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1. Introduction

Concern over climate change has led to more studies to fo-
cus on the feasibility of environmentally sustainable long-run
growth (e.g., Stokey, 1998; Barbier, 1999, Peretto, 2009; Brock and
Taylor, 2010), and on the role of innovation and technological
change mechanisms to achieve sustainable economic growth (e.g.,
Barbier, 1999; Bretschger and Smulders, 2012; Acemoglu et al.,
2012). Reflecting on the evidence of low substitutability be-
tween man-made capital inputs and natural resources, many eco-
nomic growth studies show the possibilities of sustainable eco-
nomic growth via endogenous pro-environment innovation (e.g.,
Bovenberg and Smulders 1995; Peretto, 2009; Bretschger and
Smulders, 2012).!
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T Empirical evidence suggests that even substitution among fuels is much less
than 1. For example, the consensus estimates for the elasticity of substitution be-
tween coal (the dirtiest fuel) and natural gas (one of the cleanest fuels) in the elec-
tricity generation industry in the United States is about 0.4 (Energy Information
Administration, 2012).
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While the role of innovation and endogenous technological
change is widely discussed in the literature as a mechanism to
solve limits to economic growth, few studies of economic growth
focus on an alternative mechanism via a structural change in the
consumption of final goods in a model of renewable resources.”
In a context of non-renewable resources and endogenous growth,
Bretschger and Smulders (2012) examine a role of the structural
transformation process in a free market system when faced with
a sustained rise in the price of non-renewable resources. Poor in-
put substitution promotes sectoral changes and investment activi-
ties. In our model of economic growth with renewable resources,
sustainable growth requires government intervention to trigger a
change in relative prices between clean and dirty consumer goods
which may eventually induce a structural transformation over the
long run.

The main objective of this paper is to show the critical role of
changes in the structure of consumption as a mechanism for sus-
tainable development. We consider various types of technological
change in a dynamic general equilibrium framework of a closed
economy with two final outputs and two factors of production.

2 Recently, Lopez and Yoon (2014) and Lopez and Yoon (2016) explicitly took the
consumer’s role into account in achieving sustainable growth. However, they do not
systematically consider various technological change that may work unfavorably to-
ward achieving environmental sustainability.
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We allow for various types of exogenous technological change,
including neutral and pollution-augmenting in the dirty or
pollution-intensive sector that increases the use of pollution-
intensive inputs in such sector. In fact, it has been often argued
that improving the efficiency of fossil energy in a knowledge-
based economy leads to greater use of energy, causing energy re-
bound effects (e.g., Greening et al., 2000; Herring, 2006).3 We
consider the long-run impact of a pollution tax in the presence
of exogenous technological changes, either neutral or pollution-
augmenting, that make sustainable growth more difficult, and ex-
amine the technological and consumption characteristics of the
economy in which environmental sustainability is still feasible.*

An important application of the model analyzed is to show that
climate change can be arrested merely using an appropriate carbon
tax without any further intervention, even under unfavorable tech-
nological conditions and consumer preferences for rapid economic
growth.

One essential feature of consumers’ preferences for economic
growth is the elasticity of marginal utility of income (EMU or the
inverse of the intertemporal elasticity of substitution). A low (high)
EMU is associated with high (low) consumers’ preferences for rapid
economic growth, which means that the capacity of an economy to
achieve sustainable development is highly influenced by its mag-
nitude. In fact, and perhaps not uncoincidentally, many studies of
sustainable development have assumed values of EMU greater than
or equal to 1 (e.g., Bovenberg and Smulders, 1996; Stokey,1998;
Bye, 2000; Hartman and Kwon, 2005).

However, the empirical evidence regarding the size of EMU
is mixed, with some studies obtaining values of EMU above
and others well below 1 (e.g., Attanasio and Browning, 1995;
Ogaki and Reinhart 1998; Vissing-Jergensen, 2002; Layard et al.,
2008; Colacito and Croce, 2013). Thus, we consider the mixed em-
pirical evidence raised in the literature and examine how an econ-
omy with EMU above or below 1 may achieve sustainable eco-
nomic growth in the context of an optimal Pigouvian pollution
emissions tax.

Recent microeconomic studies increasingly recognize the im-
portance of accounting for the complexities of the consumption ef-
fect on the environment that growth studies typically omit (e.g.,
Ahmad and Wyckoff, 2003; Peters, 2008; Weber et al., 2008;
Liu et al., 2013). The importance of the consumption composition
effect for achieving sustainable growth can also be observed from
empirical studies (e.g., Grossman and Krueger, 1995; Cole and El-
liot, 2003). While empirical studies on production generally re-
port a weak substitution between clean and dirty inputs (e.g.,
Kemfert and Welsch, 2000; Van der Werf, 2008; Hassler et al.,
2012), studies on consumer demand report stronger substitution
between clean and dirty consumer goods, often obtaining elastic-
ity of substitution estimates much greater than 1 (e.g., Lin et al.,
2008; Galarraga et al., 2011, obtain high elasticities between or-
ganic and conventional consumer goods). Moreover, studies have
shown that consumers’ substitution between clean and dirty goods

3 Empirical evidence regarding the long-run effects of technological change that
improves the efficiency of fossil energy has been found in the literature. See also,
Sorrell and Dimitropoulos (2008) and Gillingham et al. (2015).

4 An exogenous technological change, which is essentially factor augment-
ing for the clean input, is also allowed in some studies (e.g., Stokey, 1998;
Brock and Taylor, 2010). This assumption dramatically raises the likelihood of
sustainability. An important exception is Acemoglu et al. (2012), which allows
for the endogenous factor-augmenting technological change in a model of con-
stant elasticity of substitution technology between the clean and the dirty inputs.
Acemoglu et al. (2012) show that a (temporary) subsidy to research and develop-
ment for the clean input sector (sufficient to transform pollution-augmenting tech-
nological change into clean input-augmenting technological change) may cause sus-
tainable economic growth as long as the production elasticity of substitution be-
tween the clean and the dirty inputs is greater than 1. Otherwise, targeted research
subsidies are not guaranteed to affect the structure of technological change.

is highly responsive to increased information and public educa-
tion on the pollution content of consumer goods and eco-labeling
(e.g., Kotchen and Moore, 2007).° Consequently, it appears that the
scope for consumer substitution between clean and dirty goods is
greater than the substitution potential among inputs by producers,
a feature that we consider in this study.®

Our main finding is that a consumer’s composition effect,
driven by an endogenous change in the relative prices between
clean and dirty final goods under optimal pollution tax, may in-
duce long-run sustainable economic growth even if: (1) the elas-
ticity of marginal utility of income is less than 1 (e.g., economy
opts to grow faster via sacrificing future consumption for the cur-
rent), and/or (2) the production elasticity of substitution between
clean and dirty inputs is inelastic, and (3) technical change occurs
in a way that favors the pollution-intensive industries and hence
contributes to increase pollution.

The main mechanism underlying this result is the degree of
consumers’ flexibility regarding substituting their consumption of
pollution-intensive final goods. In this case the relative price of the
“dirty” pollution-intensive final goods over the “clean” final goods
increases because of a pollution emissions tax, which causes con-
sumers to progressively reduce their demand for dirty goods along
the growth path if consumers are willing to substitute. Moreover,
we show that while the pollution tax needs to be enough to in-
duce a strong consumption substitution effect, the cost of achiev-
ing sustainability in terms of foregone economic growth is likely
to be limited. Also, under certain plausible conditions, economic
growth may partially recover over time to levels like those that
would prevail in the absence of the tax. However, without enough
consumers’ flexibility, an optimal pollution tax is not enough to in-
duce structural change over time, and sustainability cannot be ob-
tained in a fast-growing economy or an economy with poor input
substitution.

The analysis proceeds first in the context of the flow effects of
pollution under the assumption that the pollution stock lies below
the threshold level beyond which an environmental catastrophe
occurs. This part of the analysis is self-contained, and can be used
to examine the environmental effects, including climate change, of
short-lived pollutants, such as soot, methane, hydro-fluorocarbons,
surface ozone, and nitrogen dioxide that dissipates quickly and
consequently has no stock effects.” Next, we allow for pollution ac-
cumulation and hence we consider the implications for the analy-
sis of a stock constraint. We extend Lopez and Yoon's (2016) results
to confirm that a family of suboptimal growth path exists, each
guaranteeing sustainable growth once an initial pollution level
starts from a level below a critical level that we characterize in
the paper, even after considering the various types of technological
progress. We conclude with a simulation analysis to illustrate the
importance of the stock effects in the analysis of climate change.

The paper is organized as follows. Section 2 presents the theo-
retical multi-sector growth model, while Section 3 shows optimal-
ity and market clearing conditions. Section 4 provides the condi-
tions for dynamic equilibrium and Section 5 considers the effect of
pollution tax on long run real consumption growth. Section 6 ex-
amines various conditions for sustainable growth. Section 7 con-
siders the stock effect of pollution and shows conditions for

5 These studies have shown that not only a price-based mechanism but also
soft instruments, including information campaign or educational programs, can
have influential impact on changing consumers’ behavior (e.g., Thegersen and Olan-
der, 2002; Arkesteijn and Oerlmans, 2005; Kotchen and Moore, 2007)

6 This is in contrast with the earlier report on the lack of responsiveness to these
interventions by manufacturing firms (Banerjee and Solomon, 2003).

7 Recent studies have shown that the combined effect of soot and other short-
lived pollutants is almost as important a source of climate change as carbon dioxide
(COy), which contributes close to 40% of the total human-induced warming effect
(Bond et al., 2013).
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avoiding an environmental disaster. Section 8 presents numeri-
cal illustrations for both flow and stock effects of pollution, and
Section 9 presents the conclusion.

2. Framework for the analysis

The framework builds upon the endogenous growth literature
by adopting the modeling of endogenous growth of two final goods
and two inputs (Lopez and Yoon, 2014).

2.1. Production

Let k denote the total man-made composite input available at
the time t in the economy. Consistent with the literature showing
that clean or intangible forms of capital that impose little or no en-
vironmental pressures, such as new knowledge and human capital,
are the key sources of economic growth, we define this composite
input as clean capital.® Henceforth, we refer to k as “capital,” which
is distributed at each point in time between the clean industry and
the dirty industry. Let k; denote the amount of capital employed in
the dirty industry that uses fossil fuels as a source of energy. The
flow of pollution from the dirty sector is represented by x. Fol-
lowing Cropper and Oates (1992), Lopez (1994), and Copeland and
Taylor (2004), we consider pollution as a factor of production di-
rectly.’ The output of the dirty good is:

Ya = AgF (kq, bx). (1)

The parameter A; denotes total factor productivity with a pro-
portional growth rate A;/A; = g4 >0, and b> 1 represents a pace
of factor-augmenting technological progress with b/b = =010

The dirty sector produces only a final consumer good and does
not produce an investment good.!! The production function F is a
constant elasticity of substitution (CES) function given as follows:

w

F(ky, bx) = [akd-’% e —a)(bx)_%]im,

where w is the elasticity of substitution between capital and pol-
lution, and « is a fixed distribution coefficient.

The output of the clean good is assumed to depend only on the
capital input, and is governed by the linear production technology
as follows:

yc:Ac(k_kd)- (2)

where the parameter A. is the return to capital in the clean sec-
tor and k is the total stock of (clean) capital in the economy at a
point in time. The clean sector produces a final consumer good as
well as new clean capital, which is one of two sources of economic
growth considered here: (clean) capital accumulation and techno-

8 For example, Corrado et al. (2009) explain the dominant contribution of in-
tangible forms of capital to economic growth in the U.S. economy. Galor and
Moav (2004) present a model of economic growth to explain increasing importance
of human capital. For empirical measurements of human and other intangible forms
of capital, see for example, Barro (2001), Cohen and Soto (2007), and Barro and
Lee (2013).

9 As in Bovenberg and Smulders (1995), an increase in pollution is interpreted as
an increase in the rate of harvest of natural capital. A more detailed description is
given later in the next section.

10 Technological change in the dirty sector is regarded as exogenous to the pri-
vate entrepreneurs in the dirty sector. It may originate from the publicly funded
investment as the social price of clean environment or pollution input increases
over time. This paper, however, does not deal with Hicksian-induced innovation.

1 1t can be shown that the sustainable growth is not possible when the capital
consists of a dirty good only since the real return to capital declines as the environ-
mental standard becomes upgraded over time. There should be a positive minimal
level of the proportion of a clean capital. We assume that capital consists of a clean
good only to emphasize the role of clean capital such as human and knowledge
capital in sustainable development.

logical change. To reduce notational clutter, we focus primarily on
pollution-augmenting and neutral technological change.'?

If we normalize the price of the clean good to unity (e.g.pc = 1),
the economy’s budget constraint can be written as:

k = Ac(k — kq) + pAgF (kg bx) — c — 8k, 3)

where p=p,/p. is the relative price of the dirty good, ¢ = ¢ + pcy
is the total consumption expenditure expressed in units of the
clean good, § is the rate of capital depreciation, and k = dk/dt is
the net capital accumulation. The sum of the first two terms on
the right-hand side of Eq. (3) represents the income of the econ-
omy expressed in units of clean goods. The gross capital accumu-
lation, k + 8k, is equal to net savings (income less consumption),
which is also expressed in units of the clean good."

2.2. Stock of clean air'*

Economic activity releases pollution emissions flows into the
atmosphere. A portion of pollution emissions is removed by na-
ture’s revitalization processes, but some emissions may remain as
a stock that accumulates in the upper atmosphere. Pollution emis-
sions, whether they accumulate in the atmosphere or rapidly dis-
sipate, have instantaneous negative effects on welfare. In addition,
a portion of the emissions accumulating in the atmosphere cause
very gradual and subtle changes in climate, which may have grad-
ual effects on welfare until accumulation reaches a threshold level
where catastrophic events may be triggered, causing massive wel-
fare losses.

Thus, pollution may reduce the stock of clean air so that the
changes to clean air stock are the net result of two forces: the nat-
ural purification rate of pollution and the flow emission of pollu-
tion. Following the literature, we assume a constant rate of envi-
ronmental regeneration (e.g., Aghion et al., 1998; Acemoglu et al.,
2012; Lopez and Yoon, 2016). We denote the stock of clean air
in the upper atmosphere as E, the threshold of minimal stock of
clean air below which an environmental catastrophe occurs as E,
the pristine stock level by E, and let 0<v <1 be the constant
rate of natural atmospheric purification. We assume that such re-
generation rate does not depend on the stock, an assumption that
is probably appropriate for physical resources, such as the atmo-
sphere. Then we have:

E=9E—x
=X

for E<E <E.
for E<E. (4)

For future reference, we note that by integrating (4) within the
specified boundaries we obtain:

E(t)=exp(1ﬁt)<Eo—/0 X(v>exp(—wv)dv> 4)

for E(t) > E; Eq is the initial, predetermined level of the stock of
clean air.

2.3. Consumption and welfare

The welfare function of the representative consumer is com-
prised of two parts: Utility derived from the consumption of goods
and disutility generated by pollution. We represent the utility

12 In the Appendix, however, we show that the results remain mostly unchanged
by considering the capital-augmenting technological change.

13 We assume that the investment in capital is irreversible. Once the economy
builds capital, it cannot be transformed back into consumption goods: capital can
be reduced over time only by allowing it to depreciate.

4 Throughout this paper, the stock of clean air represents a stock of natural capi-
tal. The term ‘clean air’ is used for expositional convenience.
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derived from the consumption of goods by an indirect utility func-
tion as follows:

H_L(;)““
T 1—al\e(1,p) ’

where ¢ denotes the total consumption expenditure, e(1, p) is the
unit (dual) expenditure function or cost-of-living index, and a> 0
is a parameter representing the EMU. If a<1, we adopt a posi-
tive utility scale such that 0 <u <oo, while we scale the utility
index to —oco < u <0 when a> 1. Of course, a special case of the
above specification occurs when a = 1, in which case we obtain the
often-used logarithmic specification, u = In[c/e(1, p)]. The indirect
utility function is assumed to be increasing and strictly concave in
the real consumption level, c/e(1, p).

We assume that the consumers’ underlying preferences for
goods are described by a CES utility function so that the unit ex-
penditure function is:

1

e(1.p) = [ye+vap ],

where ¢ is the consumption elasticity of substitution between the
dirty and clean goods, and y.>0 and y,;>0 are fixed parame-
ters. The indirect utility function defined above presumes homoth-
etic preferences. Consumer demand for the clean good c. and dirty
good c; can be retrieved from the indirect utility function using
Roy’s identity. The optimal level of ¢ is determined by the inter-
temporal optimization (as detailed below).

The second part of the welfare function corresponds to the
disutility generated by pollution. Let v(x; E) denote the environ-
mental damage function, which is assumed to be increasing and
convex in the level of pollution, x. We assume that the environ-
mental damage function is:

x1+i’]

1+7
where 1 >0 denotes the elasticity of marginal damage caused by
pollution and is assumed to be a fixed parameter. When E < E, the
economy is in catastrophic calamity, and the consumption falls to 0
(Cropper, 1976; Weitzman, 2007; Nordhaus, 2012). We specify the
consumers’ total welfare function as : '

U(c, x; E) ]%a(e(fp))l_a - ’1‘2:,") when E > E

=-oo when E <E.

V(x;E) = ifE > E,

Assuming a fixed pure time discount rate (p) and a socially op-
timal intervention, the competitive economy is modeled as if it
maximizes the present discounted value of the utility function:

/ U(c, x; E) exp(—pt)dt,
0

subject to the budget constraint (e.g. Eq. (3)), clean air stock level
constraint E > E (Eq. (4)), and the initial conditions k = kg and E =
Ep. In other words, the competitive behavior of the representative
consumer and producer under optimal pollution tax and lump-sum
reimbursement is described by the choices of the optimal levels of
c and x at each point in time.

We assume that both goods are always produced, which implies
kq(t) <k(t) for all t. Thus, the current value Hamiltonian function
assuming an interior solution is:

Hg = U(c, %, E) + A[Ac(k — ky) + pAgF (kq, bx) — ¢ — K]
+ U[VE — x] + ¢[E — E]

15 As Nordhaus (2012) and Weitzman (2009) argue, the consumption utility be-
comes —oowhen a > 1. Since individual optimization when the economy falls toward
the catastrophic calamity cannot be described, we assume that the environmental
damage itself is greater than any finite conceivable magnitude, and hence minus
infinity, even when a<1.

where A and p denote co-state variables, each representing
the shadow price of man-made capital and natural capital, respec-
tively, while ¢ > 0 is a time-varying Lagrange multiplier associated
with the stock constraint.

2.4. Analytical strategy

We assume that the economy maximizes Hg subject to mar-
ket equilibrium conditions for the final goods introduced below in
the next section. So, in addition to the usual endogenous variables
of the optimal control problem, we need to solve for the endoge-
nous market prices. Using the system of necessary conditions for
dynamic optimization (maximum principle and Kuhn-Tucker con-
ditions) and market clearing conditions, we may in principle solve
for seven endogenous variables (c, kg4, X, p, A, i, ¢) at each point in
time. While the analysis of the original problem is extremely com-
plex given that the utility function is discontinuous at E = E, the
dynamic optimization process can be examined in a more tractable
way if the shadow price of the stock of pollutant, ¢, is 0, that is, if
the stock constraint is not binding.

Therefore, we use the following strategy: first, we solve the
model of dynamic optimization and market equilibrium using as a
maintained assumption that ¢ = 0, the stock of clean air remains
above E throughout all time. Next, we analyze the conditions under
which, given the solution derived from the first step, the constraint
E(t) > E is satisfied for all t given initial stock levels of the natural
and man-made assets, Ey and Ky. Thus, the first part of the solu-
tion is obtained by maximizing Hg (subject to the relevant mar-
ket clearing conditions) with ¢ = 0, and the second part examines
whether this solution satisfies the stock constraint.

Under our stated assumptions on preferences and production
technology, Hg is strictly concave with respect to state and con-
trol variables, and the necessary conditions also become sufficient.
In fact, a unique solution for the optimal control problem exists.!6
In subsequent sections, we also characterize the conditions for the
clean air stock to remain above the threshold level. If the optimal
path of emissions obtained by maximizing Hg does not permit the
stock of clean air to fall below the critical threshold at any point
in time, it constitutes an optimal solution for the original problem
of dynamic market equilibrium with stock constraint.

We now define “sustainable economic growth.”

Definition. : We assert that sustainable economic growth is possi-
ble if, at some point along the growth process, the economy can con-
tinue growing indefinitely while pollution emissions permanently de-
cline and the stock of natural capital never falls below the critical
threshold level.

Therefore, sustainability requires a finite time, T> 0, such that
at any time t>T, X < 0, which implies tlim X <0 and E(t) > E for

all t .17 This paper is primarily concerned with the defining charac-
teristics of the economy under which sustainable economic growth
is possible by a competitive market system with a pollution tax.
If sustainable growth is possible, the socially optimal growth rate
should be positive in our model economy.

16 We note also that the Inada condition is satisfied. In other words, for any a> 0,
our utility scale guarantees that lirr& Ux(c, X, E) = oo for any finite x andE < E.
o

17" A similar notion of sustainable growth (e.g., growth of welfare of consumer with
falling pollution level) has been adopted by several authors, including Barbier and
Markandya (1990), Stokey (1998), Brock and Taylor (2010), and, most recently,
Barbier (2016). Arrow et al. (2012) indicate that economic development is sustain-
able if the intergenerational welfare does not decline over time. We show later in
Section 5 that our definition of sustainable growth conforms to their definition.
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2.5. Additional considerations

Here we establish some basic properties of consumption and
factor shares essential for the ensuing analysis. The budget share
of the dirty consumer good in the consumption expenditure for

.y . . _ yd
the CES utility function is s(p) = o and the factor share

of clean input in the cost of production of the dirty good for

a CES production function is S (k;/bx) = o[ (1 — a)(’;—i +a] .
Of course, the share of dirty input in the cost of production of the

dirty final good is 1 — S;. Then, we have the following remark:

1-w
)(U

Remark 1. The share s(p) is an increasing (decreasing) function of
p if 0 <1(o >1). The share S;(k;/bx) is increasing (decreasing) in
kq/bx if o> 1(w <1).

Remark 1 is important for subsequent analysis because it al-
lows us to predict the evolution of s(p) and S, (ky/bx) over time if
we know the dynamics of p and k;/bx, on the basis of the size
of the elasticity of substitution. As shown below, the dynamics of
these shares are key factors determining the sustainability (or lack
of sustainability) of the economy.

Finally, the next remark states the conditions under which
pollution-augmenting technological change (increases in b in
Eq. (1)) increases the marginal product of the dirty input. Under
these circumstances, pollution-augmenting technological change
can seriously undermine the possibility of sustainable growth.

Remark 2. Pollution-augmenting technological change increases
the marginal product of pollution if and only if S < .
Proof: See Appendix.

This condition is certainly satisfied when w>1. If w <1 then,
as shown by Remark 1, S, falls with k;/bx and since, as we show
below in this paper, k;/bx continuously increases over time, we
have that if w <1 then tli)rglcsk = 0. That is, pollution-augmenting

technological change increases the marginal product of pollution
at all times if w>1, or in the long-run if w < 1. In this sense, we
can say that pollution-augmenting technological progress is com-
plementary with pollution. Thus, pollution-augmenting technolog-
ical progress only concentrated in the dirty sector might not be
favorable to sustainable development.

2.6. Assumptions

We make the following assumptions:

Assumption 1. The clean sector of the economy is sufficiently pro-
ductive so that the marginal return to capital (Ac) is higher than
the marginal opportunity cost of capital (p + &), hence M =A; —
p—05>0.

Assumption 2. Technological change can be pollution-augmenting
occurring at an exogenous rate ¢ >0 and/or neutral, raising the
total factor productivity of the dirty sector at an exogenous rate
g4 >0. However, the rate of technological change in the dirty sec-
tor is bounded from above as follows: ¢ + g; < min{M, M/a} .

Assumption 1 is a necessary condition for the economy to ac-
cumulate capital over time. Assumption 2 implies that exogenous
technological change is concentrated on augmenting the dirty in-
put in the dirty industry only while the clean input does not aug-
ment its productive capacity in either industry.

Assumption 2 also places a limit on the speed of technological
progress in the dirty sector. This limit allows the price of the dirty
good to increase over the growth process because if the productiv-
ity of the dirty good increases too fast the pollution tax increasing
its cost of production may not be enough to induce a rise in its

price. This, in turn, would cause the consumption substitution ef-
fect to disappear and, hence, a key mechanism for sustainability
would not be in effect. There are two contradictory effects on the
price of the dirty good over time; one is the increasing cost as-
sociated with the continuous pollution tax increase which raises
the price of the dirty good. The other effect is the increasing pro-
ductivity in the sector due to technological change. Assumption 2
allows the former effect to dominate the latter one and hence that
the net cost of production of the dirty good increase. This causes
its relative price to rise (Brock and Taylor, 2010).

3. Optimality and market clearing conditions
3.1. Optimality conditions

The first-order necessary conditions for maximization of the
Hamiltonian function imply that the marginal utility of consump-
tion must be equal to the shadow price of capital, A:

e(1,p)* e = A (5)

Along the optimal path the well-known no arbitrage condition
must be satisfied:
A

5= lA—p-8]=-M (6)

There are two additional conditions for optimality for an inte-
rior solution:

dF (kq, bx) B

PAdT -Ac=0, (7)
JdF (ky, bx

p LDy 3o, (8)

Eq. (7) indicates that in equilibrium, the marginal value product
of capital should be equalized across the two sectors. Eq. (8) states
that the optimal pollution tax, which is equal to the marginal
rate of substitution between pollution and consumption,z =v/(x)/A,
is equalized to the marginal value product of pollution. Finally,
savings should be equal to the net investment at each moment
of time, so that we have Eq. (3) as an additional first order
condition. Finally, we have the standard transversality condition,
tlin;o Ak(t)e=rt =0.

3.2. Market clearing conditions

In the Appendix, we show that the rate of growth of the con-
sumer demand for dirty goods is:
o 1 S «
&= M- [(") F(1- s(p))o}p. (©)

a a

A circumflex above the symbol reflects its corresponding rate of
growth. In addition, the rate of growth of production of the dirty
goods is:

o ~ k ~
9y = g4+ F kg, bx) = g +5’<<bf<> + (bx). (10)

Because the dirty goods are used for consumption only, market
equilibrium requires that y; = ¢4 at all points in time. Furthermore,
once the dirty goods market is cleared, the market for the clean
goods automatically clears because the current savings are equal
to the current investment, as stipulated in Eq. (3). Therefore, the
relative price of dirty goods must adjust endogenously over time
to allow for the equilibrium to persist. Along the equilibrium path,
the growth rate of production and demand for the dirty good must
be equal so that j; = ¢;.
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4. Dynamic equilibrium
4.1. Equilibrium conditions

In this section, we derive the system of dynamical equations
that can be solved for the dynamic equilibrium path for p, (’;—f‘)
and X. Using Egs. (9) and (10), we obtain:

. kY . M
Vi S| = = — — — 11
p+ k(bX) +X a 8d é‘ ( )

where zEs(p)% + (1 -s(p))o >0 (also recall that ¢ = b/b and
g4 =A4/Ay). The function z corresponds to the weighted average of
the inter-temporal elasticity of substitution (1/a) and the temporal
elasticity of substitution, using the budget shares as weighting fac-
tors. We note that Assumption 2 assures that the right-hand-side
of (11) is positive.

From Eq. (7), we have p+Ap + F; (kq, bx) = 0, which, given the
CES production function, implies that:

L1 ky
| 5(1 SK)(bX) = —&d- (12)

Finally, in the Appendix we show that using Eq. (8), the follow-
ing expression follows:

1. (ky .
p+w51<<bx>—m<—M—gd—C. (13)

It states that the rate of increase of the private marginal rev-

enue of the dirty input, p + %SK(%) + ¢ + 8p, is equal to the rate
of increase of the input price which in turn equals the rate of
change of the pollution tax,? = nX + M.

4.2. Solution of the dynamical system and the optimal pollution tax

In the Appendix, we show that the dynamical system of

Egs. (11)-(13) solves for the equilibrium growth rates of p, (’;—f()
and X, as follows:

b (050 (2 )]

~a[a-som+Dros(n+ )]
~£[(1 =S+ D). (14)

(i;) - |M17|[M(% “) +gd”(z—1)—é“<’7+1>] >0, (15)

R 1 1
X = W{M<E —Z(l —Sk) - (Usk>
+84(z—-1)+¢(z(1 =S) + wS, — 1)}, (16)

where [W| = L[(1-S)(1+2zn) +Si]+nS; > 0.

We can derive the dynamics of the optimal pollution tax con-
sistent with the system using Eqs. (14)-(16). Noting that since
T =1'(x)/A, we have T = nX+ M. Therefore, using Egs. (8), (13),
and (15) we can derive the rate of change of the pollution tax over
time:

R n 1 1
+284 + ((1 = Sp)z+ wS)¢) > 0.

By Assumption 2, M/a > ¢ + g; means that the pollution tax
increases continuously along the optimal path. While the tax in-
creases over time, the share of pollution tax costs on the total

value of consumption, 7x/c, may eventually decline along the opti-
mal path.’8

Expanding income due to capital accumulation induces an in-
crease of the pollution tax since the marginal utility of consump-
tion, A, falls as M > 0. This means that the relative price of the
dirty input (pollution) increases over time and triggers a technique
or input substitution effect with a pollution-reducing effect. Under
Assumption 2, Eq. (15) shows that the capital-to-effective pollution
ratio (kg/bx) increases over time.

In general, the relative price of the final dirty good does not
necessarily increase over the growth path, and hence in princi-
ple the consumption composition is no assured. The fact that, as
shown by (15), the k,/bx ratio continuously rises over the full
growth path means that the share of dirty inputs in the dirty in-
dustry is not stable along such path. If w>1 then Sy converges
towards 1 meaning that the dirty industry becomes progressively
cleaner becoming a clean sector in the long-run. Therefore, in this
case there no real need of a composition effect in order to attain
sustainable development.

If w<1 then Sk converges towards 0 meaning that the dirty sec-
tor becomes dirtier over time. In this case sustainable development
does need the consumption composition effect which can only be
triggered by an increase in the relative price of the dirty final good.
It is in this case when Assumption 2 becomes essential to allow
the price of the dirty good to continuously increase beyond a cer-
tain point in time. Over the long-run as Sk becomes smaller and
smaller the relative price of the dirty final good eventually starts
increasing inducing the consumption composition effect and thus
making sustainable development possible.

Pollution-augmenting technological change weakens both the
technique and composition effects. The increasing productivity of
pollution counters the effect of the pollution tax, weakening the
incentives to substitute pollution with clean inputs. Similarly, the
increased productivity associated with technological change re-
duces the burden of pollution tax in the production of dirty goods.
This, in turn, reduces the price increase of the dirty goods and
weakens consumers’ incentives to substitute dirty goods with clean
ones. More on this in Section 7.

4.4. Suboptimal pollution paths

Since we can obtain an explicit and tractable solution for the
optimal rates of change of pollution and the other relevant vari-
ables with enough information regarding the key parameters con-
sidered, this part of the solution is relatively easy to obtain for a
government or planner. However, this is not a complete solution.
To obtain a complete solution, we need to solve for the initial val-
ues of the endogenous variables (p,k;/bx, x and, therefore, 7) in
addition to their optimal rates of change as provided by Eqs. (14)-
(16). In fact, determining such initial values is extremely complex
for governments and analysts. Fortunately, as shown through an in-
spection of Egs. (14)-(16), the optimal rates of change of the vari-
ables are not dependent on the variables’ initial values.

This characteristic of the dynamical solution is important be-
cause, as we shall see below, it allows us to determine the maxi-
mal critical initial level of pollution that assures that the stock of
clean air will never fall below the catastrophic threshold. If the
government can determine such a critical level, its job would be
reduced to ensure that the initial pollution level is below the criti-
cal point, and from then on follow the myopic growth rule dictated
by Eq. (16). The result would be a suboptimal rule, implying higher
pollution levels than the optimum at all points in time, but one

18 Later in the paper we prove this assertion when the conditions for sustainable
growth are satisfied.
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that assures sustainable and positive economic growth thus pre-
venting environmental disaster. Section 6 deals with these issues.

5. Economic growth (the growth cost of the pollution tax)

An important issue is whether the dynamic path described by
Eqs. (14)-(16) in a market economy under a Pigovian pollution tax
implies a positive rate of consumption growth despite that the pol-
lution tax is continuously increasing. Otherwise, the growth path
does not constitute a sustainable growth path (e.g., Barbier, 2016).
The following proposition shows that this is indeed the case:

Proposition 1. (i) The growth rate of real consumption expenditure
is:(g) = %[M —s(p)pl, where p is given by (14). (ii) The rate of
growth of real consumption remains positive throughout the equilib-
rium dynamic path for any positive w and o. (iii) If either input sub-
stitution or consumption substitution is elastic (if w >1 or o > 1), but
not both, the rate of growth of real consumption converges from below
toward a rate Mfa. If both w > 1 and o > 1, then the growth rate of
real consumption converges to (1/a)(M +g4). (iv) If w <1 and o <1,
then the rate of growth of real consumption converges from above to-
ward a rate ((1+1n)/(a+n))(§ +g4) < M/a.

Proof. See the Appendix.

Proposition 1 demonstrates that the dynamic equilibrium path
described by Eqs. (14)-(16) is associated with a positive rate of
growth of real consumption regardless of the size of the elas-
ticity of substitution. Yet, the economy’s growth rate is below
its potential because the optimal pollution tax forces the relative
price of dirty goods to increase continuously over time. This, in
turn, increases the cost of living for consumers, implying that eco-
nomic growth must be partially sacrificed. However, as shown in
Remark 1, if o > 1, the share of the dirty goods in the consump-
tion bundle declines, and if w > 1, the share of the clean input in
production increases. In either case, the sacrifice of the growth rate
vis-a-vis its potential level becomes progressively smaller beyond a
certain point. The growth rate of the economy approaches its max-
imum potential rate in the long run, which, in this case, is equal
to M/a in the absence of neutral technological progress in the dirty
sector.

When o >1 or w>1, the convergence (or long run rate of
growth) of the economy is not affected by the rate of pollution-
augmenting technological change because in this case, the con-
sumer budget share of pollution and/or the share of pollution in
the cost of production approaches 0.'° Pollution-augmenting tech-
nological change becomes irrelevant for economic growth over the
long-run because the share of the dirty input in the production of
the dirty goods and/or the share of dirty final goods constitute a
negligible fraction of the economy. In this case the cost of the tax
in terms of economic growth is purely temporary and declining,
and the economy is able to reach its maximum growth potential
over the long run.

Furthermore, from Remark 1 it follows that if w <1 and o <1,
the share of the dirty input (pollution) in the cost of production
increases over time, and the share of dirty goods in the consumer
budget increases over time, both converging to 1. Therefore, in
such a case technological change becomes the key determinant of
the convergence rate of economic growth. Conversely, because the
share of the clean goods approaches 0, the capacity of the economy

9 This is true if o > 1, but @ <1 because in this case the consumption share of
the dirty goods approaches 0 and hence the participation of the dirty goods in the
economy becomes negligible in the very long run. Furthermore, if 0 <1 but w> 1,
the share of pollution in the production of the dirty goods approaches 0, meaning
that in the very long run the participation of pollution as an input becomes negli-
gible.

to expand such goods becomes increasingly irrelevant for economic
growth. Thus, in the inelastic case, the economy’s growth rate de-
clines and becomes increasingly dependent on the rate of techno-
logical change and less dependent on the rate of capital accumula-
tion as the shares of the dirty input and dirty final output increase
over time. Moreover, Assumption 2 implies that the growth rate of
the economy converges to a lower level than in the elastic case.

The following corollary to Proposition 1 summarizes the results
discussed in the previous two paragraphs:

Corollary 1. Economies characterized by elastic producer and/or con-
sumer choices tend to grow more rapidly and converge towards higher
secular growth rates than economies exhibiting inelastic producer and
consumer choices.

6. Conditions for sustainable growth (assuming ¢ = 0)

When EMU is greater than 1, as is assumed by standard sus-
tainable growth models, society’s willingness to pay for a marginal
reduction of pollution increases rapidly with income. The growth
effect then becomes relatively weak vis-a-vis the case where
EMU < 1. Even when both consumption and input elasticity of sub-
stitution are less than 1, sustainable development arises.

The following proposition emerges for the case when EMU>1:

Proposition 2. Suppose a > 1, assumptions 1 and 2 hold, and either
o and/or w is positive, then an optimal pollution tax is sufficient to
induce sustainable development for any type of exogenous technolog-
ical progress (pollution-augmenting and/or neutral).

Proof. See the Appendix.
6.3. The case when EMU is less than 1

Some recent studies have shown that, contrary to previous as-
sumptions, the EMU may reach levels below 1 (e.g., Ortu et al.,
2013; Colacito and Croce, 2011; Vissing-Jergensen, 2002). When
a < 1, the conditions for sustainable economic growth are more de-
manding than in the previous case. This section will characterize
the output composition effect, and briefly discuss the input substi-
tution (or technique) effect.

6.3.1. The output composition effect

The composition effect works when consumers substitute dirty
goods with clean goods in the face of the rising relative price of
dirty goods. Here, we consider the case when the consumption
elasticity of substitution is strictly greater than 1, but the produc-
tion elasticity of substitution is less than 1. In this case, the feasi-
bility of sustainable growth relies exclusively on consumer flexibil-
ity because the dirty sector becomes progressively dirtier along the
growth process. Using Remark 1, it follows that the factor share
of the clean input in the output value of the dirty final goods,S,,
converges to 0 (and concomitantly, the share of the dirty input
converges to 1). The relative price of dirty goods continuously in-
creases over time meaning that consumers substitute dirty goods
with clean ones.

Therefore, assuming o > 1 and w < 1, the limit to Eq. (16) is:

e M(E-0) - +en-0)

From Eq. (17), it follows that tlim X <0, if and only if

M +g)
o> " "~ =dMa?l,g)>1.
M=+ ¢ 8
The threshold level d(M, a; ¢, g4), above which sustainable
growth becomes possible, is increasing in ¢ and gy, respectively.
Technological change in the dirty sector makes sustainable growth
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more difficult. The threshold level reduces to 1/a in the absence of
any form of technological progress. The following lemma summa-
rizes the previous results:

Lemma 1 (on the role of the composition effect). Suppose that
technological progress is pollution-augmenting and/or is neutral or
non-existent and that assumptions 1 and 2 hold. If a<1, then an
inelastic technical substitution (w <1) does not preclude sustainable
economic growth if and only if o is greater than a threshold level
exceeding 1 (e.g.,0 >d(M, a; ¢, g4)>1).

Lemma 1 underlines the importance of the composition ef-
fect in circumventing the case of an inelastic production tech-
nology. Previous analyses that have often assumed a single final
good ignored the output composition effect, concluding that a flex-
ible production technology (w > 1) is a necessary condition to al-
low for sustainable development. Lemma 1 shows that this is not
true if consumer preferences are sufficiently flexible (o >d(M, a;
¢, 84)>1). Remarkably, sustainable growth under an optimal pol-
lution tax may occur even if the production function of dirty goods
is Leontief (w = 0), that is, even if clean and dirty inputs are com-
plements rather than substitutes.

We note that even if the share of dirty goods approaches 0, it
does not necessarily imply that the rate of growth of the demand
for (and hence supply of) the dirty final goods will become nega-
tive. In fact, the growth rate of dirty goods continues to be positive
over the long-run if the economy’s growth rate is sufficiently rapid
and may even surpass the rate of pollution-augmenting technologi-
cal change, in which case pollution will continue to increase in the
long run. Lemma 1 shows that only when o >d(M, a; ¢, g4)>1
will the consumption of dirty goods (and hence the production of
dirty goods) grow at a rate below the pollution-augmenting tech-
nological change, thus leading to a reduction of pollution levels.?°

6.3.2. The input substitution or technique effect

We will now consider the case when the technical elasticity
of substitution between the two inputs is strictly greater than 1,
while the consumption elasticity of substitution is less than 1, but
still positive. In this case, the cost share of the clean input ap-
proaches 1, while the share of the dirty good in the consumer
budget also approaches 1. In this case the feasibility of sustainable
growth depends solely on technique effect. From Eq. (16) we have:

. (- -oM-¢)+go—1)
lim X =

18
t—o00 1+wn (18)

The numerator’s first term (which is positive) of Eq. (18) cap-
tures the growth effects that measures the scale effects effect of
economic growth and the direct effect of technical change. The
numerator’s second term represents the technique effect resulting
from a change in the relative factor costs of production. The opti-
mal pollution tax causes the pollution input to become increasingly
expensive. In addition, if the elasticity of substitution between the
clean and the dirty input is greater than 1, the pollution input is
gradually substituted with capital, causing its share to converge to
0. The third term represents the effect of growth of total factor
productivity in the dirty sector, which reduces pollution growth
when o < 1. It follows that sustainable growth only becomes possi-
ble if the technique or substitution effect outweighs the technolog-
ical change effect. This condition is satisfied if w >d(M, a; ¢, 0)> 1

20 Given that w < 1, which implies that }im S, =0, it follows from Eq. (10) that the
rate of growth of the dirty good production over the long run is equal to the growth
rate of effective pollution, §*° =% + ¢. Hence, if 3 =& > ¢ then X > 0, where a
superscript co denotes long run levels.

where

(7 -¢)
M-¢ -
Consequently, if a < 1, a Cobb-Douglas production function (w =
1) is not consistent with sustainable development when g; = 0.
As we demonstrate below, the standard growth models almost al-
ways assumed Cobb-Douglas production functions, and was able to
conclude that growth is sustainable only because such models as-
sumed that EMU>1. The following lemma summarizes these find-
ings.

dM,a;¢,0) =

Lemma 2 (on the technique or input composition ef-
fect). Suppose that technological progress is pollution-augmenting
and that assumptions 1 and 2 hold. If a <1, then o <1 does not pre-
clude sustainable economic growth if an optimal pollution tax is im-
plemented, and w is greater than a threshold level d(M, a; ¢, 0) that
exceeds 1.

In our model, unlike Acemoglu et al. (2012), for example, capital
(e.g., the clean input) is expanding in a growing economy, and the
rate of economic growth is endogenous. Hence, even if, as we as-
sume that technological change is pollution-augmenting and con-
centrated in the dirty sector, the capital-to-effective pollution ratio
(kg/bx) may increase without requiring so rapid an increase of the
pollution tax as to smother economic growth. This follows because
the technique effect does not rely exclusively on the pollution tax
but is reinforced by the capital growth effect. Therefore, if the elas-
ticity of substitution between capital and pollution is greater than
the threshold level, then the substitution effect may dominate the
expansion effect within the dirty sector, and pollution will begin
decreasing at some finite time along the growth path. Combining
Lemmas 1 and 2, we obtain the following proposition:

Proposition 3. Suppose that technological change is pollution-
augmenting and assumptions 1 and 2 hold. If a <1, then sustainable
growth is feasible if an optimal pollution tax is implemented, and ei-
ther w or o is greater than the threshold level, d(M, a; ¢, 0), which
exceeds 1.

Proof. See the Appendix.

Proposition 3 demonstrates that even if technological progress
only benefits the dirty sector, and is biased toward the dirty in-
put in a pollution-augmenting fashion, and if the EMU is less
than 1, then an optimal pollution tax may be sufficient to in-
duce environmental sustainability if either the consumers’ pref-
erences or the producer’s technologies exhibit sufficient flexibil-
ity. From Proposition 1, it follows that this occurs while the econ-
omy’s growth rate is positive throughout the full adjustment path.
Moreover, since environmental sustainability requires either o > 1
or w > 1, Proposition 1 shows that economic growth is lowered in
the short run, but the economy’s growth rate gradually recovers
towards its potential rate over the long run. Therefore, under the
conditions established in Proposition 2, an optimal pollution tax
alone may lead to sustainable growth without requiring further
policy interventions.

7. Stock effects: conditions for avoiding an environmental
disaster

While the previous analysis has depicted a relatively optimistic
case for sustainable economic growth in the long run by using a
Pigouvian tax as the only policy instrument, this solution does not
preclude the possibility that pollution continues increasing over a
certain period of time. An important issue is whether the pollu-
tion stock along the growth path may reach a level that causes
a catastrophic and irreversible damage. This is particularly relevant
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for the case of climate change: If the stock of atmospheric clean air
falls below a certain threshold level the earth climate could change
causing an environmental disaster which is also irreversible.

Here we discuss the conditions under which the solution for
the dynamical system as developed in the previous sections are
indeed consistent with avoidance of environmental disaster at any
point in time.?! Assuming a dynamic path of pollution emissions
as defined by Eq. (16), then for any given initial level of clean air
stock a corresponding critical level of initial emission flow exists
such that if the initial value of pollution emission is less than a
critical level, the clean air stock remains at all times above a min-
imal threshold level that prevents environmental disaster. Other-
wise, if the initial pollution level is above the critical level, the
clean air stock falls below the threshold level, and catastrophic
environmental disaster will eventually ensue. The intuition behind
this result is that since Eq. (16) gives the (optimal) rate of change
of pollution for all times (a rate which is independent of the initial
pollution level), the full path of pollution is entirely determined
by its initial level. The question is whether along this path the
stock of clean air ever reaches the catastrophic level. If we find
the initial (critical) level of pollution which, in conjunction with
Eq. (16), causes a pollution path that exactly avoids reaching such
a catastrophic stock level, then any other pollution path following
the same rate of change established by Eq. (16), but starting from
a lower pollution level, will also avoid catastrophe.

To identify such a critical level of initial emissions, we
first note that for any given initial level of man-made capi-
tal, the system of Eqs. (14)-(16) yields a unique optimal growth
path for p,(kg/bx) and x. In fact, the system of Eqs. (14)-
(16) can be represented as a system of autonomous differ-

ential equations: p= O(S;,s(p), p),(ky/bx) = I' (S, s(p), (kq/bx)),
and x = & (S, s(p), (ky/bx),x). Since ®(-), I'(-), and &(-) are all
continuously differentiable functions, a unique solution exists for
each set of initial values. We also note that the solution for emis-
sion, x, constitutes an optimal control for dynamic optimization in
the absence of stock constraints. The initial level of emission is de-
termined endogenously within the system. Likewise, initial values
of k4, and therefore p, are all endogenously determined within the
system. We can then define the unique path of pollution emission
flows and stock of clean air as conditional functions of the (en-
dogenous) initial value of pollution as well as the (predetermined)
initial stocks of clean air and natural capital as follows:

x(t) = Q(t. xo; ko, x. ¢.gq) and E(t) = L(t, Xo; ko, Eo. X. &, 84)-

where the function L(t, xq; ko, Eg, X, ¢, gg) is defined by
Eq. (4’) and x = (a, 0, w) denotes a vector of structural parame-
ters. From Eq. (4’), unless the pollution emissions x(t) eventually
starts falling over time, the stock constraint, E(t) > E for all t>0,
may not be satisfied.

Let x* denote the set of x = (a, o, w) which guarantees even-
tual decline of pollution emissions, satisfying the conditions estab-
lished by either Proposition 2 or Proposition 3. Then for any y in
x*, and man-made stock of capital, we can define the admissible
set, J(x, ko, Eo; ¢, g4) of initial values of clean air stock and flow
level of pollution, which assures sustainable growth. Thus,

J(X. ko, Eo: £, 84) = { (X0, Eo)|L(t, Xo: ko, Eo, X. ¢, &a)
> E, forallt > 0}.

Given the initial level of clean air, Eg, the set J(x, ko, Eo; ¢, &4)
of initial levels of flow pollution an economy can emit while main-
taining the stock of clean air above the threshold level is bounded
above and closed because the function L(t, Xo; ko, Eo, X, ¢, &4)
is continuous, as shown by Eq. (4’), and is also bounded from

21 See Lopez and Yoon (2016) for a similar treatment of this problem.

above. Following Lépez and Yoon (2016) we confirm that the max-
imal element,xg (Eg; ¢, 84) of the set J(x, ko, Eo; ¢, &) exists, above
which an environmental disaster occurs sometime in the future.
We define C(x, ko ¢, g4) = {Eo. x§(Eo; . 84)|E < Eo}, which consti-
tutes the boundary or envelope of the set J(x, ko, Eg; ¢, &) - Since
a time T>0 exists, after which pollution emissions decrease in a
monotonic way for any eventually declining pollution emissions
path, there is a critical turnaround time t* > T such that

x(tx) = Q(t,x5; ko, X, ¢, 8q4) = VE, (19)
E(tx) = L(t*, xg; ko, Eo, x.¢.84) =E, (20)

where xg is the maximum initial level of pollution emissions
that corresponds to any given Eg > E, is consistent with avoid-
ing environmental disaster, and t* is the critical turnaround time
when the stock of clean air reaches the minimum level nec-
essary to avoid a catastrophe. Egs. (19) and (20) solve for the
two endogenous variables x§ = x{ (Eo; ko, E, X, V., {,84) and tx =
N(Eg; ko, E, x, ¥, ,84). We now turn to a numerical solution of
this.

Fig. 1 illustrates the previous analysis. The thick curve, denoted
as C, is the envelope of set | as defined above. Therefore, C pro-
vides an envelope for all trajectories of x as a function of Ey that
satisfy the constraint E(t) > E at all times, which is called set J in
Fig. 1. By contrast, any trajectory that is outside (above) the enve-
lope C, denoted as the complement of set J (set J°) in Fig. 1 (which
is shaded), reaches an environmental catastrophe. Fig. 1 shows the
particular case where pollution emissions follow an inverted U-
shaped pattern where the envelope C reaches E at the turnaround
time t*. The uniqueness property of the adjustment paths guaran-
tees that any two different trajectories starting from different ini-
tial positions move in parallel and never cross each other. Hence,
any trajectory starting below x§(Ep) never reaches the catastrophic
stock level, while any trajectory starting above C is bound to even-
tually violate the stock constraint.

The curve labeled OO and the curve labeled SS in Fig. 1 rep-
resent the optimal trajectory and an arbitrary suboptimal but sus-
tainable trajectory associated with a suboptimal tax, respectively.
Fig. 1 does not illustrate time profiles of pollution emissions for
the two trajectories. It can be shown, however, that each level of
E is reached at an earlier time along the trajectory OO than SS.
Although it appears in the figure that the level of pollution emis-
sions is higher in OO than SS beyond the turnaround level, this is
due to the fact that the visual comparison considers indeed differ-
ent points in time. At each point of time the level of E is higher
within trajectory OO than SS.

8. Numerical illustration

Here we develop a numerical example to obtain further insights
into this paper’s propositions. To highlight the role of the con-
sumption composition effect, we assume that the clean and dirty
inputs are complements (e.g..w = 0), so that sustainability in this
case depends mainly on the consumption composition effect. For
simplicity, we only focus on pollution-augmenting technological
progress. First, we calibrate our model with only flow emissions
of pollution using parameters based on data from the U.S. econ-
omy, and later we check the sustainability condition for the stock
constraint.

8.1. Parameter choices

In recent literature, the long-run annual growth rate of the U.S.
economy is often assumed to be 2% (e.g., Nordhaus, 2007;
Weitzman, 2007; Acemoglu et al, 2012). As shown in
Proposition 1 above, this corresponds to M/a where a =EMU.
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Fig. 1. The admissible set J and the Envelop C in E-x space.

In the literature EMU is often assumed to be approximately 2;
this would imply that the net return to the capital input, M, is
approximately 0.04 (or 4%).22 We examine the feasibility of sus-
tainable growth under varying assumptions of EMU and elasticity
of substitution in consumption, o.

Based on recent econometric estimates, we alternatively con-
sider EMU values of 2 and 0.8. (e.g., Ogaki and Reinhart, 1998;
Vissing-Jergensen, 2002). For M = 0.04, the economy’s long-run
growth rate becomes 5% when EMU = 0.8, which is much greater
than the commonly accepted rate of 2%. Nonetheless, we perform
this simulation to highlight that when EMU is low, the scale ef-
fect is much larger, and, therefore, makes sustainable growth more
difficult to achieve.

A number of empirical studies report a high degree of substi-
tution between environmentally- mild consumer goods (such as
organic products or high efficiency appliances) and conventional
ones, often reporting elasticity of substitution estimates well above
3.23 We thus consider three different values for o: 4, 2, and 0.8. Fi-
nally, based on the data from World Bank (2012) of the global capi-
tal formation growth rate between 1990 and 2012, we assume that
the annual rate of pollution-augmenting technological progress is
approximately 0.5%, so that { = 0.005.24

8.2. The pollution emissions path

Fig. 2 provides the growth of pollution emissions over time for
various EMU values.?> Panel (a) shows the case when EMU = 0.8.
If the elasticity of substitution is greater than the threshold level,

22 See, for example, Kydland and Prescott (1982), Jones et al. (2000), and
Bansal and Yaron (2004), among others.

23 See for example, Glaser and Thompson (2000), Thompson and Glaser (2001),
Lin et al. (2008), and Galarraga et al. (2011).

24 We calibrate the parameters such that 7 =1 in the pollution damage function,
and the ratio, y¢/y4 =0.7 in the unit expenditure function equals. The value of
ndoes not change the long run feasibility of sustainability if the damage function is
convex. The values for y do not affect the behavior of pollution emissions growth
if it satisfies convexity conditions for the expenditure function (e.g., Eq. (16)).

25 For illustration purposes, we use a time scale obtained by calibrating the
changes in the share of the clean input (labor) of the US manufacturing industry
over the past decade.

(";’WL:CC) ~ 1.28, implied by Proposition 3, a critical time exists
where pollution increases monotonically, and then starts declining.
This turning point depends on the level of ¢. If 0 =4, the turning
point takes place in the year 2069, and if o = 2, in 2185, because
the consumption composition effect becomes more effective when
o is larger.

Panel (b) depicts the case when EMU = 2: if o =4 then pollu-
tion begins falling very quickly by the year 2025, but if 0 =2 or
o = 0.8, then the turning point occurs during a much later year
(2057 and 2178, respectively). Panel (c) illustrates the pollution
emissions path for the case when both EMU and o are less than
1, in which case pollution increases in all periods. When o <1.28
pollution emissions continue to increase over time for all periods
as indicated by Lemma 1.

In summary, if EMU <1, sustainable growth requires that the
consumption elasticity of substitution be greater than the thresh-
old level. However, as shown in Panel (b), if EMU > 1, then eco-
nomic growth is sustainable even if o is low (and w =0 as we
assumed here). In this case, as predicted by Proposition 2, even
highly inelastic consumer preferences and producer technology do
not prevent pollution from beginning to decline along the optimal
path.

8.3. Growth sacrifice caused by the pollution tax

Finally, Panel (a) in Fig. 3 shows the rates of growth of real con-
sumption when EMU = 0.8. The rate of economic growth always
is positive, although it falls below the potential growth rate over
the short run. However, if EMU > 1, it recovers toward the poten-
tial growth rate over the long run. The growth sacrifices over the
short- and medium-terms are rather small, and growth recovers
more quickly if the elasticity of substitution is larger. Even when
o is relatively low (e.g., 2), the growth sacrifice is not very large,
reaching a maximum value on the order of 0.6 percentage points
per year, although the growth rate begins recovering at a much
later date than when o = 4. The growth sacrifice is large if o is
less than 1 (e.g.,0 =0.8), and more importantly, and as predicted
by Proposition 1, the economy’s growth rate converges to a lower,
but still positive rate of growth, over the long-run.
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Fig. 3. Real consumption growth rates

Panel (b) of Fig. 3 illustrates the case when EMU =2. If 0 <1,
then the long-run growth rate remains positive, but falls below
toward the technological growth rate (¢ = 0.005). However, as
predicted by Proposition 1, if o =2 then the rate of economic
growth converges to the potential growth rate M/a, and the tem-
porary growth sacrifice imposed by environmental sustainability is
smaller than the previous case. In this case, the maximum reduc-
tion of the rate of economic growth is about 0.5 percentage points.
In the short-run, the growth sacrifice caused by the pollution tax is
0.2 percentage points, from a 2% annual growth when no environ-
mental tax is implemented to about 1.8% when the tax imposed.?%

26 According to Panel (a) in Fig. 3, where we assumed that EMU = 0.8, we find
that the economy took about 56 years and 273 years to recover back to the pre-
policy level of real income growth rate for 0 =4 and o = 2 respectively. In case
of o = 0.8, the consumption level never recovered back to that of pre-policy level
of income growth rate but remained positive. Similarly, from Panel (b), where we
assumed that EMU = 2, we find that it took about 52 years and 224 years to recover
back to the pre-policy level of real income growth rate.

for different values of o and EMU.

8.4. Stock effects

We now consider the possibility of irreversible disaster assum-
ing Cobb-Douglas utility and production functions, and EMU > 1.
Although there is no clear consensus on the structure of the carbon
cycle, recent scientific studies find that the lifetime of carbon in
the air spans a few centuries. The Intergovernmental Panel on Cli-
mate Change (IPCC) (2007) suggests about half of the CO2 increase
will be removed from the atmosphere within 30 years, implying a
1.6% regeneration rate of clean air per annum. Then, Eq. (19) im-
plies that x(tx) = 0.016E.

Given the Cobb-Douglas specification, the cost share of clean
input in production,S;, and the consumers’ budget share of the
dirty final good, s, are constant. Assuming service output and la-
bor input are less pollution intensive than manufacturing out-
put and energy-intensive inputs, we use estimates for the share
of clean input and clean final goods in world GDP for illus-
tration purposes, and set S, =0.5 and s=0.54 (Guscina, 2006;
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World Bank, 2012). Using the same values used for the previous
simulation for the other parameters (a = 2;¢ = 0.005;M = 0.04;n =
1), we obtain from Eq. (16) that x(t) = xo exp(—9t), where ¥ =
0.0085, implying that the optimal pollution decreasing rate is
equal to 0.85% per annum.

Since there is no direct measure to gauge absolutely clean air
stock, we construct the so-called relative clean air stock (RCAS) in-
dex. Let Carbon; and CarbonP represent the current global carbon
stock in year t and the disaster-rendering magnitude of the global
carbon stock, respectively, both measured in ppm. Define RCAS in-
dex as follows;

E(t) = RCAS(t) = Carbon® /Carbon,.

For illustrative purposes, we assume that the disaster-rendering
level of the carbon stock is 650 ppm.?’ In addition, we set the
initial value (year 2013) and pre-industrial value of global car-
bon stock level in the atmosphere at 395 ppm and 280 ppm, re-
spectively (NOAA, 2013). Then, the pre-industrial RCAS level which,
we consider environmentally pristine, is E = 650,280 ~ 2.32, while
the current level and disaster-rendering level of clean air stock are
Ez013 = 650/395 ~ 1.64 and E = 650/650 = 1, respectively.?®

To solve numerically for the corresponding critical level of
emission, 5,5, we first note, using Eq. (19), that

X013 EXp(=0tx) = YE=¢ (21)
Also, from Egs. (4’) and (20), we have,

1£3
E(t%) = exp(¥t*) (Exo13 — /0 Xa013 €Xp(=Pt)dt) =E = 1.

Using the expression for the pollution emissions in the Cobb-
Douglas casex(t) = xg exp(—9t) and integrating, it follows that the
previous expression can be written as:

exp(Ytx) (52013 + %(exp(—(ﬂ +Y)tx) — 1)) =1 (22)

Solving Eq. (21) and Eq. (22) using numerical methods gives the
level of carbon in the year 2013 which is located in the envelope
Cin Fig. 1, obtaining x5,,; = 0.038 given that Eg;3 ~ 1.64. We then
generate the time profiles of pollution emissions and the stock of
clean air under alternative scenarios.

We consider five alternative scenarios.

Scenario 1 (Optimistic case): The government reduces emis-
sions by 15% in the first year below the critical level, X5,
and the rate of pollution emissions growth is to be regulated
optimally according to Eq. (16).

Scenario 2 (Sufficient case): The government takes measures to
reduce emissions exactly to the critical level, x5,,,, and the
rate of pollution emissions growth is to be regulated opti-
mally according to Eq. (16).

Scenario 3 (Insufficient, late disaster case): The government
is unable to reduce pollution emissions to the initial criti-

cal level, x5,,5, and instead allows emission 15% above such
level in the first year, while still restricting the rate of pollu-
tion emissions growth optimally according to Eq. (16).

Scenario 4 (Business as usual, early disaster case): Pollution
emissions are 15% above the critical level, x5,,,, and they
grow by 3.1% per annum, which corresponds to the histori-
cal growth rate of carbon emissions over the 2000-10 period
(Peters et al., 2012).

27 Although the disaster-rendering magnitude of the stock of CO2 differs among
various experts, commonly accepted carbon concentration levels lie somewhere be-
tween 550 ppm and 750 ppm, implying a 3 degrees Celsius and 4 degrees Celsius
increase, respectively (e.g., Glasby, 2006; Pearson et al., 2009).

28 A pre-industrial level of carbon stock is often considered an environmentally
clean air condition (e.g., Acemoglu et al., 2012).

Scenario 5 (Sufficient but stringent target case): Environmen-
tal disaster-rendering carbon concentration level is set to be
equal to 550 ppm and the government takes measures to re-
duce initial emissions exactly to the critical level, x§013.29
The rate of pollution emissions growth is to be regulated op-
timally according to Eq. (16).

Table 1 shows the simulation results for the time profiles of x(t)
and E(t) under the above scenarios. Under Scenario 1, sustainable
development takes place, and the turnaround point of the clean
air stock occurs in 2046, reaching an environmentally pristine con-
dition by 2122. Under Scenario 2, sustainable development is also
feasible as the clean air stock never falls below the threshold level,
and starts growing in 2117. Under Scenario 3, an environmental
disaster is unavoidable; by 2054, the stock of the clean air falls be-
low the threshold level. An environmental disaster occurs despite
the assumption that the government is able to regulate emissions
growth according to the optimal rate of change. Under Scenario
4, an environmental disaster occurs by the year 2028. Lastly, un-
der Scenario 5, sustainable development is still feasible as long as
government is willing to drastically cut initial carbon emissions to
the level that is much lower than that of Scenario 2 where we as-
sume 650 ppm as a disaster rendering level of carbon concentra-
tion. Once the initial emissions level reaches the critical emissions
level that leads to sustainable growth, the economy achieves an
environmentally pristine condition by 2194.

9. Conclusion

This paper examines the sustainable development of an econ-
omy where the net effect of the two primary sources of growth,
capital accumulation and technological change, is pollution in-
creasing. Sustainable development can be achieved under a variety
of plausible technological conditions if an optimal Pigouvian pollu-
tion tax is implemented as the only policy instrument. If the often-
used assumption of EMU greater than 1 holds, then sustainable
development is almost automatically satisfied if either the elastic-
ity of substitution in production or in consumption is positive. An
optimal pollution tax profile rules optimal pollution changes over
time as characterized by Eq. (16), and is sufficiently high to set the
initial pollution level below a critical level to avoid disastrous stock
effects of pollution.

Moreover, even if the initial pollution tax is suboptimal, sustain-
able development still takes place as long as the initial tax level is
sufficient to set the initial pollution flow less than or equal to its
critical level, and the tax rate of change over time is at the rate
necessary to induce optimal pollution changes over time. Such a
critical level is well defined once the initial level of renewable re-
source stock, such as clean air, is identified.

Sustainable development mainly becomes an issue when EMU
is less than 1. Sustainability may also occur in this case if consumer
substitution between clean and dirty goods are high, even if the
production elasticity of substitution between clean and dirty inputs
is low. In contrast to the assumption of high producer flexibility
made by the standard growth models, the assumption of consumer
flexibility required in this case appears to be more adequately sup-
ported by empirical studies. This paper has demonstrated that nei-
ther strong production substitution nor technological optimism is
necessary for environmentally sustainable growth.

29 IPCC (https://www.ipcc.ch/sr15/) suggests that to avoid the disaster earth tem-
perature should stay below an increase of 1.5 degrees Celsius which is equivalent to
500-550 ppm carbon concentration level. If we set 550 ppm as a disaster rendering
level then E = 550/280 ~ 1.96. Solving Egs. (21) and (22) using numerical methods
gives the point for the year 2013 located in the envelope C, which corresponds to
X5013 = 0.0322 andEyi3 = 550/395 ~ 1.40.
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Table 1
Time path of pollution emissions and clean air stock under different scenarios. .
Scenario 1 Scenario 2 Scenario 3 Scenario 4 Scenario 5
Optimistic case Sufficient case Insufficient, late disaster case  Business as usual, early disaster case  Sufficient but stringent target case
(X = -0.0085) (X =-0.0085) (* = —0.0085) (X¥=0.031) (X =-0.0085)
Year(t)  x(t) E(t) x(t) E(t) X(t) E(t) x(t) E(t) x(t) E(t)
2013 0.0327 1.640 0.0385 1.640 0.0442  1.809 0.0442  1.809 0.0322 1.407
2027 0.0307 1.609  0.0341 1.478 0.0389 1.412 0.0993 1.064 0.0316  1.388
2046 0.0244 1.542 0.0290 1.299 0.0331 1.112 Environmental 0.0285 1.283
2053 0.0230  1.547 0.0274 1.244 0.0311 1.006 disaster 0.0283 1.275
2095 0.0162 1.837 0.0191 1.029 Environmental 0.0160 1.000
2117 0.0136 2219 0.0160 1.000 disaster 0.0120  0.0180
2122 0.0130 2.335 0.0153 1.001
2140 Pristine 0.0131 1.037 0.0109 1.156
2194 condition 0.0083 1.523 0.0069 1.962

2229 0.0061 2.324
Pristine condition

Pristine condition

Notes: (1) x(t) and E(t) denote the yearly index of pollution emissions and relative clean air stock, respectively, (2) for each scenario, Eq. (4') is used to generate E(t)

over time starting from the initial year of 2013. Source: Authors’ calculations.

Although the informational requirement for implementing gov-
ernment intervention to ensure sustainable development is not
formidable, mitigating the political and institutional obstacles to
the implementation of optimal pollution taxes as part of the ini-
tial necessary measures to reduce emissions is not an easy task.
This paper shows the scope of discretionary government interven-
tion by characterizing a family of suboptimal sustainable growth
paths.
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Appendix

Proofs of Remarks, Propositions and Assertions in the text

Proof of Remark 2. The marginal product of pollution is defined
as

dA4F (kg4, bx)
dx
It changes with technological progress as follows.

d(bR) Iy
g0y :5(1 +bxg>, (A1)

Since F(kg4, bx) is homogenous of degree 1, by Euler’s Theorem it
follows that k;Fq (kg, bx) + bxFE; (ky4, bx) = 0.Using this in (A.1) we
obtain,

d(bR) kafn B2 \ Sk
55 = }‘2(1 — F, 5) _FZ(] — 5)’ where

= bAsz (kd: bX)

_ Rk
EyF’
Derivation of Eq ((9)). :

Use Roy’s identity to derive the demand for the dirty good from
the indirect utility function as follows.

and S, = deF]

c
cg=———6(1,p). A2
‘=21 p) 2(1, p) (A2)
Logarithmic time differentiation yields,
Cg=C+é,(1,p)—éQ,p). (A3)

Totally differentiating both sides of first order condition
Eq. (5) with respect to time and using Eq. (6), we have,

o <a71>A M
C=(— )6+ —.
a a

The second term of the right-hand side of Eq. (A.3) can be writ-
ten as,

(A4)

. dloge, dp
Using the CES utility function we obtain,
dloge, ( o )yd(l—a)p—” o o
- ——=—=(s(p)—-1). A.6
dp T-0) vetyap—= 7 p((p) ) (A.6)

On the other hand, using Shephard’s lemma on the expenditure
function e(1, p) we have,
N e . N
é(1,p) = %p =s(p)p.

Using Eq. (A.6) into Eq. (A.5) and then using (A.4), (A.5) and
(A.7) in (A.3) we find,

o= (12 0) M- sp] + 0 5(p) ~ D~ 5(p)p

(A7)

(A.8)

_1 s(p) 5
= aM - |:a +(1- s(p))a}p.
Derivation of Eq ((13)). :

Logarithmic total differentiation of both sides of the first order
condition Eq. (8),

nR—A=p+gp+b+ <}‘2<f<d, bx)).
Also, since the function F is CES, we have,

B) 5(k) o

(Fz(’}d’bx>> - % [(l —oe)(%)f%‘ +Oé] T o\ b

(A.9)

Rearranging (A.9) and using (A.10) and b= ¢, we arrive at

Sk .
p+"<b;)—n><=M—§—gD.

- (A11)

Derivation of Eqs ((14)-(16)). The system of Eqs. (11)-(13) in ma-
trix form can be written as,

z 1 Sk 1 rf] M_g—¢
1o-ta-so o ()] =" &
1 LS - 2 M-gi-¢
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Using Cramer’s rule and noting that the determinant,

z Sk 1
Wi={1 -30-S) 0
1 %Sk -n

1
S =S +2n) +S] + S > 0,

we arrive at the solutions that are given in Eqgs. (14)-(16).
Proof of Proposition 1.

(i) The growth rate of real consumption is (g) =C—é. Using
Eqgs. (A.4) and (A.7), it follows that

(S) = %[M—S(p)ﬁ].

(ii) Eq. (A12) implies that real consumption grows over time as
long as p < W From Eq. (14), we can decompose p as follows;

p=po+Pp+ De

(A12)

MA-SlE+1] &
Wi ’

o =g =-S)+ D) +wS(n+ 5)]
Pe = W] '

— Z¢A=Sp@+D] Joq

where py = oW1

=
S

Then since Pp < 0 and pg < 0, we find that a sufficient condition
for p < = ; to hold is,

. (1/w>M(1fsk>[(n/a>+11 M
/)1 =S50 +21) + S+ 15~ 5(p)°

Rearranging (A.13) we have,

(=50 ( 2 +1)s(p) < [(1=S(1 +2)] + S, + 1S,

(A13)

(A14)

Since (S; + nSyw) >0and z= Sﬂl—p) + (1 —=s(p))o, (A.14) is satis-

fied if the following inequality holds,
nS(p) L 1s(p)
a

+s(p) < + (1 -s(p))on, (A15)

or, equlvalently if 0 < (1-s(p))(1+on), which is always true for

0 <s(p) < 1. Thus, we have p < (M/s(p)) at any finite point of time

and for all finite o and w. That is, real consumption growth is pos-

itive along the equilibrium dynamic path.

(i) If o>1, then [lim Sy=1 and tlim p=-g4 for any o >0. If
o< 1,tlim s(p) = 0. Suppose that w <1 and o > 1. Then we have

—00
tlim Sk = 0 and the relative price of dirty goods monotonically
—00

increases over time under Assumption 2. It then follows that
tlim s(p) = 0. In either case we find that s(p)p approaches to
—00

zero. Thus, from (A.11) it follows that the growth rate of real

consumption converges from below to M/a if either w>1 or

o >1, but not both. When w > 1, and o > 1, then tlim D=-g4
— 00

and tlim s(p) = 1. It follows that s(p)p converges to —g; and
— 00
the consumption growth rate converges to (M + g4)/a.
(ii) If w <1 and o <1, then tlim Sk =0 and tlim s(p) =1.
—> 00 — 00

(+n/a)M-(1+n) (£ +84)
1+zn

[lim s(p) =1, we have that [lim z=1/a. It follows that tlim =

> 0. But since

This implies that lim p=
t—o0

M- %’7{/3‘3&_ Thus, using this expression in (A.11) and consid-

ering the fact that tlim s(p) = 1 we have,
— 00

i (6) - (22) 0.

Finally, we show that s(p)p is increasing over time, meaning
that (£) converges towards the limit from above. Substituting the
definitions of |W| and z into Eq. (14) we can write,

sﬁ_(1+n)[1l+f,§“M (€ +80)]+ 2 (1 + o)z
- 1+ 2 + 8200 + 2 (1+ nw)

Clearly, this expression is increasing in s and decreasing in Sj.
If 0 <1 it follows that s is increasing over time as p increases.
Also, since ky/bx increases over time, the assumption that w <1
implies that S is falling. Thus, along the equilibrium growth path
sp is increasing when g is sufficiently small. Hence, we have that
(é) = l[M —s(p)p] must be falling over time. That is, the rate of
growth of real consumption converges to a positive rate ”” { from
above. In other words, if 0 <1 and w < 1, then the rate of economlc
growth is declining over time. To show that M/a > }J—Z(C +84)
note that this inequality can be written as M + nM/a > (¢ +g4) +
(¢ +&4), which is true under Assumption 2. O

Proof of Proposition 2

Proposition 1. already shows that the growth rate of real consump-
tion always remains positive for any positive w and o. Here we show
that positive growth is accompanied by a decreasing level of pol-
lution over the long run, that lim X <0 as long as a>1. We first

t—o0
note from Eq. (15) that k4/bx always increases over time which im-
plies that tlim Sk=1 for o>1, and tlim Sk =0 for @ < 1. Then from
— 00 —00
Eq. (14) and Assumption 2, we find that tlim p>0 for w<1, and
— 00

lim p < 0 for w> 1.
t—o0

Case 1: w>1and o >1
We have llms_l limz=l/a; tlim Sg=1.
— 00 —> 00

t—o0

Plugging these values into Eq. (16),

A 1 M 1
i = o (a —¢) ~eti-0+s(g 1)}
Assumption 2 implies that [lim X <0 if a> 1. This is also valid if

technological change is absent,{=g;=0
Case 2: w>1and o <1
We have 11m s=0; 11m z=

t—o0 t—o0

Plugging these values into Eq. (16),
A 1 M

t—o0

g, lim Sk =1.
t—o0

Assumption 2 implies that tlim X<0.

Case 3: w<1land o >1

We have 11m s=0; 11m zZ= llm Sk =0.
t—o0

Plugging these values into Eq. (16)
lim £ ) -oM-¢-g).

imi= o (

Since a>1, we have (¥ —
lim X < 0.
t—o0
Case4: w<1land o <1
We have 11m s=1; lim z=1/a; lim S, =0.
t—o0 — 00 t—oo

these

{—81)/ M~ —gg) <1<o, and

Plugging

@+ )G - D} <0.

Case 5: w#1and o =1

We have 0 <s=08 <1 and z:§+(1—ﬂ)<l for a>1. We
consider two cases.

values  into Eq. (16), tlim X=
—00

If w>1, then tlim Se=1 and tlim X=
ﬁ{(% —0)—oM-¢)+g(z—1)). Since z<1, Assump-

tion 2 implies that tlim)2<0. If w<1, then tlim Sy =0 and
— 00 —> 00
iz (M(§ —2) —§(1-2) + g4z - 1)).

lim X =
t—o0
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Since % <z<1,we have lim% <0 fora>1.
t—o00

Case 6: w=1and 0 #1
Since 0 < S, = @ < 1, we have;

tim = (jm )
(- (- om+ W-0)) -ga14m)]

It follows that

(1-a)(M-)n+M-2))
T+n

[limﬁ>(<)0 if and only if g;<(>)

. We consider four alternative cases.

- (¥ -5)n+M- f))

1+n

(i) o <1and g4 <
Since 0 <1, we have lim s(p) =1 and lim z=1/a.
t—o00 t—o00

(G -DMa+gg+; (1-a))
((A—a) (1+4)+a(1+1))
less of magnitude of g4 > 0.

< 0 for a > 1 regard-

It follows that tlim X=

M
< (17“)((7;?"*(1”7;)). We have lim s(p) = 0 and
n t—o0
tlim z =o. It follows that
— 00

(i) (0 >1and gy4

lim)?_M( -HD-0-a)(c-1)(M- €)+gd(0—1)
o’ I-a)A+on)+A+na

The first term of the numerator is negative, while the sum of
second and third term becomes negative since

—I-a)(0-DHM-0)+gi(0 -1) <-(1-a)(0 -1)(M-7)

1-a) (M -om+M-0))(o-1)
+ <0
1+n
(i) 0 <1 and g4 > (l’a)((%ﬁr)}'ﬁ(’w*{)) We have lim s(p) =0 and
ﬁmz:a

_( —0 )M+Ma (0 -1)+g4(0—1)+{ (1-a)(0—1)
It follows that linc}ox Tadionidima <0

for a> 1.

(1-) (M -)n+M-0))
T+n

. We have

G -1 (Ma+gq+¢ (1-a))
and ll)rgloz_ 1/a. It follows that hmx_ () (xDra(iTn)

0 fora> 1.

(i) o>1 and gy > tlim s(p)=1

Case Z2w=1and o =1

We always have 0 < S, =« <1, 0 <s(p)
1-8)<1.

Then tleroLQ <0 if and only
(1-1-wo)z—a) <0.

Rearranging, we have,

M(%—(l—a)z—a)—{(]—(l—a)Z—Ol)

=/3<1,andz=§+

a

if M —(1-a)z-a)-

_ [M(% ~z)-¢a —z)] +(M=Oa(z—1).

The first term is negative since (’(\;'V/I‘ff)) < %
and the second term is also negative since z< 1. O

+(1-p) =z

Proof of Proposition 3.

(i) First we assume w > 1. For any o > 0, Eq. (18) applies with g; =
0,

1 1
lim & = Y= D=G=D _ g if and only if w>d(M, a;¢,0) =
t—o0 ol
M
= Z Since the minimum value of d(M, a; ¢, 0) is %>1 for

0<a<1, we have d(M, a; ¢, 0)> 1.

(i) Consider now the case where w <1. If o > 1, Eq. (18) applies
with 84 = O,
M(3-0)-¢(1-0)

lim X = <0 if and only if o >d(Ma;¢,0)=

t—o00 (I+on)
-t
Mz >1for0<a<1.0

Capital-augmenting technological change

If we allow capital-augmenting technological change, n/n =6 >
0, in addition to pollution-augmenting and neutral technological

change in the dirty sector, the equilibrium growth rates of p, ("k")
and % become as follow:

. ([M(l—sk)(%ﬂ)]—gd[(l—sk><n+1>+wsk(n+$)]>
Wiw \~¢[(1 =S + D] - 0Sc(n+ L) ’

(A17)

(%) - L[M(%*'l)+gc177(2—1)—é‘(77+1)+9(277+1)] >0

Wi
(A18)
o= L fm(? 1-5 S 1
X_W{ (a—z( -S) —w k>+gd(2— )
+0Sy(z — ) + £ (z(1 = S) + wS, — 1)}, (A19)

where [W| = L[(1-S)(1+2n) +S]+nS; > 0.

Case 1: w>1and 0 > 1

By Eq. (A.18) for w > 1, we have tlim S = 1. Plugging this into

—>00
Eq. (A7), we have; lim p= f%(n +1)(gs+0) <0. It fol-
t—o0 nw @

lows that for o > l,tlim s=1, and tlim z=1/a.Then Eq. (A.19) im-
plies; lim & = o {( ) — oM ~¢) +g(§ ~ 1) +0(5 ~ @)}
Since (Y —¢)—w(M-¢) <0 for a>1 and w> 1, it follows that
tlim X <.
—00

Case 2: w>1and 0 <1

By Eq. (A.18) for w > 1, we have lim Sk =1 . Plugging this into
Eq. (A.17), we have; lim p=

that for o <1,

1+,7w(n+ )(gq +6) < 0. It follows

llm s = 0 and hm z=o0.Then Eq. (A.19) becomes;
t—o0 t—o0
fim 2= o A(f - ) — oM = 0) +g(0 1) +0(0 ~w)}.  We
find that lim X <0 if (¥ —
t—o0
fora>1.
Case3: w<1and o >1
By Eq. (A18) for tlim S«=0
— 00
Plugging this into Eq. (Al17), we have;
(llmlm(M(% +1) - (g +8)(n+1))>0.
t—o0

o>1 we have that

¢) <w(M-—¢), which is always true

w>1 ~we have
lim p =
t—o0
Therefore for
lim s=0 and 11m zZ= so that
t—o0 t—o0

(M(Z +1) = (g4 + {)( +1)) > 0. Then by Eq. (A.19),
M(l-0)+(gg+¢)(0c—1)} <0 if and only if

tll}l‘l‘l p - l+(n7

[lim x= 1+<7 n
M_; g
o> ,f,,{ g 4 = h3(¢, 8a)-
For a > 1, this requirement is automatically satisfied since h3(¢,

gd)<1'
Case4d: w<1land o <1

From Eq. (A.18) for @ > 1, we have tlim Sk =0 . It follows that
— 00

tlim p > 0. Since o <1, we have that tlim s=1 and tlim z=1/aq,

. A 14 . A~ _
and therefore tlLrlgop =M oD (¢ +g4) >0 and tlirg(c/e) =

<O0fora>1.

- Lo G-D(gg+D)
(1) (€ +8a)- By Eq. (A19), lim R = ~4m7s
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Case5: w=1,0#1
Since 0 < S, = a < 1 we have,

lim p = (lim L)[a —oz)((% — M+ (M- {))

t—o0 t—oo |W|a)

1
—gd(] + 77) —90[(77 + 5)]
It follows that tlim P> (<)0 if and only if
1 -a)((M -+ M=) —ba(l +n)

1+n
We consider four different sub-cases.

g < (>) =g
5-1) 0 <1 and g; < g We have tlim s(p) =1 and tlimz: 1/a. It
follows that
(1 -1)(Ma+gq+¢(1-a)+0a)
(A—a)(1+2)+a(+mn)

regardless of magnitude of g; > 0.

limX =

<O0fora>1

5-1) 0 >1 and g; <& We have tlim s(p) =0 and tlim z=o0.1It
follows that

[M(3-1)]-[0-a)(o - 1D)M=0)]+][(0 —1)(ga+0a)]
I-a)(A+on)+ (A +na ’

limX =
t—o00
The first term of the numerator is negative, while the sum of
second and third term becomes negative since

~(1-a)(o -1DM~-¢)+ (0 —1)(gg +0a)
<-(1 —on)(a -1HM-2)
+[(1—00((z—i)'7+(M—C))—90!(n+1)+9a(1+ﬂ):|(G 1) <o0.

1+n

Therefore, tlim X <0.

—00
5-1) 0 <1 and g; > & We have tlim s(p) =0 and tlim z=o0.1It
—> 00 —> 00
follows that

lim £ — (}-0)M+Ma(o -1)+g40 -1 +(1-a)(o —1) +0a(o - 1)

A A-wydton+dtma <Ofora>1.

5-2) 0 >1 and g; > g: We have tlim s(p) =1 and tlirn z=1/a.lt
follows that
(3-1)(Mar +g4+¢(1—a) +0a)
(A-a)(1+ ) +a(l+mn)
Case6: w=1and o =1

We always have 0<Sy,=a <1, O0<s(p)=8<1, and z=
%—l—(l—ﬂ) < 1. Eq. (A.18) implies that tlim>?<0 if and only

if ML -(1-a)z—a)-¢(1-(1-a)z—a)+0a(z—1) <0. Re-
arranging terms in the left-hand side, we have,

limX = < Ofora > 1.

t—o0

M(%_(l—a)z—a)—{(1—(1—a)z—a)+9a(z—1)

- [M(%—z) —ca —z)] +(M—¢ +0)a(z—1)

The first term is negative since %_f)) <1Bia-p)=z
and the second term is also negative since z<1. O
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