. On the other hand DP is stable under transposition, so
in this case U is nonsingular iff no two rows are proportional.

Declaration of competing interest
There is no competing interest.
Acknowledgement

Authors S.M. and J.SM. where partially founded by CONICYT, project BASAL
AFB170001. The authors thank an anonymous referee for comments and suggestions.

References

[1] J. Brandts, A. Cihangir, Geometric aspects of the symmetric inverse M-matrix problem, Linear
Algebra Appl. 506 (2016) 33-81.

[2] A. Carmona, A.M. Encinas, M. Mitjana, On the M-matrix inverse problem for singular and sym-
metric Jacobi matrices, Linear Algebra Appl. 436 (5) (2012) 1090-1098.

[3] G. Choquet, J. Deny, Modéles finis en théorie du potentiel, J. Anal. Math. 5 (1956) 77-135.


http://refhub.elsevier.com/S0024-3795(20)30096-3/bibD4A7DE1296BD9F3246A7D0BFC3C9ADBEs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibD4A7DE1296BD9F3246A7D0BFC3C9ADBEs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibD7A535EB850060C0250D282E5FA44840s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibD7A535EB850060C0250D282E5FA44840s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib7A03B0CEE1A85ECE3180A119178A224Ds1

C. Dellacherie et al. / Linear Algebra and its Applications 595 (2020) 182-191 191

[4] C. Dellacherie, S. Martinez, J. San Martin, Ultrametric matrices and induced Markov chains, Adv.
Appl. Math. 17 (1996) 169-183.

[5] C. Dellacherie, S. Martinez, J. San Martin, Hadamard functions of inverse M-matrices, SIAM J.
Matrix Anal. Appl. 31 (2) (2009) 289-315.

[6] C. Dellacherie, S. Martinez, J. San Martin, Hadamard functions that preserve inverse M-matrices,
SIAM J. Matrix Anal. Appl. 33 (2) (2012) 501-522.

[7] C. Dellacherie, S. Martinez, J. San Martin, Inverse M-Matrices and Ultrametric Matrices, Lecture
Notes in Mathematics, vol. 2118, Springer, 2014.

[8] M. Fiedler, Relations between the diagonal elements of an M-matrix and the inverse matrix, Mat.-
Fyz. Casopis Sloven. Akad. Vied. 12 (1962) 123-128 (in Russian).

[9] M. Fiedler, Some characterizations of symmetric inverse M-matrices, in: Proceedings of the Sixth
Conference of the International Linear Algebra Society, Chemnitz, 1996, Linear Algebra Appl.
275/276 (1998) 179-187.

[10] M. Fiedler, Special ultrametric matrices and graphs, STAM J. Matrix Anal. Appl. 22 (2000) 106-113.

[11] M. Fiedler, H. Schneider, Analytic functions of M-matrices and generalizations, Linear Multilinear
Algebra 13 (1983) 185—201.

[12] L. Hogben, The symmetric M-matrix and symmetric inverse M-matrix completion problems, Linear
Algebra Appl. 353 (2002) 159-168.

[13] R. Horn, C.R. Johnson, Matrix Analysis, Cambridge University Press, Cambridge, 1985.

[14] R. Horn, C.R. Johnson, Topics in Matrix Analysis, Cambridge University Press, Cambridge, 1991.

[15] C.R. Johnson, R. Smith, The completion problem for M-matrices and inverse M-matrices (English
summary), in: Proceedings of the Fourth Conference of the International Linear Algebra Society,
Rotterdam, 1994, Linear Algebra Appl. 241/243 (1996) 655—667.

[16] C.R. Johnson, D.D. Olesky, Rectangular submatrices of inverse M-matrices and the decomposition
of a positive matrix as a sum, Linear Algebra Appl. 409 (2005) 87-99.

[17] I. Koltracht, M. Neumann, On the inverse M-matrix problem for real symmetric positive-definite
Toeplitz matrices, STAM J. Matrix Anal. Appl. 12 (2) (1991) 310-320.

[18] M. Lewin, M. Neumann, On the inverse M-matrix problem for (0, 1)-matrices, Linear Algebra Appl.
30 (1980) 41-50.

[19] S. Martinez, G. Michon, J. San Martin, Inverses of ultrametric matrices are of Stieltjes types, SIAM
J. Matrix Anal. Appl. 15 (1994) 98-106.

[20] J.J. McDonald, M. Neumann, H. Schneider, M.J. Tsatsomeros, Inverse M-matrix inequalities and
generalized ultrametric matrices, in: Proceedings of the Workshop “Nonnegative Matrices, Appli-
cations and Generalizations” and the Eighth Haifa Matrix Theory Conference, Haifa, 1993, Linear
Algebra Appl. 220 (1995) 321-341.

[21] J.J. McDonald, M. Neumann, H. Schneider, M.J. Tsatsomeros, Inverse tridiagonal Z-matrices, Linear
Multilinear Algebra 45 (1998) 75-97.

[22] M. Marcus, J. Rosen, Markov Processes, Gaussian Processes and Local Times, Cambridge University
Press, 2006.

[23] R. Nabben, On Green’s matrices of trees, SIAM J. Matrix Anal. Appl. 22 (4) (2001) 1014-1026.
[24] R. Nabben, R.S. Varga, A linear algebra proof that the inverse of a strictly ultrametric matrix is a
strictly diagonally dominant Stieltjes matrix, STAM J. Matrix Anal. Appl. 15 (1994) 107-113.

[25] R. Nabben, R.S. Varga, Generalized ultrametric matrices — a class of inverse M-matrices, Linear
Algebra Appl. 220 (1995) 365-390.

[26] R. Nabben, R.S. Varga, On classes of inverse Z-matrices, in: Special Issue Honoring Miroslav Fiedler
and Vlastimil Pték, Linear Algebra Appl. 223/224 (1998) 521-552.

[27] M. Neumann, N. Sze, On the inverse mean first passage matrix problem and the inverse M-matrix
problem, Linear Algebra Appl. 434 (7) (2011) 1620-1630.

[28] R.A. Willoughby, The inverse M-matrix problem, Linear Algebra Appl. 18 (1) (1977) 75-94.


http://refhub.elsevier.com/S0024-3795(20)30096-3/bibBCD84AA9F4129701AE2BE6DB57BDF709s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibBCD84AA9F4129701AE2BE6DB57BDF709s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib39CA47CD823A8BFD13083C33AC06951Bs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib39CA47CD823A8BFD13083C33AC06951Bs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib93173D6AD4BBB2E2C1B69B6C7E01891Ds1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib93173D6AD4BBB2E2C1B69B6C7E01891Ds1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib6174DDAE216C6ABEB607254AA2E38203s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib6174DDAE216C6ABEB607254AA2E38203s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib729997148EA8F8189E455A988D39EEE0s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib729997148EA8F8189E455A988D39EEE0s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib55395203E097230112F6199FD93911CDs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib55395203E097230112F6199FD93911CDs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib55395203E097230112F6199FD93911CDs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibFDAC5D51FC68DD56D6736C32259FC6CAs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibDCDC0310771750F5A827E3BDEB2F9D02s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibDCDC0310771750F5A827E3BDEB2F9D02s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib74E6B2F71223E40EA2B819EB9A2E04AEs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib74E6B2F71223E40EA2B819EB9A2E04AEs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib0B1B379171B374B65D03CB66F3087314s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibA9E6B4A3A5A957C200CF2AA3DD05A5DFs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib3228635B89112E2C641F5E5CC44E19FEs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib3228635B89112E2C641F5E5CC44E19FEs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib3228635B89112E2C641F5E5CC44E19FEs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibED34149DB904982D6CDFD1C354A68183s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibED34149DB904982D6CDFD1C354A68183s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib126A9660FEFEF7AB663F84B3F235110Fs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib126A9660FEFEF7AB663F84B3F235110Fs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib71EB2076D6CDEBDC8050400375612717s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib71EB2076D6CDEBDC8050400375612717s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib6EE532DA82839C12724BF03893A4A9F6s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib6EE532DA82839C12724BF03893A4A9F6s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib452AB6995E29316213A81A52AA1558BAs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib452AB6995E29316213A81A52AA1558BAs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib452AB6995E29316213A81A52AA1558BAs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib452AB6995E29316213A81A52AA1558BAs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibEDB0DF61807BCD9D5FA4244548DC0171s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibEDB0DF61807BCD9D5FA4244548DC0171s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib3AE323E0AF6F708FA0A196AFF5B3BC88s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib3AE323E0AF6F708FA0A196AFF5B3BC88s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibF5E7156DD6F270993EDA083A8E7FD310s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibBCBB219D3D6D343E483FA4B43F68D07Bs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibBCBB219D3D6D343E483FA4B43F68D07Bs1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib3668B7E30CB0FDF76C3EBCBDC3AE08C0s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib3668B7E30CB0FDF76C3EBCBDC3AE08C0s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib8434F07BAF478A38B1C6A65F1BD53F84s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib8434F07BAF478A38B1C6A65F1BD53F84s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibB8537A769DBC90CB1762215441212152s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bibB8537A769DBC90CB1762215441212152s1
http://refhub.elsevier.com/S0024-3795(20)30096-3/bib30E02D7BB6DB88CEAFE3C1F782D34CF8s1

	Inverse M-matrix, a new characterization
	1 Introduction and main results
	2 Proof of Theorem 1.1 and Theorem 1.3
	3 Some complements
	Acknowledgement
	References


