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Abstract
Recent years have witnessed vigorous development in the application of mathemati-
cal and computational techniques to many aspects of the organization and planning 
of sports competitions. Known as sports scheduling, this field is one of the subjects 
of the present survey, which reviews different problems tackled in the associated 
literature, the techniques employed for solving them and the results of their imple-
mentation in real-world cases. Other topics in sports analytics such as player perfor-
mance, result prediction, fantasy games and analysis of rankings are also examined. 
Special attention is given to applications in Latin America. The main challenges fac-
ing sports scheduling and other areas of sports analytics are also discussed.

Keywords  Sports analytics · Sports scheduling · Travelling tournament problem · 
Integer linear programming · Heuristics

Mathematics Subject Classification  00A69 · 90C10 · 90C59 · 90C90

1  Introduction

Sports are not only one of the world’s most popular recreations but also a global 
industry with a large economic footprint. The last Super Bowl, the annual champion-
ship game of professional American football (NFL), was a great sporting and artistic 
event. Held in Miami in February 2020, it featured a half-time show with Jennifer 
Lopez and Shakira, pulling in a worldwide television audience of some 100 mil-
lion viewers for a single event that lasted more than 3 h. The Rio Olympics in 2016 
brought together more than 11,000 athletes representing 207 nations, who competed 
in 41 disciplines from 28 different sports. The games were followed on television 
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by 5 billion viewers around the world and the cost of staging them was 13 billion 
US dollars. Football, the most popular sport in Latin America, has some 200 mil-
lion registered players at all levels in more than 200 countries affiliated with FIFA, 
the game’s international governing body. The organization’s most recent World Cup, 
hosted by Russia in 2018, took place over an entire month, attracted a television 
audience estimated at more than 3.5 billion and required investments of about 14 US 
billion dollars, 2 billion more than the previous World Cup held in 2014 in Brazil.

These figures not only underline the importance of sports across the planet but 
also suggest a breadth of possibilities for the utilization of quantitative tools to 
enhance athlete performance and improve the organization, logistics, economics and 
overall functioning of sports activities generally. Such applications of mathematical 
tools are known in the literature as sports analytics, and make particularly heavy use 
of the techniques of optimization, statistics and data science.

One of the fields within sports analytics that has seen the greatest development 
in recent years is the efficient organization and planning of competitions known 
as sports scheduling. The present survey reviews the main problems addressed in 
the sports scheduling literature, the mathematical and computational techniques 
employed in their solution and the results they have generated in actual practice. 
Special emphasis is given to applications in Latin America, their implementation 
and impact.

The first theoretical results in the field of sports scheduling date back to the 1980s 
and the work of Dominique (De Werra 1980, 1981, 1982). In particular, the author 
proved certain results on the minimum number of breaks (consecutive matches with 
the same home-away status) in round-robin tournaments using concepts borrowed 
from graph theory.

Most sports leagues around the world use a round-robin schedule format in which 
each team plays every other team a fixed number of times. If they meet each other 
just once, the format is a single round robin; if twice, it is a double round robin, 
etc. According to Nemhauser and Trick (1998), there are two types of round-robin 
schedules: temporally constrained and temporally relaxed. In the former case, the 
number of available game slots (known as “rounds”) is equal to the number of 
games each team must play, plus any necessary byes for leagues with an odd num-
ber of teams. Such schedules are said to be compact. Many leagues use this setup, 
including most professional football leagues in Europe and Latin America. In tem-
porally relaxed schedules, on the other hand, the number of available rounds for 
each team is greater than the minimum necessary so each team will have multiple 
byes. This type of schedule is used by professional leagues in North America such 
as the National Basketball Association (NBA) (Bean and Birge 1980; Bao 2009) and 
the National Hockey League (NHL) (Fleurent and Ferland 1993; Costa 1995; Craig 
et al. 2009), numerous amateur sports leagues (Knust 2010), and cricket leagues in 
Australia, England and New Zealand (Willis and Terrill 1994; Wright 1994, 2005).

Interesting surveys of the sports scheduling literature can be found in Easton et al. 
(2004), Kendall et al. (2010) and Rasmussen and Trick (2008), but all of them were 
published at least a decade ago so an update covering the material published in the 
years since is now in order. Benchmarks of instances from some applications can be 
found in Nurmi et al. (2010) and Van Bulck et al. (2020).
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As regards sports analytics problems other than sports scheduling, the range 
of possibilities is even greater. A number of these will be reviewed in this sur-
vey, including results prediction, fantasy games, rankings analysis and player per-
formance, the best-known example of the latter being an application to baseball 
described in the book entitled Moneyball (Lewis 2003).

The remainder of this paper consists of three sections. Section  2 is devoted to 
sports scheduling and surveys problems of optimization and feasibility in the draw-
ing up of sports schedules and efficient referee assignments, with special focus on 
Latin-American applications. A number of basic formulations using integer pro-
gramming are also exhibited. Section  3 reviews some results on other topics in 
sports analytics, including player performance, results prediction, fantasy games 
and sports ranking analysis. Finally, Sect. 4 presents our conclusions and discusses 
a number of interesting possibilities for future work in sports scheduling and other 
areas of sports analytics.

2 � Sports scheduling

This section addresses a number of different sports scheduling problems and devel-
ops, for three cases, their formulation as a mathematical model. The first subsection 
introduces the optimization problems addressed in sports scheduling, most of which 
are variations on the famous travelling tournament problem (TTP). The second sub-
section is devoted to feasibility problems, for which merely finding a feasible solu-
tion is a complex task given the set of constraints. Our focus will be on applications 
to football, which generally fall into this category. The third subsection deals with 
problems relating to the efficient assignment of referees in sports leagues, which 
are essentially derivations of the travelling umpire problem (TUP) and the referee 
assignment problem (RAP). Finally, the fourth subsection presents integer program-
ming models for some of the problems formulated in the three previous subsections.

2.1 � Optimization problems: the TTP and its variants

An excellent test bed for sports scheduling models, algorithms and methodological 
tools is the TTP as set out in Easton et al. (2001). Given a set of n teams and the 
distances between their home cities (using as a source of the first instances the US-
based Major League Baseball), the TTP consists in scheduling a fictitious compact 
double round-robin tournament (each team plays every other team twice, once at 
home and once away) with 2(n − 1) rounds in such a way that no team plays fewer 
than L or more than U consecutive games either at home or away, no team plays any 
other team in two consecutive rounds, and the total distance travelled is minimized. 
Also, no team returns home during a sequence of away games known as a road trip.

The TTP is very difficult to solve; indeed, small instances of just 12 teams have 
still not been solved to optimality (see the TTP website Trick 2001). This remains 
the case even for circular instances in which the team venues form a circle such that 
the distance between two consecutive team venues is always equal to 1 (Trick 2001). 
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By contrast, solving such instances of the famous travelling salesman problem (TSP) 
is trivial. However, it has also been proved in the case of the TTP that if all distances 
between any pair of teams are equal to 1, distance minimization and breaks maximi-
zation are equivalent and solving the instance is, therefore, straightforward (Urrutia 
and Ribeiro 2006).

The computational complexity of the TTP has not yet been fully determined apart 
from a few special cases of L and U. What is known is that the problem is poly-
nomial for L = 1 and U = 2 (Easton et al. 2003), and NP-hard for L = 1 and U = 3 
(Thielen and Westphal 2011) as well as for L = 1 and U = ∞ (Bhattacharyya 2016). 
For any other values of L and U, the computational complexity remains an open 
question.

Various techniques have been suggested for solving the TTP. A method proposed 
in Easton et al. (2003) combines integer programming with constraint programming 
(CP) while in Goerigk and Westphal (2012) integer programming is combined with 
local search. In Benoist et al. (2001), an algorithm mixes CP with Lagrangian relax-
ation and in Henz (2004) CP is used in conjunction with large neighborhood search. 
Different heuristic solution approaches have also been developed, such as simulated 
annealing (Anagnostopoulos et al. 2006; Van Hentenryck and Vergados 2006), tabu 
search (Cardemil and Durán 2002; Di Gaspero and Schaerf 2007) and genetic algo-
rithms (Choubey 2010). Yet other proposals attempt to solve the TTP using approxi-
mation algorithms (Miyashiro 2008; Yamaguchi et al. 2009; Westphal and Noparlik 
2012).

A number of authors have analyzed variants of the original TTP. One that 
arises quite naturally is the travelling tournament problem with predefined venues 
(TTPPV) in which each pair of teams plays a single match with a predetermined 
home-away status (Melo et  al. 2006). The problem consists in finding a compact 
single round-robin schedule compatible with the preset venue definitions such that 
the total distance traveled by the teams is minimized and no team plays more than 
three consecutive games either at home or away. Three different formulations of the 
TTPPV are presented in Melo et al. (2006), one of which will be considered here in 
Sect. 2.4.1. The computational tests detailed in the cited study show that instances 
of the problem up to n = 8 can be solved to optimality with exact formulations but 
beginning with n = 10 , recourse must be had to heuristic methods.

The mirrored version of the problem has been analyzed in two articles. A two-
stage method that can solve to optimality instances of up to eight teams is proposed 
in Cheung (2008). A heuristic combining GRASP with an iterated local search 
presented in Ribeiro and Urrutia (2007) has obtained very good solutions for large 
instances including the Brazilian football league in 2003 which then had 24 teams. 
Another variant of the TTP, for application to multiple round robins (i.e., not just a 
double), is presented in Hoshino and Kawarabayashi (2011). The authors designed 
a method based on Dijkstra’s well-known algorithm to obtain a multi-round sched-
ule. They tested their approach in a case study of the Nippon Professional Baseball 
(NPB) in Japan, where 2 leagues of 6 teams play a total of 40 sets of three intra-
league games over a series of 8 single round robins. The resulting schedules reduced 
the total travel distance of the NPB’s manually defined 2010 season calendar by 
25%.
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A temporally relaxed variation called the time-relaxed travelling tournament 
problem (TRTTP) is developed in Bao (2009). In this problem, L and U are defined 
as in the TTP. The number of byes per team in the schedule is controlled by a param-
eter K. When K = 0 , the problem just reduces to the TTP. In general, the computa-
tional complexity of the TRTTP is unknown. For the case where U = 1 , the problem 
is trivial and the author presents an algorithm that proves it is polynomial for any K 
with L = 1 and U = 2 . For other values of L, U and K it is conjectured that the prob-
lem is NP hard. Various instances generated for the TTP have also been studied for 
the TRTTP (Brandao and Pedroso 2014).

Two real-world applications of the TTP were developed in Latin America. One 
was for Argentina’s professional volleyball league (Bonomo et al. 2012), the other 
for the country’s professional basketball league (Durán et al. 2019a).

In the volleyball case, schedules were defined for the league’s First Division 
using a variation on the TTP, which to our knowledge is the first application of this 
problem to a real-world league reported in the optimization literature. The division 
consists of 12 teams that play a double round robin. They are grouped into pairs 
known as couples. Matches are held on Thursdays and Saturdays (referred to as 
weekends) and in every pair of weekend games the two teams in each couple play 
against the two teams of another couple. One weekend in the season is reserved for 
games between the members of each couple. Since the teams’ home venues are scat-
tered widely across the country, a particularly important aspect of the scheduling is 
the minimization of travel distance.

The volleyball problem is thus a variation of the TTP in which road trips are 
undertaken by pairs of teams travelling together rather than each team travelling 
individually. This coupled format gives rise to two key problems: (a) how to pair off 
the teams into couples, and (b) how to schedule the matches. They are approached 
in two consecutive stages. The first stage is a procedure that takes into account travel 
distances and is modeled using integer linear programming. This model is solved to 
optimality in 10 min to 3 h and incorporates symmetry-breaking constraints. In the 
second stage, if the schedule is mirrored the solution is tackled by an integer pro-
gramming model that finds a solution in anywhere from just minutes to 6 h while for 
non-mirrored formats a tabu search heuristic does the same in a matter of minutes 
(in this latter case, using integer programming resulted in very large optimality gaps 
after 10 h of execution time and feasible solutions of poorer quality than those found 
by the heuristic). The schedules generated by this application have been successfully 
implemented since the 2007–2008 season, reducing total travel distances by 15–30% 
while meeting all other requirements.

As for the professional basketball application, the league’s schedules have been 
designed since the 2014–2015 season using a new format adopted by the top two 
divisions. Following the setup employed by the National Basketball Association 
(NBA) in North America, matches are held any day of the week and those played 
away are scheduled in road trips of one to four games. The main scheduling objec-
tive was to reduce the teams’ total travel distance compared to previous season for-
mats through the use of predetermined trips submitted by the teams. The mathemati-
cal form of the problem is therefore another variation on the TTP, without the couple 
format of the volleyball case and allowing only a subset of road trips as requested 
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by the teams. This variant is called trip preferences—time-relaxed travelling tourna-
ment problem (TP-TRTTP).

The modeling in this case is again divided into two stages, the first one defining 
the sequences in which each team plays the other teams and the second one assign-
ing the days on which each game is played. Both use integer programming models 
that incorporate a series of constraints reflecting criteria set by the Argentine Bas-
ketball Club Association. The second-stage model was solved in every instance in 
a matter of minutes. The first-stage model is much more difficult to solve, however, 
and in certain cases, the season has had to be decomposed into thirds or quarters, 
each of which is then solved separately with run times ranging from 5 min to 5 h. 
The objective function of the first-stage model seeks to maximize the number of 
games that are scheduled in accordance with the road trip preferences submitted by 
the teams. Since these preferences incorporate the teams’ desire to reduce travel dis-
tances, formulating the problem in this manner automatically achieves such reduc-
tions. Implementation of the models reduced the average travel distance per away 
game under the previous manually designed couple format by more than 30%, with 
consequential benefits in lower travel costs and less player fatigue.

A number of other real-world applications of OR scheduling to professional 
leagues in these sports have been reported in the literature. In basketball, there are 
the cases of New Zealand (Wright 2006), the Czech Republic (Froncek 2001) (using 
the couples format) and Germany (Westphal 2014), this last work a finalist for the 
EURO Excellence in Practice Award (Vilnius, 2012) and the INFORMS Wagner 
prize (2013). In volleyball, an example is the Italian league (Cocchi et al. 2018). In 
all of these applications, however, travel distance is not a consideration so the prob-
lem to be solved is essentially one of feasibility. This aspect will be treated in the 
next subsection.

2.2 � Feasibility problems: football applications

Unlike the cases discussed in the previous section, where optimization figures prom-
inently because of the travel reduction objective, many sports scheduling problems 
have as their main objective the satisfaction of a series of constraints imposed by 
a governing body of the league to be scheduled. In such situations, the problem is 
essentially one of feasibility, and very often it is precisely the need to satisfy all of 
those restrictions that results in great computational complexity. Typically there will 
still be an objective function (to minimize breaks, minimize occurrences of multiple 
games in a given locality/venue in the same round, etc.) but in the search for a good 
solution it will not be the primary concern.

The majority of the world’s football leagues fit this category given that their sea-
son formats are typically round robins with a single match per week, which effec-
tively rules out the possibility of multi-game road trips and, therefore, the need to 
minimize travel distance. The prime focus of this subsection will thus be on feasibil-
ity problems, especially as they arise in football and with an emphasis on successful 
Latin American applications.
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To the best of our knowledge, there are only two documented real-world cases 
of the application of OR scheduling to football in the last century. The first case 
was the 1989–1990 season of the Dutch league (Schreuder 1992) in which 18 teams 
competed in a single round robin. The underlying model considered various com-
mercial, sporting, and organizational factors. The aim was to satisfy certain condi-
tions by maximizing a weighted sum of soft requirements. The solution method was 
heuristic and 80% of the requirements were satisfied.

The other case, this one in Latin America, was the 1995 season of the Argen-
tinean league. A simulated annealing approach was used to assign teams to a canon-
ical schedule, the same predetermined template used by most leagues around the 
world where mathematical scheduling techniques are not employed. According to 
Eduardo Dubuc [reported in Paenza (2006)], the assignments considered a num-
ber of factors relating to television broadcasting of the games. The approach was 
dropped the following year, however.

In the following subsections, we survey various real applications implemented 
in Latin America, Europe and international tournaments held over the last 20 years.

2.2.1 � Applications in Latin American football

The first lasting experience with OR scheduling in football was initiated in Latin 
America, where mathematical techniques have been used to generate schedules 
for Chile’s professional leagues since 2005. Actual implementation is handled by 
the Chilean Professional Football Association (ANFP), which applies integer pro-
gramming-based methods to decide what matches are played in each round of the 
season. Various objectives are taken into account such as keeping costs down and 
ensuring that the schedules are attractive for fans. The Association has so far defined 
more than 60 schedules for the professional-level First, Second and Third Divisions, 
the Women’s League and the youth divisions. The direct economic impact of the 
improvements obtained through these OR techniques has been estimated at approxi-
mately US dollars 70 million, which includes reductions in television broadcaster 
operating costs, growth in pay-television subscriptions, increased ticket revenue, and 
lower travel costs for the teams (Alarcón et al. 2017).

As noted earlier, the problems encountered in these applications are essentially 
those of feasibility. Since solving the basic model directly in its integer linear for-
mulation is only possible for small instances, these problems are typically addressed 
through the use of a three-stage approach, as was proposed in Nemhauser and Trick 
(1998). In the first stage, an integer programming model generates home-away pat-
terns (HAP) for the teams. In the second stage, a different feasible HAP is assigned 
to each team (recall that in any feasible round-robin schedule, no two teams may 
have the same HAP). Finally, in the third stage another integer programming model 
is used to verify the remaining constraints reflecting conditions requested by the 
Association and the teams themselves. Using this approach, solutions are found for 
single round-robin instances of Chile’s First Division in 3–8 h.

In certain cases, however, the problem has proved to be solvable in a single stage 
using constraint programming or a branch-and-cut approach. A detailed exposition 
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of these models and their implementation is set out in Durán et al. (2007), Durán 
et al. (2012) and Noronha et al. (2007). A simplified version of the basic integer lin-
ear programming formulation is described below in Sect. 2.4.2.

These applications of OR techniques in Chilean professional football have also 
had significant non-economic impacts (Alarcón et al. 2017). For example, the incor-
poration of team requirements and various sporting criteria has improved sched-
ule fairness and the transparency of the whole scheduling process, and has also 
increased Chilean football fans’ interest in the leagues. The models and methods 
used in the scheduling have been disseminated widely, which has helped to promote 
OR as an effective tool for addressing practical problems. Our outreach activities on 
sports scheduling have involved thousands of high school and university students 
in four countries and a more general audience of millions of television viewers and 
Internet users.

The Chilean football scheduling project as a whole was a finalist for the 2016 
Franz Edelman Award, the most important international operations research com-
petition, organized by the US-based Institute for Operations Research and the Man-
agement Sciences (INFORMS). It was also a finalist for the EURO Excellence in 
Practice Award (Bonn, 2009).

Other reported real-world scheduling applications in Latin American football 
have been implemented by leagues in Brazil, Honduras, Ecuador and Argentina. 
Similar techniques are now being used by DIMAYOR, Colombia’s top-tier division, 
in a project which has yet to be written up in the literature.

The OR scheduling of Brazil’s highest division for the 2009 and 2010 seasons 
is presented in Ribeiro and Urrutia (2012). The league, organized by the Brazilian 
Soccer Confederation (CBF), had 20 teams in both years and the season format was 
a mirrored double round robin. The modeling of the problem had two objectives: the 
minimization of the number of breaks (a logical condition for schedule fairness) and 
the maximization of the number of attractive games between elite clubs that could 
be broadcast by the largest television network in the country, which is the league’s 
major sponsor. The CBF also imposed a series of hard constraints, many of which 
were typical of such formats such as no breaks in the first two and last two matches 
of the season, crossed home-away patterns for certain pairs of teams (i.e., when one 
plays at home the other plays away) and no scheduling of the most attractive matches 
for the last rounds of the season.

The authors modeled the problem using the above-mentioned three-stage solu-
tion approach based on the method proposed in Nemhauser and Trick (1998). For 
each of the two objectives, bounds were readily calculated specifying, respectively, 
the minimum necessary number of breaks, and the maximum possible number of 
attractive games between elite clubs that could be broadcast on television. The prob-
lem was attacked in the third stage (that is, after generating the home-away patterns 
and assigning them to the teams) using a classic multi-objective optimization tech-
nique, imposing the minimum number of breaks as a constraint and maximizing the 
other (attractive games) objective. If the optimal value was the upper bound, the 
solution was said to be at the “ideal point” and is the one retained; otherwise, the 
two first stages are repeated. In practice, “ideal point” solutions considered optimal 
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in relation to both objectives were obtained for every instance in less than 10 min of 
run time.

The proposed methodology was compared with the manual schedules drawn up 
by the CBF for the 2005 and 2006 seasons, revealing in both cases that not only 
were the manual game calendars far from the optimal solutions on both objectives 
but also that certain of the hard constraints were not satisfied.

In the case of Honduras, the OR scheduling of the Central American country’s 
professional league for the 2010 season is reported in Fiallos et al. (2010). A number 
of conditions were considered and assigned different levels of priority. The objective 
function minimized the cost of penalties for constraint violations. The 10 teams in 
the league played a mirrored double round robin (i.e., the second half of the season 
repeats the first except that the teams’ home-away status in each match is reversed), 
followed by a playoff series. The integer linear program modeling the problem was 
solved to optimality in a matter of minutes.

The development of the Ecuadorian application began in early 2011, when the 
authors of Recalde et al. (2013) made a presentation to the Ecuadorian Football Fed-
eration (FEF by its Spanish initials) demonstrating that the design of feasible sched-
ules using mathematical programming would bring significant benefits unattain-
able with manual scheduling methods. The cited paper presents two methods that 
were proposed for solving the problem, one an integer programming model and the 
other a heuristic. The resulting schedules got the approval of the FEF and were used 
from 2012 to 2018 by the league’s first and second divisions as well as the country’s 
youth leagues.

Late in 2018 the Liga Pro de Ecuador, which replaced the FEF as the organizer 
of the First and Second Divisions, contacted our group with a request to take over 
the mathematical programming of their schedules. Beginning with the 2019 season, 
we have designed the two divisions’ match calendars using an ILP model that satis-
fies various conditions. The most important of these include maintaining a fair bal-
ance between the teams both in travel distances and match locations in high- and 
low-altitude regions of the country while also satisfying the special requirements of 
individual teams. The First Division, currently with 16 teams, plays a mirrored dou-
ble round robin while the 10 Second Division teams play a quadruple round robin. 
Each of the two double round robins is formatted on the French system, in which the 
first round in the first round robin is the same as the last round of the second round 
robin while the rest of the matches in each round robin follow the same sequence. 
The third and fourth round robins simply repeat the first two. This French format 
has been used in the past by the first divisions of the French and Russian leagues, is 
the current arrangement in Luxembourg and the Czech Republic, and as we will see 
later, is also employed in the South American Qualifiers for the World Cup.

Also in 2018, OR scheduling techniques were adopted by the Superliga Argen-
tina de Fútbol (SAF), responsible for organizing the season schedules of Argenti-
na’s First Division and its youth leagues. The First Division clubs all have teams in 
each of these youth leagues, classed by age as major divisions (Under-20, Under-
18, Under-17) and minor divisions (Under-16, Under-15, Under-14). Regular season 
play in the youth circuits typically follows a single round-robin format, the minor 
divisions playing the same schedule as the majors but with the home-away status 
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of the matches reversed. This setup can give rise to very significant differences in 
travel distances between a club’s major and minor division teams, a frustrating situa-
tion for club officials, coaches and players alike but almost impossible to avoid with 
manual season scheduling techniques. Nor are manual methods able to take into 
account any number of other criteria that go into the design of a satisfactory match 
calendar.

Integer programming models have been implemented that simultaneously sched-
ule these multiple youth divisions while also meeting a series of other desirable con-
ditions. The central one was a better balance between the teams in travel distances, 
which was pursued through the application of two alternative solution methods. One 
of them was based on regional team clusters, treating the problem as one of feasibil-
ity, while the other was built around an explicit analysis of actual distances between 
the teams’ home venues, an approach more closely resembling those described in 
the previous section (optimization problems). The solutions generated by these two 
methods have been used by the youth leagues to draw up their season schedules 
since 2018, and have produced a series of benefits for all stakeholders (Durán et al. 
2020).

In 2018–2019, the application of these techniques was extended to the First Divi-
sion of Argentina’s professional football league (Durán et  al. 2019c). The season 
consists of a single round-robin tournament. This can result in large differences 
between teams in travel distances over the course of the tournament, an important 
consideration in a league where an away match round trip can total more than 3000 
km. In addition, since previous tournaments were scheduled manually, little care 
was taken to alternate the venue where a given pair of teams met. This meant that 
many such matchups were played at the same venue several seasons in a row. In the 
most extreme case, two particular teams were scheduled to play each other at the 
same venue 6 years running.

Among its other positive aspects, the model implemented for the Argentinean 
league has generated relatively even road trips for neighboring teams and changed 
the venues in every case where a pair of teams had played at the same location in 
three or more consecutive seasons. The classic three-phase solution proved to be 
ineffective in obtaining feasible solutions that were merely feasible, no doubt 
because of the large number of teams (26 in 2018–2019 and 24 in 2019–2020). 
The incorporation of geographical patterns (considering for each team, in addition 
to whether in a given round it plays at home or away, the region where each away 
match is played) was decisive in obtaining solution times of no longer than 1 h. 
And finally, the scheduling also included the definition of the exact day and kickoff 
time of each match within each round, results rarely attempted in football scheduling 
applications.

2.2.2 � Applications in European football

Various real-world applications of OR scheduling in European football have been 
reported over the last couple of decades. In Bartsch et  al. (2006), the authors 
describe a system used on various occasions by the German and Austrian profes-
sional leagues. It was applied in Germany to the 1997–1998 season when 18 teams 
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played a mirrored double round robin. The objective function minimized the cost of 
penalizing the violated constraints and various hard or soft constraints representing 
attractiveness to fans, fairness, and organizational criteria were imposed. The model 
used a heuristic methodology to generate the schedules. In Austria, the same solu-
tion approach was utilized six times between 1997 and 2003 to define the schedules 
for the league’s 10 teams playing a non-mirrored quadruple round robin.

A report on the scheduling of Denmark’s professional league premier division 
for the 2006–2007 season using mathematical programming is given in Rasmussen 
(2008). The 12 Danish clubs played a triple round robin and the schedule require-
ments included geographical and top-team considerations expressed by both hard 
and soft constraints. The objective function minimized the penalties imposed for 
violating certain of the restrictions. The solution used Benders’ decomposition and 
column-generating techniques, providing good solutions with short computation 
times.

The top-level Belgian soccer league has been scheduled since the 2007–2008 sea-
son using OR methods (Goossens and Spieksma 2009). The 18 league clubs play 
a mirrored double round robin and the central objective is the minimization of the 
number of breaks. A variety of other conditions are imposed relating to television 
broadcast requirements and what are known as carry-over effects (team i confers 
a unit of carry-over effect on team j if i plays the same third club in round k that j 
plays in round k + 1 ). The constraints are classified by priority level and penalties 
are levied for violations. The solution approach uses a mixed integer programming 
(MIP) model that satisfies the mirroring constraint and minimizes the number of 
breaks. Local search procedures are then used to improve the solution by minimiz-
ing the global penalty.

The scheduling of the Norwegian league is discussed in Flatberg et  al. (2009). 
The 14 teams in the league play a non-mirrored double round robin. The approach is 
built around an integer programming model whose objective function incorporates 
carry-over effects.

Other cases of the application of optimization techniques to the scheduling of 
European football leagues that have not been reported in the literature but have been 
brought to the attention of the author include leagues in the Czech Republic and 
Poland, both instances dating back a number of years. A current example is the c.

The Spanish and English leagues, two of the world’s most important circuits, do 
not use the canonical template, which is easily applied manually, nor have the sched-
uling methods they employ ever been reported in the literature. In Spain, the canoni-
cal schedule was used until some years ago (on this, see Goossens and Spieksma 
2012, a highly interesting analysis of the numbers of teams and the schedule and 
season formats in Europe’s top-tier leagues). As for England, the techniques utilized 
by the firm responsible for the scheduling are described briefly on the webpage of 
the Premier League (see https​://www.premi​erlea​gue.com/news/41902​0).

https://www.premierleague.com/news/419020
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2.2.3 � Applications in international football tournaments

Very little has been reported in the literature on the use of mathematical and compu-
tational techniques to draw up schedules for international football tournaments. To 
the best of our knowledge, the first case also originated in Latin America, with the 
application of OR scheduling to the South American qualifying stage of the 2018 
World Cup.

Every 4 years, the ten national teams in the South American Football Confedera-
tion (CONMEBOL) compete in this qualifying process to secure one of the slots in 
the World Cup finals assigned to CONMEBOL members. The format for the quali-
fiers is a double round-robin tournament played over nine double rounds in which 
every team plays twice in each one. The entire tournament is spread over 2 years, the 
individual double rounds being scheduled several months apart.

The tournament schedule was based on the same mirrored schedule format for 
some 20 years until CONMEBOL, faced with growing complaints from its mem-
bers, decided to look into a different arrangement for the 2018 qualifiers. Integer 
programming models were used to construct schedules that overcame the main 
drawbacks of the previous approach. After exploring numerous different design cri-
teria, a schedule template based on the French format was proposed to the CONME-
BOL members, the same one described here earlier for the Second Division of the 
Ecuadorian league.

The main characteristics of the template were that every team plays once at 
home and once away in each double round, each team’s double round home-away 
sequences are well balanced (i.e., five double rounds start at home and four start 
away, or the other way around), and no team is scheduled to play against both of the 
strongest teams (Argentina and Brazil) in any given double round. The traditional 
mirrored format previously used was unable to satisfy all of these conditions.

This proposal was unanimously approved by the CONMEBOL members and was 
used for the qualifiers of the last (2018) World Cup. The design was presented at 
an OR congress in Valencia, Spain in 2018, where it was a finalist for the EURO 
Excellence in Practice Award. The implementation of the proposed models and their 
impact are detailed in Durán et al. (2017). They will be employed again for the 2022 
World Cup qualification process, the sole modification being that the restriction bar-
ring teams from playing both Argentina and Brazil in the same double round has 
been dropped.

2.3 � Referee assignment problem: the TUP and the RAP

Unlike the scheduling literature on assigning teams to matches, few works have been 
dedicated to the efficient assignment of matches to referees. As with the application 
of the TTP to match scheduling, the publications that do exist utilize two different 
formulations of the problem. In this case, the two are the Travelling Umpire Prob-
lem (TUP) (Trick et al. 2012) and the Referee Assignment Problem (RAP) (Duarte 
et al. 2007a). Both attempt to capture the most essential elements of an efficient ref-
eree assignment.
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The TUP is formulated as follows. Given a set of n referees, 2n teams and a com-
pact double round-robin schedule format (every pair of different teams i and j plays 
once in team i’s venue and once in team j’s), the number of rounds is 4n − 2 . The 
problem consists in assigning a referee to each match at a given venue in each round 
(the assumed numbers of referees and teams implies all referees are needed in each 
round) such that the total cost of referee travel is minimized over the course of the 
tournament. There are five constraints in the problem: 

1.	 Each match must be assigned to a referee.
2.	 Each referee must officiate at one match per round.
3.	 Each referee must officiate at each venue at least once over the season or tourna-

ment.
4.	 No referee may officiate more than once at the same venue within any window of 

n − d1 consecutive rounds, where d1 a parameter to be defined.
5.	 No referee may officiate at more than one match involving the same team within ⌊

n

2

⌋
− d2 consecutive rounds, where d2 is also a parameter to be defined.

Exact formulations of the problem using integer linear programming (one of 
which is presented below in Sect.  2.4.3) and constraint programming are dis-
cussed in Trick and Yildiz (2012), which also proposes a genetic algorithm heu-
ristic. A simulated annealing (SA) heuristic is offered for the same problem in 
Trick et  al. (2012). For large instances, the genetic algorithm generates better 
results than the exact methods and the SA heuristic, and does so in reasonably 
short execution times.

In the RAP, on the other hand, the number of referees exceeds what is needed 
per round and the number of matches at which it is desired to have each referee 
officiate is known. The problem is to find an assignment that minimizes the sum 
over all referees of the absolute value of the differences between the desired num-
ber and the number actually officiated at. If a match has multiple refereeing posi-
tions, multiple referees can be assigned to it. In football, for example, there are 
typically four: a head referee, two assistant referees who patrol the touchlines and 
a so-called fourth official who provides general assistance to the other three. The 
constraints on the problem are as follows: 

1.	 All refereeing positions must be filled for all matches.
2.	 No referee may be assigned to officiate at two matches in quick succession (i.e., 

with insufficient time to travel from the first one to the second).
3.	 No referee may be assigned to officiate at a match for which they are unavailable 

(due to injury, assignment to some other tournament, etc.)
4.	 Every referee must have the minimum necessary qualifications for the position 

assigned to.
5.	 No referee may officiate at more than a specified maximum number of matches.

Instances of the TUP are available on a website (Toffolo et al. 2015). In Oliveira 
et  al. (2015) it is shown that the TUP is NP-complete for 0 ≤ d1 ≤

⌊
n

2

⌋
 and 
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d2 =
⌊
n

2

⌋
− 1 , while in Duarte et  al. (2007a) it is demonstrated that the RAP is 

NP-complete also.
Although both problems capture the general aspects of referee assignment, in 

real cases other ad hoc conditions must be added to reflect the particularities of 
the application in question. So far, there have been very few real-world appli-
cations of referee assignment using these techniques, but those that have been 
reported include the following: cricket in England (Wright 1991), Major League 
Baseball in the US (Trick et  al. 2012), and in Latin America, football in Chile 
(Alarcón et al. 2014) and basketball in Argentina (Durán et al. 2019b). The lat-
ter two cases will be described in more detail below. Other publications found in 
the literature on the subject of referee assignment are confined to certain meth-
odological aspects or computational experiments (see, for example, Oliveira et al. 
2016; Toffolo et al. 2016; Xue et al. 2015; Duarte et al. 2007b).

It should be noted that unlike match scheduling, where solutions typically relate 
to complete seasons or tournaments, referee assignments are produced for short peri-
ods of time. The reason is that situations requiring assignment changes often arise 
as a season progresses such as injuries, travel to other tournaments, or conflicts with 
certain teams. When this happens, new data must be incorporated into the problem 
so that updated solutions can be generated.

For Chilean football, integer linear programming models were developed for ref-
eree assignment at various league levels (Alarcón et al. 2014). A number of criteria 
for enhancing the transparency and objectivity of the assignment process were con-
sidered. As well as better balances in the number of matches each referee had to offi-
ciate at, the frequency each was assigned to a given team, and the distances each had 
to travel over the course of a season, these enhancements included the generation of 
assignments that align referee skill and experience with the level of importance of 
the matches they are assigned to.

The problem is solved using two approaches, one traditional and the other a pat-
tern-based approach inspired by the home-away patterns that have been successfully 
employed for scheduling the season match calendars of sports leagues around the 
world. The two approaches have been implemented for real instances of the prob-
lem, obtaining results that have significantly improved upon the manual assign-
ments. Also, the pattern-based approach has achieved major reductions in execution 
times, solving real instances to optimality in a matter of seconds. By contrast, the 
traditional formulation takes anywhere from several minutes to an hour or more to 
find a solution.

The models initially assign referees for a complete tournament but are rerun for 
each round or every two or three rounds, incorporating new and relevant information 
as it arises. They were used a decade ago by Chile’s football leagues at both the pro-
fessional and youth levels.

As for Argentinean basketball, a referee assignment application employed by the 
league that to some extent resembles the TUP, mainly in that both attempt to mini-
mize referee travel costs, is reported in Durán et al. (2019b). The approach devel-
oped for the purpose solves the problem using an integer linear programming model. 
Simultaneously with travel cost minimization, the objective is to satisfy a series of 
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other conditions. The problem is broken down into a series of relatively small sub-
problems representing successive periods of the season, the solution of each one 
being part of the input to the one following.

Upon its development this approach was tested by applying it to the First Divi-
sion’s 2015–2016 season, the last one before the model was adopted when referees 
were still assigned using manual methods. The travel costs simulated by the model 
turned out to be 26% lower than those actually incurred under the manual defini-
tions, and unlike the latter, all of the different restrictions that had been requested by 
the league authorities were satisfied. The tool has been used by the First and Second 
Divisions since the 2016–2017 season.

2.4 � Integer programming models

In what follows, we set out for illustrative purposes the basic integer linear program-
ming (ILP) models for a variant of the travelling tournament problem (the TTPPV), 
the Chilean football problem and the Travelling Umpire Problem.

2.4.1 � An ILP model for the TTPPV

This formulation is modeled with O(n3) variables and O(n4) constraints as presented 
in Melo et al. (2006). Let G be the set of matches represented by ordered pairs of 
teams determined by the predefined home-away status of each match. The game 
between teams i and j is represented by an ordered pair that is either (i, j) or (j, i), 
and is played in the former case at the team i venue and in the latter case at the team 
j venue. Thus, for every pair of different teams i and j, either (i, j) ∈ G , or (j, i) ∈ G.

2.4.1.1  Variables  The following two families of binary variables are needed to for-
mulate the model:

The z variables are typically found in this type of formulation. The y variables repre-
sent the trip performed by a team between two cities (recall that a journey between 
the cities of two different teams is performed at most once by each team).

2.4.1.2  Objective function  The objective function minimizes the travel distances 
over all of the teams.

ztjk =

{
1 if team t plays at home against team j in round k.

0 otherwise.

ytij =

{
1 if team t travels from the team i venue to the team j venue .

0 otherwise.

mπ́n

n∑

t=1

n∑

i=1

n∑

j=1

dij ⋅ ytij.



	 G. Durán 

1 3

2.4.1.3  Constraints 

	 1.	 Each game in G occurs exactly once. 

	 2.	 The variables corresponding to games between teams t and j at the team t venue 
take the value of zero if the game is predetermined to occur at the team j venue. 

	 3.	 Each team plays one game in each round. 

 Constraints 4 through 8 below define the logical relationship between the y 
and z variables.

	 4.	 Team t makes a trip from the home city of team i to that of team j if it plays two 
consecutive away games against teams i and j, in that order. 

	 5.	 Team t makes a trip from the home city of team i to its own home city if it has an 
away game against the latter followed by a home game in the succeeding round. 

	 6.	 Team t travels from its home city to that of team i to play away against the latter 
following a home game in the previous round. 

	 7.	 Team t travels from its home city to the home city of team i if it plays away 
against the latter in the first round. 

n−1∑

q=1

ztjq = 1, ∀(t, j) ∈ G.

n−1∑

q=1

ztjq = 0, ∀(j, t) ∈ G.

n∑

j = 1

j ≠ i

(
ztjk + zjtk

)
= 1, t = 1,… , n k = 1,… , n − 1.

ytij ≥ zit,k−1 + zjtk − 1, t, i, j = 1,… , n, with t ≠ i, t ≠ j, i ≠ j, k = 2,… , n − 1.

ytit ≥ zit,k−1 +

n∑

j = 1

j ≠ t

ztjk − 1, t, i = 1,… , n, with t ≠ i, k = 2,… , n − 1.

ytti ≥

n∑

j = 1

j ≠ t

ztj,k−1 + zitk − 1, t, i = 1,… , n, with t ≠ i, k = 2,… , n − 1.

ytti ≥ zit1, t, i = 1,… , n with t ≠ i.
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	 8.	 Team t returns from the home city of team i to its own home city if it plays away 
against team i in the last round. 

	 9.	 In any 4 consecutive games team t cannot play more than three away, implying 
that the team cannot play more than three consecutive away games. 

	10.	 In any four consecutive games team t must play at least one away, implying that 
the team cannot play more than three consecutive games at home. 

	11.	 The z and y variables are binary. 

2.4.2 � An ILP model for the Chilean first division football league

Below we present a model for a 20-team league that plays a single round robin (i.e., 
19 rounds). The teams are grouped into four zones of five teams with separate stand-
ings and point totals for each zone. The two top teams in each group at season’s end 
participate in a playoff system to determine the champion. The model is a simplified 
version of the basic integer linear programming model used by the Chilean football 
league. The complete version may be found in Durán et al. (2007).

2.4.2.1  Variables  To determine the games to be held in each round, we define 
∀i ≠ j ∈ I (the set of teams) and ∀k ∈ K (the set of rounds) a family of binary vari-
ables as follows:

To represent home and away game sequence constraints (that is, to model the 
“breaks”), we define ∀i ∈ I and ∀k = 1,… , 18 the following auxiliary variables, 
also binary:

ytit ≥ zit,n−1, t, i = 1,… , n with t ≠ i.

k+3∑

q=k

n∑

j = 1

j ≠ t

zjtq ≤ 3, t, i = 1,… , n k = 1,… , n − 4.

k+3∑

q=k

n∑

j = 1

j ≠ t

zjtq ≥ 1, t = 1,… , n k = 1,… , n − 4.

ztjk ∈ {0, 1}, t, j = 1,… , n k = 1,… , n − 1

ytij ∈ {0, 1}, t, i, j = 1,… , n.

xijk =

{
1 if team i plays at home against team j in round k.

0 otherwise.
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For the instance, considered here, the model generates approximately 8000 variables.

2.4.2.2  Objective function  The model maximizes an objective function that meas-
ures the concentration of games between teams in the same group (known as “attrac-
tive games”) played towards the final rounds of the tournament. The OF takes the 
following form:

where

In certain cases other games may be included in the “attractive games” category, 
such as the “classic rivalries” or matches between teams fighting to avoid relegation 
to the Second Division.

2.4.2.3  Constraints  The constraints formulated below are the basic ones required to 
define a single round robin plus a few examples of restrictions peculiar to the Chilean 
tournament. In the complete version of the model, the constraints number about 3000. 

	 1.	 Each team plays every other team once over the course of the 19 rounds in the 
tournament. 

	 2.	 Each team plays each round either at home or away. 

	 3.	 Each team plays at least nine rounds, but not more than ten, at home. 

	 4.	 The following constraint is required to define the logical relationship between 
the x and y variables. 

yik =

{
1 if team i plays at home in rounds k and k + 1.

0 otherwise.

wik =

{
1 if team i plays away in rounds k and k + 1.

0 otherwise.

máx
∑

1≤k≤19

∑

e

∑

i∈ t(e)

∑

j∈ t(e)

k ⋅ xijk,

t(e) denotes the set of teams in group e, e ∈ E = {1, 2, 3, 4}.

∑

k

[
xijk + xjik

]
= 1 ∀ i, j ∈ I.

∑

j

[
xijk + xjik

]
= 1 ∀ i ∈ I, k ∈ K.

9 ≤
∑

j

∑

k

xijk ≤ 10 ∀ i ∈ I.

2 ⋅ yik ≤
∑

j

[xijk + xij(k+1)] ≤ 1 + yik ∀ i ∈ I, k < 19.
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	 5.	 No more than 1 home break per team. 

	 6.	 The following constraint is required to define the logical relationship between 
the x and w variables. 

	 7.	 No more than 1 away break per team. 

	 8.	 Let A be a set of rounds such that if a team plays at home (away) in a round 
belonging to A, it must play away (at home) in the following round. Usually, 
A = {1, 18} . The objective is to balance the teams’ home and away games 
between the early and late stages of the tournament. 

	 9.	 Each team must play two of its four group opponents at home and the other two 
away. 

	10.	 When a northern (southern) team plays two consecutive away games, neither of 
them will be played in the South (North). 

	11.	 The three strong teams (UC, CC, UCH) play each other in three classic match-
ups, each team playing one of the matches at home. 

	12.	 No team may play two consecutive games against a strong team. 

∑

k<19

yik ≤ 1 ∀ i ∈ I.

2 ⋅ wik ≤
∑

j

[xjik + xji(k+1)] ≤ 1 + wik ∀ i ∈ I, k < 19.

∑

k<19

wik ≤ 1 ∀ i ∈ I.

∑

j

[
xijk + xij(k+1)

]
= 1 ∀ i ∈ I, k ∈ A.

∑

k

∑

j ∈ t(e)

xijk = 2 ∀e ∈ E, i ∈ t(e).

∑

i∈South

[xijk + xij(k+1)] ≤ 1 − wjk ∀j ∈ North, k < 19

∑

i∈North

[xijk + xij(k+1)] ≤ 1 − wjk ∀j ∈ South, k < 19.

∑

k

[
xhik + xjik

]
=
∑

k

[
xhjk + xijk

]
h = UC, i = CC, j = UCH.

∑

j∈Strong Teams

[
xijk + xjik + xij(k+1) + xji(k+1)

]
≤ 1 ∀ i ∈ I, k < 19.
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2.4.3 � An ILP model for the TUP

Set forth in what follows is the exact formulation of the travelling umpire problem 
using an ILP as presented in Trick and Yildiz (2012). This specification has O(n4) 
variables and constraints.

2.4.3.1  Input data and definitions 

•	 � , �  , � : Set of rounds, teams and referees, respectively.
•	 OPP(s, i) =

{
j if team � plays at home in round � against team �

−j if team � plays away in round � against �

•	 dij : kilometers between the home venues of teams � and �
•	 n1 = n − d1 − 1

•	 n2 =
⌊
n

2

⌋
− d2 − 1

•	 N1 = {0,… , n1}

•	 N2 = {0,… , n2}.

2.4.3.2  Variables  The following two families of binary variables are needed to for-
mulate the model:

2.4.3.3  Objective function  The model minimizes an objective function that meas-
ures the total number of kilometers travelled by the set of referees.

2.4.3.4  Constraints 

1.	 Each game must have an assigned referee: 

2.	 Each referee is assigned exactly one game per round: 

xisu =

⎧
⎪
⎨
⎪
⎩

1 if a match at venue �, in round �, is assigned to referee �.

0 otherwise.

zijsu =

⎧
⎪
⎨
⎪
⎩

1 if referee � officiates at a game at venue � in round � and then a game at venue � in round � + 1.

0 otherwise.

mπ́n
∑

i∈�

∑

j∈�

∑

u∈�

∑

s∈�∶s<|S|
dij ⋅ zijsu.

∑

u∈�

xisu = 1, ∀i ∈ � , s ∈ � ∶ OPP(t, i) > 0.
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3.	 Each referee officiates at least once at a match involving each team at home: 

4.	 Each referee officiates no more than once at any given venue every n − d1 rounds: 

5.	 Each referee officiates at a match involving any given team no more than once 
every 

⌊
n

2

⌋
− d2 rounds: 

6.	 The following constraint is required to define the logical relationship between the 
x and z variables, thus allowing the referee trips to be modeled: 

3 � Other topics in sports analytics

In this section, we survey a few areas of research in sports analytics and the related 
literature. In the area of sports business, Fried and Mumcu (2016) is worthy of note. 
Player performance has been the subject of a number of books in recent years. Two 
examples of these works are Alamar (2013) and Miller (2015).

Of cases involving a particular sport, the best known is the one described in the 
book “Moneyball” (Lewis 2003), mentioned in the Introduction. It is based on the true 
story of Billy Beane, general manager of the Major League Baseball team the Oakland 
Athletics. Beane used data science to determine the team’s roster and improve its per-
formance, achieving great success with much smaller budgets than the big clubs in the 
league. These techniques are now widely practiced in basketball, not just for choosing 
players but also for game play decisions (Zuccolotto and Manisera 2020), especially 
among NBA teams.

The following subsections focus on results prediction, fantasy games and rankings 
analysis, three lines of investigation in sports analytics that make particularly heavy use 
of statistical tools and data science.

∑

i∈�∶OPP(s,i)>0

xisu = 1, ∀s ∈ �, u ∈ �.

∑

s∈�∶OPP(s,i)>0

xisu ≥ 1, ∀i ∈ � , u ∈ �.

∑

s1∈N1

xi(s+s1)u ≤ 1, ∀i ∈ � , u ∈ �, s ∈ � ∶ s ≤ |S| − n1.

∑

s2∈N2

(
xi(s+s2)u +

∑

k∈T∶OPP(s+s2,k)>0

xk(s+s2)u

)
≤ 1, ∀i ∈ � , u ∈ �, s ∈ � ∶ s ≤ |S| − n2.

xisu + xj(s+1)u − zijsu ≤ 1, ∀i, j ∈ � , u ∈ �, s ∈ � ∶ s < |S|.
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3.1 � Result prediction

Sports results prediction has seen steady growth in recent years. The most influential 
Internet site for this activity is fivethirtyeight.com, which focuses on politics and 
economics as well as sports. Taking its name from the number of electors in the 
US electoral college, the site was created by the American writer and statistician 
Nate Silver in 2008. Silver had already made his name in the early 2000s with the 
development of a statistical system that projects the future performance of baseball 
players. Another website, this one featuring predictions for cricket, basketball and 
football using artificial intelligence tools, is predict22.com.

For predictions relating exclusively to football, a Bayesian methodology was pro-
posed in Suzuki et al. (2010). Its performance was tested on the results of the 2006 
World Cup in Germany. The pioneer website for football-only predicting is 851.cl. 
This site was launched for the 2015 Copa América (formerly the South American 
Football Championship), was utilized again for the 2016 edition of the tournament, 
and has been applied in various seasons of the Chile’s First Division.

The model behind 851.cl is based on a predictive model devised by Dixon and 
Coles (1997) that assumes goal-scoring follows a Poisson distribution. It has two 
specific coefficients per team denoted “offensive strength” and “defensive strength”, 
and two general ones (the same for each team) capturing the home advantage 
denoted “extra at-home offensive strength”, and “extra at-home defensive strength”. 
In any given match with a home team H and an away team A, goals by H behave 
according to a Poisson variable with parameter � while goals by A behave accord-
ing to a Poisson variable with parameter � , where � = “offensive strength H”—
“defensive strength A” + “extra at-home offensive strength” and � = “offensive 
strength A”—“defensive strength H”—“extra at-home defensive strength”.

These “extra” coefficients are not necessarily positive, and for matches played at 
a neutral venue they are omitted from the calculations, in which case H and A are 
taken simply as the identifiers of the two teams. All the coefficients are estimated by 
generalized linear regression (calculated with the R software package) using data on 
the teams’ past matches. The probabilities attached to the different possible results 
for each match are calculated as the product of the two Poisson variables (i.e., the 
probability that H scores m goals and A scores n goals is the probability of the for-
mer multiplied by that of the latter given the corresponding � and � coefficients for 
H and A, respectively). Using these probabilities, future scheduled matches are sim-
ulated to obtain each team’s probability of ending the season at a given place in the 
standings or advancing to a certain round in a cup tournament.

A broadly similar model on the website 301060.exactas.uba.ar. incorporates addi-
tional home-away factors specific to each team with a view to achieving more realis-
tic formulations of them than a single general specification used for all teams alike. 
This extension of the model was used to predict the outcomes of the 2018 World 
Cup, the 2019 Copa America, and the 2018–2019 and 2019–2020 Superliga Argen-
tina (i.e., First Division) seasons. As an indication of this approach’s accuracy, we 
note that in the case of the 2018 World Cup, the score in 30 out of the 48 group 
stage matches was precisely the one the model found most likely, while the same 
was true for 11 out of the 16 matches in the knockout stage.
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Analogous models have been implemented for basketball (at 280777.exactas.uba.
ar) and rugby (at 190665.exactas.uba.ar). In the basketball case, each team’s zero 
score was set at 40 points, which was then subtracted from the actual scores in the 
database of past games and the remainder divided by 5. Calculating the different 
strength factors on this basis gave results that corresponded closely to the actual 
game scores. Thus, the points attributed to team A playing against B are calculated 
as 5 × P + 40, where P is the Poisson variable similar to the football case that takes 
into account offensive strength, defensive strength and home-away status.

The model was used to make predictions for the 2019 Basketball World Cup, 
which were uploaded to the 280,777 website. In 82.6% of the tournament games, 
the team that won in the tournament was the team to which the model had assigned 
the greatest probability of winning. Furthermore, the second highest probability 
(25.23%) of winning the Cup was attributed to the team (Spain) that actually won. 
The same model has also been used to predict game results for Argentina’s profes-
sional basketball league.

The modeling for rugby had to incorporate the four different ways of scoring: pen-
alty goals, drop goals, tries and conversions, which are worth 3, 3, 5, and 2 points, 
respectively. Unlike the other sports, however, the final score is not the only factor 
that counts because the points awarded for a game in the team standings include 
bonuses for scoring 4 or more tries or losing by a score difference of no more than 
7 points. In this case, therefore, we decided to formulate three models, one each for 
penalty goals/drop goals, tries, and conversions. Penalty goals and drop goals were 
considered together given that they are both worth three points and drops are rela-
tively uncommon. To calculate the probabilities for them and for tries, the models 
used were similar to the one formulated for goals in football. For conversions, on the 
other hand, since they are attempted after a try is scored, we assumed their distribu-
tion is binomial(t,p), where “t” is the number of tries converted in a match and “p” 
is calculated using the maximum likelihood estimator. The models were run for the 
2019 Rugby World Cup and the results uploaded to the 190,665 website. For 89% of 
the matches, the models assigned the greatest probability of winning to the team that 
did in fact win, suggesting that rugby is more predictable than basketball, which in 
turn is more predictable than football.

The ideas incorporated in the above-described models will surely be extended to 
other sports in the future. The models themselves have been made available through 
the above-cited Internet webpages, which also contain brief explanations of the 
techniques underlying them and allow visitors to submit questions by e-mail. This 
should be an effective way of taking advantage of the popularity of sports to create 
greater awareness among the general public of the power of mathematics and quan-
titative methods generally.

3.2 � Fantasy games

Building sports results prediction models has a number of aspects in common with 
the development of quantitative tools for fantasy sports games. In football, the first 
fantasy game was “Fantacalcio” (http://www.fanta​calci​o.kataw​eb.it), which was 

http://www.fantacalcio.kataweb.it
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designed for Italy’s Serie A professional soccer league. A creation of Riccardo 
Albini in the late 1980s, Fantacalcio is run by a major national newspaper. Albini 
was himself inspired by the fantasy game of North America’s Major League Base-
ball (MLB) (mlb.mlb.com/mlb/fantasy).

Various other fantasy games have been created for sports around the world, such 
as English football’s Fantasy Premier League (fantasy.premierleague.com/), Argen-
tina’s football “Gran DT” (grandt.com.ar) and the fantasy basketball game for the 
NBA in North America (http://www.nba.com/fanta​sy/). Similar games for virtual 
soccer like Hattrick (http://www.hattr​ick.org) and Xpert (http://www.xpert​eleve​
n.com) have also become very popular. But especially interesting is the growing use 
of fantasy games in recent years to improve the teaching of mathematics and stimu-
late student motivation for studying the subject at all education levels (see http://
www.fanta​syspo​rtsma​th.com).

In the case of Gran DT in Argentina, two mathematical programming models 
were developed to act as virtual coaches for choosing a virtual team line-up for each 
round of the real Argentinian football league. The a priori design created a competi-
tive team for each match, while the a posteriori model determined what its optimal 
line-up would have been for each match had all the results for the entire season been 
known at the time. The a priori model was entered in the fantasy game on a number 
of occasions, achieving results that placed it among the highest scoring participants 
(generally among the top 1%). The details of the models and the results are dis-
cussed in Bonomo et al. (2014).

In Gupta (2017) an approach is proposed for a fantasy version of the English Pre-
mier League (football) using a hybrid of autoregressive integrated moving average 
(ARIMA) and recurrent neural networks (RNNs) that makes time-series predictions 
of the points scored by a team’s individual players and then maximizes the point 
total across the entire team. It uses linear programming and incorporates various 
constraints to capture the characteristics of the problem.

An optimization model for a popular cycling fantasy game (“The Gigabyke 
game”, http://www.gigab​yke.be) is presented in Beliën et  al. (2011). The model 
contains certain features of knapsack problems, multiperiod inventory problems and 
logical constraint modeling, making it particularly suitable as a comprehensive case 
study for an undergraduate course in operations research and management science. 
But just as fantasy games models are ideal pedagogical tools for statistics and oper-
ations research, the concepts they involve also provide useful tools for supporting 
decision-making by coaches or managers of real sports.

3.3 � Rankings

Another area that has generated considerable interest in the literature is sports rank-
ings. There are a number of works that study the predictive power of the football 
rankings published by FIFA, which attempt to classify the world’s national sides. 
Two examples are McHale and Davies (2007) and Lasek et al. (2013).

In Lasek et al. (2016), the authors propose strategies for teams to improve their 
ranking while Cea et al. (2020) presents a discussion of what are considered to be 

http://www.nba.com/fantasy/
http://www.hattrick.org
http://www.xperteleven.com
http://www.xperteleven.com
http://www.fantasysportsmath.com
http://www.fantasysportsmath.com
http://www.gigabyke.be
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deficiencies in the ranking method used by FIFA up until the 2018 World Cup and 
makes proposals for its improvement. An alternative predictive model is calibrated 
to provide a reference ranking for evaluating the performance of various simple 
changes to that procedure. It should be noted, however, that since 2018 FIFA has 
used a new ranking procedure whose formula takes its inspiration from the Elo rat-
ing system, which was originally created by the Hungarian physicist Arpad Elo to 
rank chess players but has since been applied to various sports. No study of the pre-
dictive abilities of the new procedure has yet been published. The use of the FIFA 
rankings and the draw format for the World Cup finals are discussed in Cea et al. 
(2020) and Guyon (2015). Certain ideas proposed in the latter work were adopted 
for the 2018 World Cup draw.

Similar studies have been done on rankings and performance analyses in profes-
sional tennis. In Radicchi (2011), Radicchi proposed an algorithm for identifying 
the best tennis player in history. In an article published the following year (Din-
gle et al. 2012), the authors explored the relationship between official rankings of 
professional tennis players and rankings computed using a variant of the PageRank 
algorithm, originally generated by the creators of Google to rank pages (see Page 
et al. 1998; Brin and Page 1998).

They show that Radicchi’s equations constitute a direct application of the Pag-
eRank algorithm and present up-to-date comparisons of official rankings with Pag-
eRank-based rankings for both the Association of Tennis Professionals (ATP) and 
Women’s Tennis Association (WTA) tours. For top-ranked players the two rankings 
are broadly in line but for those near the bottom there is wide variation, raising ques-
tions about how well the official ranking mechanism reflects true player ability. For 
a 390-day sample of tennis matches, PageRank-based rankings were found to be bet-
ter predictors of match outcome than the official rankings. A later adaptation of the 
authors’ ideas presented in Aronson (2015) arrives at similar conclusions.

4 � Conclusions and future challenges

This survey has reviewed the main problems addressed in the sports scheduling lit-
erature, the mathematical and computational techniques used to solve them and their 
practical results. Much effort has been devoted to the study of these problems in 
recent years and as we have just seen, many interesting real-world applications have 
been implemented across a range of sports in countries around the globe. In particu-
lar, a number of successful applications in football, volleyball and basketball have 
been reported over the last 15 years from Latin America, many of which have been 
described here above.

There are, however, numerous challenges still to be tackled. One of them is the 
parallel scheduling of multiple leagues, as is done with the six interrelated divi-
sions of the Argentinean youth leagues discussed here earlier. Other cases found in 
the literature are an amateur softball league in the US (Grabau 2012), a regional 
rugby league in New Zealand (Burrows and Tuffley 2015) and an amateur table ten-
nis league in Germany (Schönberger 2017). Multi-league scheduling is approached 
from a more methodological standpoint in Davari et al. (2020). The article addresses 
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the problem of simultaneously scheduling multiple sports leagues with interdepend-
encies arising from the fact that clubs have teams in different sports, each one play-
ing in one of the leagues being scheduled. All of a given club’s teams share the 
same venue so the schedules must ensure the venue is available each time one of 
the team’s is slated to play at home. Other multi-league challenges are encountered 
in the so-called “sports teams grouping problem” where given a large number of 
teams, it must be decided which team is assigned to which tournament such that 
each one plays with a round-robin format and the objective is to minimize total 
travel distances. This is studied in Toffolo et al. (2019), where various integer linear 
programming models are formulated to solve the problem.

Another topic that will no doubt arise in the future is the design of practical 
applications of relaxed round robins where it is desired to minimize differences or 
mismatches in the rest times a pair of teams have enjoyed as of the day they are 
scheduled to meet. This is a sensitive issue for team managers, coaches and players 
that has not been dealt with in the literature on real-world cases. The so-called “rest 
mismatches problem” is examined in Atan and Cavdaroglu (2018).

The “stable tournament problem” formulated in Guajardo and Jörnsten (2017) 
is yet another situation for which practical applications could be developed in the 
future. Proceeding on an analogy with Gale and Shapley’s “stable marriage prob-
lem” (Gale and Shapley 1962), the authors analyze round-robin schedules that 
consider the preferences of the teams as regards the order in which they meet their 
rivals. They define a concept of schedule stability and propose an integer program-
ming model that generates schedules satisfying that definition.

Yet another scheduling problem stems from the fact that due to unforeseen 
events such as bad weather conditions, league schedules are not necessarily played 
as they were announced at the beginning of the season. The study presented in Yi 
et al. (2020) reveals that in many cases from different football leagues, matches that 
were rescheduled to another date had a profound impact on the quality of the overall 
schedule. The authors propose the insertion in the schedule of so-called catch-up 
rounds as buffers, and offer various suggestions on how rescheduling can be done 
without unduly affecting overall schedule quality. An idea in the same vein is pre-
sented in Durán et al. (2019a), which incorporates rest weeks at various points in 
the season that can be used for rescheduling matches, but the authors also point out 
that in practice this is done manually. An interesting line of research for such cases 
involving non-compact seasons where the schedules include road trips would be to 
develop an exact or heuristic method that allows reschedulings, whether or not for 
rest weeks, while maintaining the minimization of team travel distances.

An issue that is still very much an open topic in sports scheduling relates to tour-
naments, both compact and relaxed, that involve a large number of teams and/or 
matches. Such is the case with the National Basketball Association in North Amer-
ica (Bao 2009; Bean and Birge 1980) and professional football in Argentina (Durán 
et al. 2019c). In these situations, the usual scheduling methods tend not to be very 
successful and techniques of problem decomposition such as those surveyed here 
must be resorted to, but much work in this area remains to be done.

Combining in a single model, the generation of league schedules and referee 
assignment for a practical application has yet to be achieved. An attempt to meet this 
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double challenge is proposed in Linfati et al. (2019). The formulation of the problem 
includes the usual objective functions and restrictions for the two subproblems to 
address such considerations as travel distance reduction and minimum referee quali-
fications for certain matches. The proposed method is tested on two Latin American 
leagues (the first divisions of Chile’s football and basketball leagues) and the World 
Volleyball League, the latter a competition between participating countries’ national 
teams, with very promising results.

As regards other areas in sports analytics, this survey reviewed the use of quan-
titative tools for results prediction, fantasy games and ranking analysis in various 
sports. Also mentioned was the study of player performance, team improvement, 
efficient use of team budgets, etc., with applications primarily to baseball, basketball 
and American football. The use of these latter tools in football (soccer) is consider-
ably less common but will no doubt grow significantly in the years to come.

There no doubt exist many other aspects of sports analytics that are amenable 
to mathematical techniques. For example, we are currently working on the applica-
tion of statistical techniques to interesting problems that arise in football such as the 
moments at which goals are scored in the most important leagues and the generation 
of a league inequality index based on the Gini Index used in economics (for more 
details on this metric, see, for example, Ceriani and Verme 2012). The inequal-
ity analysis could be used to measure the differences between the teams of a given 
league in their financial resources and how these relate to the teams’ respective point 
totals in a given tournament.

In conclusion, the application of mathematical and computational techniques to 
a variety of problems arising in sports scheduling and other areas of sports analyt-
ics over a range of different sports has been extensively studied and reported in the 
literature. However, there remains ample room for broadening of the field to address 
new questions and challenges. The coming years thus promise to be very productive.
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