1812.04740v1 [math.OA] 11 Dec 2018

arXiv
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ABSTRACT. We study bounded operators defined in terms of the regular representations of the C'*-algebra
of an amenable, Hausdorff, second countable locally compact groupoid endowed with a continuous 2-
cocycle. We concentrate on spectral quantities associated to natural quotients of this twisted algebra, such as
the essential spectrum, the essential numerical range, and Fredholm properties. We obtain decompositions
for the regular representations associated to units of the groupoid belonging to a free locally closed orbit, in
terms of spectral quantities attached to points (or orbits) in the boundary of this main orbit. As examples,
we discuss various classes of magnetic pseudo-differential operators on nilpotent groups. We also prove
localization and non-propagation properties associated to suitable parts of the essential spectrum. These
are applied to twisted groupoids having a totally intransitive groupoid restriction at the boundary.
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1. INTRODUCTION

We are setting in this paper some of the foundations of the study of magnetic Hamiltonians on non-
flat spaces and their generalizations. The structure of these Hamiltonians is rather complicated and their
study thus requires a more sophisticated machinery, in particular, it requires a non-trivial use of operator
algebras. Our approach is to model these magnetic Hamiltonians (and others) using twisted groupoids.
On a technical level, this leads us to relate spectral properties of operators canonically associated to a
groupoid = with units X and endowed with a 2-cocycle w to the structure of the groupoid and of the
2-cocycle. This is technically difficult and innovative, but important in applications. The pair (Z,w)
will be called a twisted groupoid, for short.

With a few exceptions, including [7, [59]], twisted groupoids have not yet been used before in
spectral theory. On the other hand, regular (untwisted) groupoids have recently been used in relation to
spectral theory (mainly in connection with Fredholm and index properties) by Androulidakis and Skan-
dalis [3]], Debord and Skandalis [24] 23], Debord, Lescure, and Rochon [22], Monthubert [64],
van Erp and Yuncken [78]], the second named author (with collaborators) [18], [71]], and
by others. The groupoids arising from crossed product C*-algebras have been used even for a longer
time. Probably the first one to notice the relevance of crossed-product C*-algebras in spectral theory is
Georgescu [21] in relation to the N-body problem. He has then developped a comprehensive approach
to spectral theory using crossed-product C*-algebras, see, for instance, and the references
therein. A comprehensive related work (mostly in the framework of magnetic pseudodifferential opera-
tors) is due to the first named author and collaborators, see [48 33, 56] and the references therein. Many
other researchers have worked on similar problems, and it is a daunting task to provide a comprehensive
overview of the literature on the subject, so we content ourselves here to mention just a few of the most
relevant references 144] [74]]. We apologize for the many missing references.
To the best of our knowledge, our results are new in the stated generality; in particular, they are not
contained in [57)]. Some of them are new even in the untwisted case.

As we have mentioned above, our main potential applications are to Hamiltonians on non-flat spaces.
Non-flat spaces are becoming more and more important in view of their role in Quantum Field theory
on curved space-times [6, 32} 40]. To deal with the complications that arise on non-flat space-times, we
appeal to the approaches in [36].

Let us now describe the structure of the article. We decided to give here in the introduction a leisurely
account of the contents of the paper, while keeping the technical terms and formulae to a minimum. The
reader could return to this presentation as needed.

Section[2lis dedicated to reviewing some basic constructions, starting with that of a locally compact
groupoid endowed with a continuos 2-cocycle. We also prove some technical results that will be useful
subsequently. We first introduce the class of tractable groupoids; they are defined as amenable, Haus-
dorff, second countable, locally compact groupoids with a fixed Haar system. For simplicity, we will
keep these assumptions throughout the paper, even though they are not always needed. Some basic con-
structions [[73]] are then briefly recalled, including that of the twisted groupoid C*-algebra, the regular
representations and the important vector representation, available as soon as the tractable groupoid is
standard, i.e. it has an open dense orbit with trivial isotropy.

In the second subsection we recall the construction of the groupoid extension and summarize some
results of Brown and an Huef that will be essential in the sequel. They show that twisted groupoid
C*-algebras may be seen as (closed, two-sided, self-adjoint) ideals and direct summands in the C*-
algebras of the corresponding extensions [13]]. This allows us to reduce some issues concerning twisted
groupoid C*-algebras to the untwisted case.

Many of our spectral results will rely on intermediate results on regular representations of twisted
groupoid C'*-algebras. In Subsection[2.3] we deduce these intermediate results from the untwisted case,
using the Brown-an Huef connection of the previous subsection and the commutativity of the diagram
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(@211). In particular, in the case of a standard groupoid (see above Definition [2.§] for the definition of
standard groupoids) we check that the vector representation is faithful. An important role is played by
Exel’s property (see also [76]), asking the reduced C*-norm of an element to be attained for
some regular representation. In Corollary 2.19] we show that Exel’s property is fulfilled for tractable
twisted groupoids.

In Subsection[2.4] we deal with the problem of exactness of the short sequence attached to the choice
of a closed invariant set of units, a topic very well understood in the untwisted case. Such a result
including 2-cocycles appeared recently in [7], but in a form that is not general enough for our purposes.
So we indicate a proof fit to our setting, based of the precise connection between twisted groupoid
algebras and the algebras of the groupoid extension.

Section [3]contains the abstract forms of our spectral results. The main novelty of these results stems
from the rwisted groupoid setting, but, in certain cases, the result seems to be new even for trivial
cocycles—at least in the stated generality.

The results of Subsection 31 explain how to use the units of a groupoid and the associated regular
representations to study the spectra of elements in the twisted groupoid algebra. An important role here
is played by quasi-orbits, which are defined as closures of orbits of the groupoid = acting on its units
X. In fact, instead of considering all the units of the groupoid, one could just use a covering of the
set of units by quasi-orbits and the regular representations associated to one generic unit in each of the
chosen quasi-orbits. The proof relies on showing that our groupoid satisfies the Exel property, a fact
proved in Subsection2.3] This property was introduced formally in [[18]], but it had been implicitely used
before in spectral theory in references such as [26} [70} [76], via the notion of strictly norming family of
representations.

The next subsection contains decompositions of the spectra and (via Atkinson’s Theorem) applica-
tions to Fredholm conditions. They are obtained by considering the operators H, := II.(F') obtained
from an element F of the twisted groupoid algebra C*(Z, w) by applying to it the regular representation
II., where z € X. Itis assumed that z is a regular unit, meaning that its isotropy group is trivial and its
orbit is locally closed. The reduction to the quasi-orbit Q, generated by x is then a standard groupoid.
The closure of such an orbit contains additional units x, called “marginal,” each contributing a term
sp(H,) to the decomposition of the essential spectrum of H,. There could be one more contribution
coming from the addition of the unit in the non-unital case. In fact, it is enough to include a subfamily
of marginal points if they generate a collection of quasi-orbits covering the boundary of the closure. We
obtain that the unions appearing in the decompositions of the essential spectrum are already closed and
the invertibility conditions that characterize Fredholmness are automatically uniform. See for
similar ideas and results.

In Subsection B3] we obtain results similar to those of the previous two subsections, but replacing
“spectrum” with “numerical range” and “essential spectrum” with “essential numerical range.” This
last notion is a numerical range computed in a quotient by the ideal of compact operators. It turns out
that the resulting decomposition of the numerical range no longer consists of merely a union, but rather
of the convex hull of the union. To the best of our knowledge, such results have not yet been considered
in the literature, not even for simpler (in particular, untwisted) cases. Once again, it is enough to use
coverings by quasi-orbits of the marginal (i.e. non-generic) part of a big quasi-orbit generated by a
regular point.

In Subsection[3.4] in the étale case, one shows the absence of the discrete spectrum (and the equality
between the numerical range and the essential numerical range) for the operator H, attached to an
unit  generating a minimal quasi-orbit and satisfying an extra condition. This topic deserves extra
investigation.

Section [4] contains some examples that have as common feature the appearence of a variable mag-
netic field on a connected, simply connected nilpotent Lie group. On a such a group G, there is a
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pseudo-differential formalism [34} [33] 54} 53] 162]] in terms of scalar symbols defined on G x g,
where g is the Lie algebra of G and g* is its dual. In addition, there are explicit classes of 2-cocycles
attached to magnetic fields (smooth closed 2-forms on G). Note that in Sect. 5], another type of
twisted pdeudo-differential calculus has been treated. It works for rather general classes of groups but,
instead of the dual of the Lie algebra, one uses the irreducible representation theory of the group. We
refer to [60, [61]] for connections between the two calculi.

In Subsection 1] we are briefly recalling the method from [16] to construct a twisted pseudo-
differential theory; it can be seen as a quantization of the cotangent bundle 7*G. Then we provide
an interpretation of this calculus in a groupoid setting that allows us to apply spectral results from the
previous section. The relevant groupoid is a transformation groupoid twisted by a magnetic 2-cocycle,
which essentially recovers the twisted crossed product C*-algebras used in [[72]]. The images of elements
through regular groupoid representations become magnetic pseudo-differential operators after a com-
position with a partial Fourier transform and a unitary equivalence involving gauge covariant choices of
vector potentials.

In Subsections[.2]and 3] we are studying a related situation in which, instead of the entire nilpotent
group, one considers suitable subsets. In both cases one gets compressions of operators corresponding
to the entire group, which in principle makes the spectral analysis harder. The setup is that of systems
with partial (but not global) symmetry.

In Subsection 2] the magnetic pseudo-differential operators of A1l are compressed to complements
of relatively compact sets of the group. It is shown that the essential spectral data (essential spectra,
essential numerical ranges, and Fredholmness) are the same for the compressed and the initial opera-
tors, although they act in different Hilbert spaces and there seems to be no simple relative compactness
argument to be used. Consequently, in the compressed case, we again obtain decomposition formulae
for the essential spectrum. For the proof one uses magnetically twisted versions of groupoids corre-
sponding to a partial action [[1,28| 27]; they can also be seen as non-invariant reductions of the twisted
transformation groupoid of the previous subsection. The results seem to be interesting even for null
magnetic field, which corresponds to the Abelian group G = R™ (without any cocycle).

In Subsection[4.3] we use the positive semigroup H of the three-dimensional Heisenberg group G to
define the compression. If no cocycle is used (i.e. w = 1), one gets the Wiener-Hopf-type operators
and C*-algebras studied by A. Nica in [69]; see also [65] for a wider context. We add a 2-cocycle,
defined by a variable magnetic field. To reduce the spectral analysis of the resulting magnetic Wiener-
Hopf operators to a direct applications of the results in Section 3] we borrow from the groupoid
model of the Wiener-Hopf C'*-algebras; implementing the magnetic 2-cocycle is a simple matter. New
features are now present. First, in [4.1] and the unit space was at our disposal; it modeled the
behavior at infinity of the magnetic field and of the “coefficients” of the pseudo-differential symbols
we decided to study. Since now neither H nor G\ H are compact, the unit space will be a well-chosen
compactification X of H, the geometry of the subset H imposing rigid requirements on this choice; then
the magnetic field has to adapt itself to X. As a consequence, the quasi-orbit structure of the unit space
is now explicit: there are six quasi-orbits, disposed in layers, but just two of them are enough to cover
the boundary X \ H. Thus, besides decomposition formulae using the (adapted) regular representations
of all the points of this boundary, one also has simpler decompositions in terms of two units, generating
the two quasi-orbits. A certain higher-dimensional Heisenberg group is also computable from this point
of view [69, Sect. 5]. The quasi-orbit structure being quite complicated, we decided not to include it in
this paper.

Section Blis dedicated to localization and non-propagation properties. Let H be a bounded normal
operatorin H := L*(M; 1) . For any continuous real function x we denote by (H ) the normal operator
in H constructed via the functional calculus. If ¥ : M — R is a bounded measurable function, we use
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the same symbol for the operator of multiplication by ¥ in . There is a single obvious inequality

(L) [Wk(H)ls) < sup [¥(z)| sup [r(N)]
zeM Xesp(H)

that holds without extra assumptions. We treat situations in which the left hand side is small
(1.2) [Ve(H) ) < €

for some € > 0 given in advance, although in the right hand side of (LI the two factors are (say)
equal to 1. Such results have been obtained in [20] (a very particular case) and in [3[59], for operators
H deduced from a dynamical system defined by the action of an Abelian locally compact group G on
compactifications of G. Here we investigate the problem in the framework of the much more general
twisted groupoid C'*-algebras.

The main abstract result is proven in subsection 5.1l The objects of our investigation are normal
elements (or multipliers) F' of the standard twisted groupoid algebra and operators Hy := ITy(F') acting
in L?(M;p) via the vector representation. An important role is played by “the region at infinity”
Xoo = X\ M. As in previous sections, to every quasi-orbit Q contained in X, one associates an
element Fg in the twisted C*-algebra of the reduced groupoid =g, with spectrum contained in the
essential spectrum of the operator Hy . The function # in (I2)) has to be supported away from sp(Fg) .
Then the traces on M of small neighborhoods W of Q in the unit space X define the functions ¥
admitted in (I.2). In terms of the evolution group attached to Hy, informally, one may say that at
energies not belonging to the spectrum of the asymptotic observable Fo , propagation towards the quasi-
orbit Q is very improbable”.

In the final subsection we outline a class of examples, not deriving from group actions, leading
finally to a situation in which both the nature and spectrum of the asymptotic observable Fig and the
neighborhood of the corresponding quasi-orbit are transparent enough. The unit space X is built as a
compactification of an a priori given M, defined by a continuous surjection from the complement of a
compact subset of M to a compact space X, . It is also assumed that the restriction of the groupoid
to X is a totally intransitive groupoid. Then the observable corresponding to the orbits Q C X, are
group convolution operators, converted by a Fourier transform in multiplication operators in the Abelian
case.

We intend to continue this investigation in a future publication. Besides aiming at other types of
spectral properties, one would like to include unbounded operators and new classes of examples. To
have interesting examples in unbounded cases, one essentially has to show that the resolvent family
of a an interesting operator belongs to some twisted groupoid C'*-algebra. Besides some particular
situations, this is a difficult problem. The great achievement would be the inclusion of twisted pseudo-
differential operators on Lie groupoids; we refer to [2] 20} [71] [45] and references therein for the case
w = 1. The twisted case will need further theoretical investigation. We also intend to study some
discrete systems leading to étale groupoids endowed with cocycles.

Acknowledgements: This work initiated during a pleasant and fruitful visit of M. M. to Université
de Lorraine in Metz.

2. TWISTED GROUPOID C*-ALGEBRAS

2.1. Groupoids endowed with cocycles and their C*-algebras. See for background and
basic definitions concerning groupoids. In particular, we shall write = = X for a groupoid = with units
X. Recall from [57] that an admissible groupoid is a Hausdorff, locally compact groupoid = with unit
space 2(0) = X, with family Z() ¢ Z x Z of composable pairs, and with a fixed right Haar system
A= {Ay | * € X}. The associated left Haar system {\” | z € X} is the one obtained from X\ by
composing with the inversion & — +(£) = ¢~1. We will use this notation throughout the paper. We are
also going to assume usually that = is second countable and amenable. For general concepts pertaining
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to groupoids, in particular, for groupoid amenability, we refer to [4} [75]. We agree to identify the units
X to the correspoinding subset of =: thatis, X C Z.

We shall write z =~ y if © = r(£) and y = d(&) for some £ € Z. Then ~ is an equivalence relation
on X. The equivalence classes of this relation are called orbits (of = on X ), and a subset which is a
union of orbits is called =-invariant or saturated.

Definition 2.1. Ler (2, \,w) be a locally compact twisted groupoid with Haar system \.

(1) The groupoid = is called transitive if its unit space X has only one orbit, i.e. x ~ y for any
z,y € X.
(ii) The groupoid E is called topologically transitive if X has a dense open orbit M.

It is easy to see that if = = X is a topologically transitive groupoid, then it has a unique dense orbit,
called the main orbit. Moreover, the main orbit is the unique open =-invariant subset of X.
It will be convenient to use the following concept.

Definition 2.2. A tractable groupoid is an amenable, second countable, Hausdorff, locally compact
groupoid = with a fixed right Haar system A = {\, |z € X }.

Denoting by d,r : = — Z( the source and range maps, one defines the r-fibre =%, the d-fibre =,
and the isotropy group =% = £, N Z* of a unit v € X. More generally, for A, B C X one sets

Ea=d(4), 2P:=r"YB), =§.=2,4nE=5.
Definition 2.3. A 2-cocycle (73] is a continuous function w : 23 — T := {z € C | |2| = 1}
satisfying
2.1 w(Emw(En,¢) = win, Qu&ne),  V(En €E?, (n,0) e @),

(2.2) wla,n) =1=w(z), VE&EMEE, veX, r(n) =2=4d(¢).

Following (75}, if (2, A\, w) is given, a *-algebra structure is defined on the vector space C..(Z) of all
continuous, compactly supported functions f : = — C with product

(2.3) (f *w9)(& / f(n w(n,n™1€) dX"® ()
(2.4) / FEgn™ w(€n,n™) dr*® ()

and the involution

@) =w(& ) f(E).
Then, by the usual completion procedure based on all bounded x-representations of = [[73]], one gets the
(full) twisted groupoid C*-algebra C*(Z,w) .

Given a measure v on X, one defines the measure A, := fx Azdv(z) on Z by

/: (€A, (€) = / m f(ﬁ)dmg)}du(:c), VfeCuE).

We say that the measure v on X is quasi-invariant if the measures A, and A !:= A, o are equivalent.
Given a quasi-invariant measure v on X, we associate to it the induced representatzon

Ind, : C*(Z,w) = B[L*(Z;A,)], Ind,(f)u:= f*uu
Let x € X be a unit and v = ¢, the Dirac measure concentrated at 2. Then, the associated induced
representation is the regular representation 11, := Inds, : C*(E,w) — B[L?*(Z;;\,)]. Itis thus
defined by

M (flu = frou, YVfECAZ), uec L*(ZEp ) = Ha .
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The regular representations serve to define the reduced norm

2.5) -l 2 Ce(E) = Ry, I flle = sup ML ()l 3. -

Remark 2.4. Recall that we assume our groupoids to be amenable. It is then known Sect. 4] that
the canonical surjection C*(Z,w) — C*(Z,w) from the full C*-algebra to the reduced C*-algebra
associated to (=, \,w) is injective, and hence an isomorphism. We shall thus identify the two algebras
in what follows and use only the notation C*(E,w). The reduced norm, which thus coincides the full
one, will be denoted by || - ||c+ (= ) or simply by || - ||.

Definition 2.5. We shall say that a 2-cocycle w is a coboundary, if it is of the form

(2.6) w(&n) = [6"(0)](&,n) == o(&)a(n)a(&n)

for some continuous map o : = — T. Two 2-cocycles wy and wy are called cohomologous if wy =

5 (o)ws.

Remark 2.6. It is easy to see (and well-known) that to cohomologous 2-cocycles wy and wa, wy =
§'(o)ws, there correspond isomorphic C*-algebras C*(Z,ws) = C*(Z,wy). If w(&,n) = 1 for any
&,n € 2, we shall simply write C*(Z) := C*(E,1).

Remark 2.7. It follows easily that, for every § € =, one has the unitary equivalence I1,(¢) =~ Ilg¢) , s0
the regular representations along an orbit are all unitarily equivalent:

vy = I, =11,

We shall need the following classes of groupoids. Recall that all our groupoids are assumed to be
tractable, see Definition 2.2

Definition 2.8. Let (2, \,w) be a tractable twisted groupoid. If = is topologically transitive and the
=z —

isotropy of the main orbit is trivial (i.e. =2 = {z} for one, equivalently for all z in the main orbit M),
we shall say that = is standard.

Example 2.9. The standard transitive groupoids = =% X are precisely the pair groupoids = = X x X.
By Remark 2.2], on such groupoids all 2-cocycles are trivial (coboundaries). The (twisted) groupoid
algebra of a pair groupoid is elementary, i.e. isomorphic to the C*-algebra of all the compact operators
on a Hilbert space.

If A is invariant, 24 = Z4 = =4 is a subgroupoid, called the restriction of = to A. If A is also

locally closed (the intersection between an open and a closed set), then A is locally compact and = 4 will
also be a tractable groupoid, on which one automatically considers the restriction of the Haar system.

Remark 2.10. Assume that the groupoid = is standard with main orbit M. By Example the re-
striction wys := w|s of a 2-cocycle w on = to M must be a coboundary. In particular C* (27, was) =
C*"(Enp,wn) = C(M x M) is an elementary C*-algebra. In addition, for each z € M, the restriction

r=rlz.: 2, =25(X), > M

=z

is surjective (since M is an orbit) and injective (since the isotropy is trivial). Thus one transports the
measure A\, to a (full Radon) measure ;. on M (independent of z, by the invariance of the Haar system)
and gets a representation I1y : C*(Z,w) — B[L?(M, )] , called the vector representation [47). Let

R.: L*(M;p) = L*(E;X.), R.(v):=vor..
Then Il turns out to be unitarily equivalent to 11 :

2.7 o(f) = RIML(fR., Ho(f)o = [fru(vor:)]orsh.
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2.2. Groupoid extensions. We shall now proceed to related twisted groupoids and their C*-algebras to
untwisted groupoids, following a well-known reduction idea, see and the references therein.

Definition 2.11. Let w be a 2-cocycle on the groupoid =. The w-extension of = by T will be denoted
by Z¥ or by T x¥ =. As a topological space it is T x = with the product topology. The structural maps
are

(2.8) I‘W(S,f) = (1,1‘(5)), dw(sag) = (1,(1(5))7
(575)(t777) = (Stw(&n)a@?) ) (375)_1 = (S—lw(&g—l)—17§—1) .

We refer to for connections with the general groupoid extension theory.
Remark 2.12. For {1} x B= B C X =2 = (2¢)” one has
(2.9) (E)p=TxZg, EV)E=Tx=B, E)E=Tx=zE5.

Lemma 2.13. Let (Z,w) be a tractable groupoid endowed with a continuous 2-cocycle.

(1) The extension =¥ is also tractable.
(i1) If = is topologically transitive, then =% is also topologically transitive.
(i) If E is standard, then =¢ is topologically transitive and the isotropy groups of any point of the
main orbit may be identified with the torus T.

Proof. (i) Clearly = is also locally compact, Hausdorff and second countable. On =“ we can consider
the right Haar system {\ := dt x \, | © € X}, where dt is the normalized Haar measure on the torus.
By [4], Prop.5.1.2], if = is amenable the extension =% will also be amenable.

(ii) The map z — (1, :c) identifies X with the unit space of the w-extension. By (2.8), the orbits are
the same as before, i.e.  ~ y if and only if # =~ y. In particular, the main orbits are the same.

(iil) From (Z.8) or 2.9) it follows that the isotropy groups of the extension have all the form T x Z*
for some © € X. So, if Z is standard and z € M, then (E¥)? =T x {z}. O

Let us recall here the constructions of Brown and an Huef [13]], which is a main technical tool in
what follows. For every n € Z, let us define the nth homogeneous component

Ce(E¥In) := {® € CL(2¥) | B(ts, &) = t "B(s,),Vs,t €T, £ €E},

which is a *-subalgebra of C.(Z“) with the convolution product. The usual C*-completion leads by
definition to C*(£“|n) . The map

K" Ce(B¥n) = Co(B,w™),  ["(P)] (&) = @(1,¢)
with inverse
(2.10) (") Ce(B,w™) = Ce(BIn), - [(6") (N1, €) =T f ()
is a *-algebra isomorphism that extends to the associated C*-algebras C*(E“|n) = C*(Z,w").
In it is also proved that the map

X Ca(E) = Co(Z ), D(®)](s,€) = /T B(ts, &)t dt

extends to an epimorphism x": C*(2¥) — C*(Z%|n) that is the identity on C.(=*|n). Composing
the isomorphism x'! to the left with the epimorphism x?, one already sees that C*(Z, w) is a quotient of
C*(2¢).

Although the two C*-norms in the next equation are computed via different sets of representations,
the result of [Lemma 3.3] gives that

®llc-zem) = 9]

Czey, VO E C(En) .
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The closure J” of C.(2¥|n) in C*(=*) is a (closed bi-sided self-adjoint) ideal in C*(=Z*) and x™ can be
seen as an isomorphism between J” and C*(Z%|n). It is also shown that these ideals provide a direct
sum decomposition

cE)=Pr=cEn=@cEuw).

nez nez nez

One of the conclusions is that the twisted groupoid C*-algebra embeds as a direct summand in the
C*-algebra of the extended groupoid: C*(Z;w) — C*(Z“) (as the homogeneous component of order

1.

Remark 2.14. Assume that = = X is a Lie groupoid [52] or, more generally, a longitudinally
smooth groupoid [43]]. Then =¥ is also a Lie groupoid (respectively, a longitudinally smooth groupoid).
This allows us to consider the pseudo-differential calculus (algebra) U=°(=%) [63] 64} [71] 43]. Using
the formalism above, one should be able to introduce and study a twisted pseudo-differential algebra
W0 (Z;w), such that V9(Z;w) € C*(Z,w) . The action of T extends to an action on ¥>°(Z*) and we
define U°(Z;w) ~ p1 U (EY) = U= (=¥)p;.

2.3. Properties of representations. We have to deal with non-unital algebras. If ¢ is a C*-algebra,
generic unitizations of ¢ are denoted by €’V; they are unital C*algebras containing ¢ as an essential
ideal. Any non-degenerate representation II : 4 — B(H) extends uniquely to a representation ITY :
&Y — B(H) ; if IT is injective, ITY is also injective. In the non-unital case there is a smallest minimal
unitization €™ = % @ C (so the quotient €™ /% has dimension one), and a largest one, namely the
multiplier algebra €. If € is unital, one has € = ¢™ = ¢™.

Let us fix some x € X, the set of units of =, and consider the following diagram of C*-morphisms

)

C*(Z,w) C*(E¥)
@2.11) I, m
B[L2(E4i Ae)] —— B[L3(E%;2)]

that we now describe. The regular representation IT, has been introduced in subsection 2.1 Since
€ X = (2)), there is also the regular representation IT% of the (non-twisted) groupoid C*-algebra
C*(Z%) . The morphism § is given by the Brown-an Huef theory, as explained above: on C.(Z,w) it is
defined as the composition of (x*)~!, cf. (ZI0), with the canonical injection C..(2¢ [ 1) — C.(Z,w).
This means

BNIEE =t f(&), V(& ETXE, feC(Ew).
Finally note that, by Remark 2.12]

L2(E25 M) = L*(T x Bgidt X Ay) = L*(T;dt) @ L*(Ea: As) -
Let us set

S : L*(T;dt) — L*(T;dt), [S(¢)](t) ;:/Tm(r)drfl.

Clearly S is the orthogonal projection on Ct)_; , where 1_1(t) := ¢! has norm one. Then we define
the C*-algebraic morphism A by

A(T):=S®T, VT e€B[L*(E.;\)]-

Proposition 2.15. The diagram (2_11) commutes.
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Proof. To check the commutativity of the diagram, it is enough to compute for f € C.(Z,w), ¢ €
L2(T;dt), u € L?(Z4; \;) and (¢,€) € T x = (by x we denote the groupoid convolution associated to

=“):
(I 0 6)£) (¢ @ )] (£, &) = [3(f) * <¢>®u>}< 13
/ / (s m)(& ® w) (s (™)~ ) (¢,€)) dsdAa (1)

= [ L ot atn ) et ) ul € dsad (o)
= [ [ rmets et 9 uta asin o

=t /r(b dr/f Yw(n, ‘1§)d)\1(77)
= [S(P)](O)(f *ou)(§)

= [(S @ IL(f)) (¢ @uw)](t,€)

= [((AoIL)f) (¢ @ u)](t€).

The forth equality relies on the 2-cocycle identity (2.1) and the normalization (2.2), in which the unit is
our nn~ L. The fifth equality is obtained by a change of variable. (]

The next result is a well-known result of Koshkam and Skandalis [41], Cor. 2.4] the usual (untwisted)
groupoid C*-algebras (see also [[10, Prop.2.7]). The point (i), for the twisted case, has been shown in
(57, Prop.2.5] even without the second countability assumption. We include it here since the method of
proof might be interesting.

Corollary 2.16. Let w be a continuous 2-cocycle on the standard groupoid = = X with main orbit M.
(i) Forevery x € M the representation 11, is faithful. If C*(Z,w) is not unital, for any unitization,
the extension IIY : C*(2,w)Y — B[L*(Z4; ;)] is also faithful.
(ii) The vector representation 11y and its unitizations are faithful.

Proof. (i) From Proposition [2.15] one has II¥ o § = A o II, . The morphism ¢ is injective since =~
is Hausdorff [41l Cor.2.4]. See also Prop.2.7]. It follows then that II,, is also injective. In the
non-unital case, faithfulness is preserved for the the extension, since C*(Z,w) is an essential ideal of
C*(Z,w)Y.

(ii) is a consequence of the unitary equivalence described in Remark[2Z.10]and of the part (i). (]

The next notion will play an important role later.

Definition 2.17. We say that the twisted groupoid (2, w) has Exel’s property if for every [ € C*(Z, w),
there exists x € X (depending on f) such that || f|| = [T (f)lgz2E.:n.)) -

This means that in (2.3) the supremum of the function X > z — [T (f)|lgz2(z,;a,)] i attained
for each element f € C*(Z,w). If there is no cocycle, we speak simply of groupoids having Exel’s
property; in particular, this can be applied to =%

Corollary 2.18. If the groupoid extension =% has Exel’s property, then the twisted groupoid (Z,w) has
Exel’s property.

Proof. We are going to use once again the commutative diagram @2.11)). Let f € C*(Z,w) and assume
that the point for which the norm of ® := §(f) € C*(Ev) is attained is x; set H, := L*(Z4; \)
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Then, since ¢ is injective and ||S||g[z2(r) = 1
I fllcrzw) = lI6(Hllcx e
= [T 6Bz,
AL (F)]llpze(m)em.)
15 @ 1o (f) [[BiL2(m)@m.)
Iz ()83 »
showing that the norm of f is also attained in x . (]

Corollary 2.19. Let = be a tractable groupoid and w a 2-cocycle. Then the twisted groupoid (2, w) has
Exel’s property.

Proof. The starting point is the fact that a tractable groupoid has Exel’s property. This is Theorem 3.18
from [[70]], extending a result of Exel [26] from the étale case and relying on a deep result of Ionescu
and Williams [39]. See also [18]. By Lemma 213 the extension Z¥ is also tractable. Thus = has
Exel’s property. Finally, Corollary shows that Exel’s property is inherited from the extension by
the twisted groupoid (2, w) . O
2.4. Restrictions. Let M be an open Z-invariant subset of X. Then A:= M is closed and =-invariant,
which yields the restrictions E% ==M=5%;;and Eﬁ = Z24= =, and [67) Lemma 2.10] a short exact
sequence of groupoid C*-algebras

(2.12) 0— C*(Ey) — C(E) 245 C*(E4) — 0.
On continuous compactly supported functions the monomorphism consists of extending by the value 0

and the epimorphism p 4 acts as a restriction. We recall that one works on =), and =4, respectively,
with the corresponding restrictions of the fixed Haar system .

Proposition 2.20. Let w be a 2-cocycle on the tractable groupoid = and let =) =: X = M U A for
some open invariant subset of units M. Using restricted 2-cocycles wp : (EB)(Q) — T, one has the
short exact sequence

(2.13) 0 — C* (B, wnr) — C(E,w) 25 C* (24, wa) — 0.

Proof. Recall the groupoid extension Z and the identifications (1,2) = z and {1} x B = B for any
B C X. First note that if B is locally closed and Z-invariant and w is the restriction of w to (Ep)(?) =
(EpxZp)N =), then the extension E%° and the C*-algebras C*(Zp,wp) and C* (E‘gB) make sense.
We recall that the C*-norms involve in each case all the *-representations that are continuous with
respect to the inductive limit topology on C.-functions and the weak topology on operators.

If M C X is open and Z-invariant, then {1} x M = M is open and =“-invariant. Thus we have for

free the short exact sequence

(2.14) 0 — CHEY,) — C(2) 2% ¢ (2y) — 0,
where on C,(Z%) the restriction morphism p% only acts at the level of the second variable.

On the other hand, as explained above, twisted groupoid C*-algebras may be seen as (closed two-
sided self-adjoint)ideals and direct summands in the C*-algebras of the corresponding extensions. The
rough idea of the proof is that we could write the sequence of C*-algebra isomorphisms:

C*(Ba,wa) = C (B 1) 2 C(2411)/C* (251 1) = C*(Z,0)/C* (Ear,on)
if one would justify the middle isomorphism (that still involves C*-algebras that do not have the form
C*(H) for some groupoid H).
We now fix n = 1 and note that the results of hold for all the pairs (2, w), (Ep,was) and
(Ea,wa). For the relevant subsets B = A, M, use notations as k5, x5, J5 . Both the operations
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of extending by the value 0 in the =-variable and restricting in the =-variable preserve homogeous
components and commute (when suitably defined) with the *-morphisms x}% and x} . It is enough to
check this at the level of continuous compactly supported functions, which is trivial. Thus from (2.14)
we deduce the short exact sequence

1 1 1
0—Jy —J —J4—0,
where the two non-trivial arrows are restrictions to homogeneous components of the corresponding
non-trivial arrows from (2.14). This one is isomorphic to the short sequence
0 — C*(Ear,wn) — C(E,w) 25 C* (24, wa) — 0.

by using the vertical arrows k% , and then to (ZI3), by composing with vertical arrows x}; . As we
said, commutativity of the square diagrams are checked easily on continuously compactly supported
functions by using explicit formulas for y} and x} (they “commute with restrictions or 0-extensions in
the variable £ ), which is enough. Exactness of (Z.13)) now follows and the proof is finished. O

Let us denote by inv(X) the family of all closed, Z-invariant subsets of X. For A, B € inv(X)
with B D A, one has the canonical inclusion ig 4 : Z4 — Zp and the restriction morphism

ppa: Ce(Ep) = Ce(Ea), ppalf) = flza =foipa,
which extends to an epimorphism pp4 : C*(Ep,wp) = C*(E4,wa). Clearly pa = pxa . One gets
in this way an inductive system {C*(Z4,wa), pBA}inv(E) of C*-algebras.
Corollary 2.21. In the setting above, if B D A there is a short exact sequence
0— C*(Epa,wpa) — C(Ep,wp) “23 C*(Za,wa) — 0,

allowing the identification

(2.15) C*(Ea,wa) = C (Zp,ws) /C* (Ep\a,wp\a) -
Proof. The statement follows from our Proposition[2.20] since = is also tractable. O

Remark 2.22. Assume that the C*-algebras 4 and Z are not unital and denote by €™ and 2™,
respectively, their minimal unitizations. If p : € — 2 is a *-epimorphism, then

PR = D™ pP(e+ ML) == p(e) + A1
is a unital *-epimorphism and ker(p™) = ker(p) . Applying this to the situation in the Corollary, besides

(2.13) one gets

C*(Ea,wa) = C*(Ep,wn)™/C* (Ep\a,wp\a)™.

Remark 2.23. Letz € A € inv(X) ; one has the regular representations IT,, : C*(Z,w) — B[L?(Z,; Ay)]
and 114, : C*(Z24,wa) — B[L?(E4;A,)] (the fibers 2, and 4, are seen to coincide). It is easy to
check, and will be used below, that I, =114, 0 pa.

We close this section with one more remark about restrictions. In some situations, C¢(Z) is too small
to contain all the elements of interest. On the other hand, the nature of the elements of the completion
C*(E, w) is not easy to grasp; for instance it is not clear the concrete meaning of a restriction applied to
them. In search of a good compromise, we recall [[75] pag. 50] the embeddings

C.(2) c L*Y(E) c C*(B,w),

where L°°!(Z) is a Banach *-algebra, the completion of C.(Z) in the Hahn norm

1512 = max { s [ 17©lars () smp [ 1€ Iare ()}

—
—

Actually, C*(Z,w) is the enveloping C*-algebra of L°°'!(Z) . The following result is obvious:
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Lemma 2.24. If A C X is closed and invariant, the restriction map pa extends to a *-morphism

pa: LN (E) — Lot (EA) that is contractive with respect to the Hahn norms.

—_
—

Remark 2.25. It is still unclear how this restrictions act on a general element f € L°°!(Z). However,
if f is a continuous function on = with finite Hahn norm (write f € L2} (Z)), the restriction acts in

cont
the usual way and one gets an element p4(f) of L2 (24) .

3. SPECTRAL RESULTS

3.1. Quasi-orbit decomposition of spectra. In this subsection we continue to assume that the groupoid
=, with unit space X, is tractable and that w is a (continuous) 2-cocycle on = . We are going to need
some terminology.

o A quasi-orbit is the closure of an orbit and qo(X) C inv(X) denotes the family of all quasi-
orbits. The orbit of a point x will be denoted by O, . Of course, O, = r(=Z,). Let us set
Q, := O, for the quasi-orbit generated by x .

e More generally, if Y € inv(X), the families qo(Y') C inv(Y") are defined similarly, in terms
of the restriction groupoid Zy ; clearly qo(Y") can be seen as the family of all the Z-quasi-orbits
that are contained in Y.

o Letx € Q € qo(X). We say that z is generic (with respect to Q) and write x € Q8 if «
generates Q, i.e. @, = Q. Then the subset Q% is invariant and dense in Q. Otherwise, that is,
ifx € Q, but Q, # Q, we say that x is non-generic in Q and write x € Q"; this means that
Q. Q.

Recall that a surjective *-morphism ® : ¥ — 2 extends uniquely to a *-morphism &M : ™M —
9PM between the multiplier algebras; if 4 and & are o-unital (separable, in particular), then ®M is
also surjective. For each locally closed invariant subset Y of X one sets 6y := C*(Zy,wy) and
¢Y = C*(Ey,wy)Y for U € {m,M}; the index Y = X will be omitted. It is also convenient to
abbreviate H, := L*(Z,; \,) forevery y € X.

For an element F belonging to €'Y, for every Y € inv(X) and for every z € X, one sets
(3.1) Fy :=pd(F) €%y and H, :=T1Y(F) € B(H,).

Below, the letter U indicates one of the unitizations m or M ; Remark [3.2] refers to these choices. The
next result is interesting in itself and complements some of the results from [57, Sect.3]. It will have
a counterpart in terms of the essential spectrum; see Theorem 3.6l Occasionally, although this is not
really necessary, we will indicate the unital C*-algebra in which the spectrum is computed.

Theorem 3.1. Let = = X be an tractable groupoid endowed with a 2-cocycle w andletY C X a
closed invariant set of units. Consider an element F € €V := C*(Z,w)Y. One denotes by Sy (F)
the spectrum of the image By (Fy) of Fy € €Y in the quotient €Y /6y . Let {Q;}ic1 be a family of
quasi-orbits such that Y = J,.; Qi, and for each i € I let z; € Q% (i.e. x; generates the quasi-orbit
Q;). Then

32) sp(Fy) = Sy(F)u |J sp(H:) = Sy(F)U | Jsp(Ha,) = Sy(F)U |Jsp(Fo.l%8)) -
zeY iel el

Proof. The equation (3.2) will be abbreviated to sp(Fy) = ¥; = Xy = 3. Let us prove first that
sp(Fy) = X1 . Using notations as in Remark[2.23] let us consider the family of *-morphisms

F={By: ¢ =6 /6 }U{IIY, 6 - B(H,) |z €Y},
Note that, in connection with the explicit form of § and of X; , we have that
Sy(F) =sp[By(Fy)] and H,=II(F) =1y (Fy).

By [70, Th.3.6,Th.3.4], to show that sp(Fy) coincides with the union ¥, of spectra, it is enough to
prove that the family § is strictly norming, meaning that for every Gy € %y there is an element 7

iel
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of the family such that |Gy [lxu = [|7(Gy)l|. In Corollary 2.190it is already proven that the twisted
groupoid algebra ¢y := C*(Zy, wy ) has Exel’s property; in other words, by Definition 2.17] the family

Fo = {Ilye : 6y = B(Hs) |z €Y}

is strictly norming for the ideal 6y. Then § will be strictly norming for ‘@”}J , by [[70} Prop.3.15]. For
the reader’s convenience, we indicate the remaining argument using our notation.

So let Gy € %y’ ; by replacing it with G3* %, Gy, one can assume it is positive. If |Gy [lzu =
By (Gy )|l 4y j» we are done. Otherwise, let ¢ be a continuous function on sp(Fy) that is zero on
sp[By (Fy )], satisfying

¢(IGylly) = Gy llgy and o(t) <t if t>0.

Then ¢(Gy) € ¢y and [[¢(Gy)llgy = [|Gy ||y Since the family Fo is strictly norming, there exists
z € Y such that

Gy lley = l0(Gy)lley = Mye[0(Gy)] B = Iy (GY)]lao,) < My,e(Gy)llB,)-

This shows that the family § is strictly norming and the proof of sp(Fy ) = %5 is completed.

The equalities of the various s follows from some general C*-arguments. Indeed, recall that, by
Remark[2.23] one can write

Hmi = Hg (F) = HUi,ﬂCz‘ [p[QJz (F)} = HUi,ﬂCz‘ (FQw)

The regular representation HUi_zi : %g — B(H,,) is faithful, by Corollary 2T6] the orbit of z; being
dense in Q; . Thus it preserves the spectrum and one gets > = Yo . Then, clearly X5 C ¥; . Since the
family {Q,};cs covers Y, for each z € Y there is some ¢ € I such thatzz € Q;. Then Q, C Q; and
thus sp (Hx) C sp (Hx) , by Theorem 3.3 in [37]. This shows that X5 = X3 as well. This completes
the proof. O

Remark 3.2. By choosing a large unitizations U, we obtain a larger class of elements to which the
results apply, but understanding the set Sy (F") becomes more difficult.

(a) Let us assume that % is not unital and take U = m (if F’ permits it). Then €™ > F = G + sl
for some unique G € € and s € C. In this case sp(Fy) = {s} for every Y. Clearly s = 0 if
and only if F' € €.

(b) On the other hand, if one takes U = M, allowing much larger classes of elements F), in
most situations the component Sy (F') (a spectrum in a corona algebra) is difficult to compute
explicitly.

(b) Actually, one can also work with arbitrary unital algebras (or “unitizations”) C*(Z, w)U con-
taining C*(Z, w) as an essential ideal. We expect that the choice C*(Z, w)Y = the completion
of UY(Z; w) of Remark 2T will be useful in applications. This is the case if w = 1and Y = X
(see and the references therein); the presence of a principal symbol map leads to a commu-
tative C*-algebra W0 (=Z)/C*(Z) and now the set Sx (F) is given simply by the values of this
principal symbol; see [18] Corollary 4.16]. In the presence of a cocycle, these properties remain
to be checked.

3.2. Essential spectra and the Fredholm property. In this subsection we are mainly interested in
the essential spectra of the operators arising from regular representations of the twisted groupoid C*-
algebra.

Definition 3.3. The discrete spectrum spy;(H) of a bounded operator H in a Hilbert space € is the
set of all its isolated eigenvalues of finite multiplicity. The complement of the discrete spectrum of H is
called the the essential spectrum of H and it is denoted by sp . (H) := spg;s(H)¢ = sp(H )\spgis(H) -
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We also have that sp.,(H) = {\ € C| H — X is not Fredholm}.

In the following, the framework and the notation are the same as in the previous subsection. We
decided to restrict our discussion to that of the minimal unitization U = m, mainly in order to make
the results more concrete (cf. Remark|3.2)).

The next lemma describes the generic part Q% of a =-quasi-orbit Q in certain cases.

Lemma 3.4. Suppose that O is a locally closed orbit and set Q := O € qo(X). Then O is openin Q,
one has O = Q& and no other orbit contained in Q is dense in Q. If, in addition, the orbit O is free
(i.e. its isotropy is trivial), then the reduced groupoid Z¢ is standard, O being the main orbit.

Proof. Tt is well-known that the subset O is locally closed if, and only if, it is open in its closure Q.
All the points of O are generic for Q, by construction. If @’ C Q is another orbit, then O’ N O = ()
(the closures of @ in Q and in X are the same) and thus O’ cannot be dense in Q. So, if z ¢ O, then
Q, =0, is strictly contained in Q and thus z is not generic. The last assertion of the lemma follows
from the definition of a standard groupoid. (]

Definition 3.5. A point z € X := 2 is called regular if its orbit O, is locally closed and free.

The next Theorem provides Fredholmness criteria and information about the essential spectrum of
H, = II'*(F), for such a regular unit z € X , in terms of the invertibility and of the usual spectra of
various other elements or operators.

Theorem 3.6. Let = = X be a tractable groupoid endowed with a continuous 2-cocycle w and consider
an element F = G +sl € €™ := C(E,w)™, withG € € := C*(E,w) ands € C. Let z be a regular
element of the unit space X = Z(0),

(i) One has
(33) spcss(HZ) = Sp(FQ‘z‘

(ii) Let {Qj }je] C qo(Qz) be a set of quasi-orbits such that Q7 = UjeJ Qj (i.e. itis a covering
of Q2 = 9.\ O, with quasi-orbits), and for each j € J let xj € Q? (i.e. x; generates the
quasi-orbit Q;). Then

(3.4) SPess (H.) = {s} U U sp(Fo, |68}) = {s}U U sp(Ha,) = {stuU U sp(H,) .

jeJ jeJ reQn

(iii) Keeping all the previous assumptions and notations, the following assertions are equivalent:
o the operator H , is Fredholm,
® Fou is invertible in 65 ,
e Fo_ ¢ €q. and Fo, is invertible in 63, for every j € J,
o Fo, ¢ o, and each H,, is invertible,
o Fo_ ¢ €o. and H, is invertible for each z € Q7.

Proof. The idea of the proof is as follows. Proving (3.3) relies on the fact that the essential spectrum of
H, = I™(F) = I3 _[p3 (F)] =I5 (Fo.) € B(K.)

coincides with the spectrum of its image in the Calkin algebra B(#)/K(#.) and on writing

(3.5) Co = CS [Co. = B(H.)/K(H.).

The isomorphism in (3.3) follows from Corollary 221 and Remark 2.22] with A := Q% C Q, =: B
and B\ A = O, . The C*-algebraic embeding — reflects the fact that the (unitization of the) regular
representation 115 sends injectively €5, into B(H.) , while its restriction sends isomorphically € _
onto K(H ) because z is regular.
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Let us give now more details. Denotingby 7. : €5 — ¢§' /6o, andT'.: B(.) — B(H.)/K(H.)
the canonical quotient maps, we have the diagram of *-morphisms:

m =
(gm PO, nglz Q.2 B(Hz)

(36) V= r.
CE CB Co. — B(H.)/K(H.)

Then one writes

For the last equality, recall that I:IQZ » 1s injective.

2

Finally sp('yz (Fo.) | €8 /‘foz) = sp (FQQ |%”5,§) follows from the isomorphism €5 /6o, =
%5 » under which v, (Fg, ) corresponds to Fgn ; this finishes the proof of (i).

The point (ii) follows from (i) and from Theorem Bl applied to the close invariant set Y := Q% =
9.\0. C Q. ; see also Remark[3.2]

Atkinson’s Theorem states that an operator H is Fredholm if and only if it is invertible modulo the
compact operators, i.c. if and only if 0 does not belong to its essential spectrum. In (3.4), s # 0 means
precisely that Fg_ € €5 \¢g. . Then (iii) follows from (ii) by taking into account the following general
simple observation: Let {7y } ke i be a family of C*-algebras and ay, € &, for every k € K; then one
has 0 ¢ U,cx sp(ak) if and only if each ay, is invertible. O

Example 3.7. Let z € X be such that its Z-orbit O, is closed and free. Then all the points of the orbit
O, are generic, and thus the unions in (3.4) are all void. In this case, we simply get sp..(H.) = {s},
which also follows directly from Q, = O, . If F € €, then sp(H,) = {0} . This corresponds to the
fact that, in this case, the operator H, is compact; see Example 2.9

In particular, we are interested in standard twisted groupoids (=, w) (cf. Definition 2.8)) and, for an
element ' = G + sl € C*(Z,w)™ = €™, in its image through the vector representation, cf. Remark
So Hy := II}*(F) is a bounded operator in Ho := L?(M, p) ; here M is the main orbit (open and
dense). We state a consequence of Theorem[3.6on the essential spectrum; the corresponding Fredholm
criteria can be easily formulated by the reader.

Corollary 3.8. Suppose that, in addition to being tractable, the twisted groupoid = = X is standard
(see Definition2.8), with X = M U X, where M = X8 is the main orbit. Let {Q;}cj be a covering
of Xoo with quasi-orbits, and for each j € J let x; be a generic element of Q. Then

(3.7)

SPess(Ho) = sp(Fx. | GF, ) = {s}U | sp(Fo, |%o,) = {s}u | sp(Ha,) = {s}U [ sp(Ha).

jeJ jeJ r€X o0

Proof. This basically follows from Theorem [3.6] since for standard groupoids, by definition, the entire
unit space X is a quasi-orbit and the points z belonging to the main orbit M are regular. One must
also replace H, := II™(F) of Theorem by the unitarily equivalent vector represented version
Hy:=II*(F), as explained in Remark 2.10] O
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3.3. Essential numerical ranges. We treat now various types of numerical ranges, in a version adapted
to operator algebras [[111 [12, 36, [77]]. If 2 is a unital C*-algebra , then S(Z) denotes its state space,
that is, the set of positive linear forms ¢ : Z — C such that ¢(15) = 1.

Definition 3.9. Let 9 be a unital C*-algebra. The (algebraic) numerical range of F' € 7 is

nr(F) :={¢(F)| ¢ € S(2)}.
The numerical range set nr(F') of F' € Z is a compact, convex subset of C containing the convex
hull of the spectrum:
co[sp(F)] Cnr(F) C {ANeC| A < ||Fllo}.

For normal elements F' € & these are equalities, but in general the inclusions are strict. If H € 2 =
B(H) for some Hilbert space H , then nr(H) is the closure of the operator (spatial) numerical range

1351
nro(H) := {(Hu,u)p |u € H, |lullp =1}.

For any subset A of C, we denote by ©o(A) the smallest closed, convex set containing A .

Theorem 3.10. Let = be a tractable groupoid endowed with a continuous 2-cocycle w and let Y C X
a closed invariant set of units. Consider an element F = s + G € C*(E,w)™, withs € C and
G € C*(E,w), and set Hy:= II'"(F') = s + I1,(G) for every unit x. Then

(3.8) nr(Fy) = E[{s} U U nr(Hz)} .
zey

Proof. Tt is convenient to use the abbreviations %y := C* (Ey,wy) and %, := B(H,). To unify
notations, let us set iy, := s and Y™ := Y LI {oo}. The main equation, Equation (3.8) may hence be

written as nr(Fy) = E{Uzeymnr(Hm)} . Let us also set Ao, := C, and
26 = 676y =2C, NP (t+G%):=t.
Note that nr[II'2 (Fy)| = {s}, so (3.8) may be rewritten nr(Fy ) = E[Umeymnr(Hx)} .

The inclusion nr(Fy) D E{Um 6Ymnr(Hm)] follows from the fact that the algebraical numerical

range shrinks under C*-morphisms, as shown in the proof of Theorem 4.4 of [57]]. For a given z € Y™
this should be applied to H,, = TI{? (Fy ). Then we use the fact that nr(Fy) is known to be compact
and convex.

For the opposite inclusion, we use the following criterion Th.2], valid for any element G of a
unital C*-algebra ¢ : Let K C C be closed and convex; then nr(G) C K if and only if

(G =N, <dist(\K)™!, VA¢EK.
We recall from the proof of Theorem[3.1] that the family of morphisms
(12, 42— B, |z € Y™)

is strictly norming (this is a consequence of Corollary 2.19). Thus, for any A € C there exists y(\) €
Y™ such that

(3.9) 1E =2 g = 1 (Hyy =25, -
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Then, for an arbitrary convex compact set K, using (3.9) and the criterion:

@[ U nr(Hw)] C K= U nr(H,) C K
zeym zeym
= [|(He = N7 5, SdistLK)TL VAE K xe Y™

= ||(Hyny —A) " < dist(\, K)™H, VA ¢ K
= [[(Fy = A) 7| o < dist(A, K) 7 VA E K

Yy
<~ nr(Fy) C K.

K@yo\

It follows that nr(Fy) € | U, cymnr () | 0

Remark 3.11. Simple examples show that the union in the right hand side of (3.8) is not convex in
general. Take for instance X =Y = {ej,ex} and Z; = T = =5, leading to a very simple minded
group bundle. Then

C'(E) 2 C(Z)® C(Z) = C(T) ® C(T),
and it is already unital. If g € C/(T) is areal function, it is a self-adjoint element and its numerical range
is a real segment I = g(T) . Then consider the element F' := (g, ig) .

Definition 3.12. Let H be an element of a unital C*-subalgebra 2 of B(H) for some Hilbert space H .
Its (algebraical) essential numerical range nress(H ) is the (algebraic) numerical range of the canonical
image of H in the quotient 2/ 2 NK(H).

The essential numerical range contains the essential spectrum (often strictly). We refer to [12] for
more information on this topic.

Theorem 3.13. Let = be a tractable groupoid endowed with a continuous 2-cocycle w and consider an
element F =s+ Ge C*(ZE,w)™, withG € € := C*(Z,w) and s € C. Let z be a regular element of
the unit space X = Z(9). One has

(3.10) Nress(H,) = nr(FQQ

c5) =w|{stu | nr(H)]

reQl

Proof. As in the proof of Theorem 3.6l the first equality in (3.10) follows from the way the essential
numerical range has been defined and from the inclusion

(3.11) CE = Cg [Co. — B(H.)/K(H.).
The second equality in (3.1Q) follows from Theorem applied to the close invariant set Y :=
QQZQz\OzCQz~ O

Remark 3.14. For simplicity, we skipped assertions involving restrictions to quasi-orbits and operators
associated to selections of generic points of these quasi-orbits, as in Theorems[3.1]land 3.6} they may be
easily provided by the reader.

3.4. Absence of the discrete spectrum. We start from the following simple result:

Lemma 3.15. Let 9 be a unital C*-algebra of linear bounded operators in the Hilbert space H. The
following assertions are equivalent:
(a) One has 2 NK(H) = {0}.
(b) All the elements of 2 have void discrete spectrum, i.e. spo(H) = sp(H), for every H € 9.
(¢) The operator H € 9 is Fredholm if and only if it is invertible.
(d) One has nress(H) = nr(H) for every H € 2.



SPECTRAL THEORY IN A TWISTED GROUPOID SETTING: SPECTRAL DECOMPOSITIONS, LOCALIZATION AND FREDHOLMNESS

Proof. (b) = (a). Suppose that Z contains a non-zero compact operator H. This operator surely has
some discrete spectrum, contradicting the hypothesis.

(a)=-(b). The essential spectrum of H € Z coincides with the usual spectrum of its canonical image
in 2/2 NK(H), which now is just Z. Therefore sp(H) = sp.(H) .

(b) < (c). This follows from the fact that A ¢ sp.. (L) if and only of L — X is Fredholm and
A ¢ sp(L) if and only if L — X is invertible.

(a) < (d). This is similar to (a) < (b); one has to use the definition of the essential numerical range
and the known fact that if nress(H) = {0} if and only if H is compact [12]]. O

A representation of a C*-algebra IT : € — B(H) is called essential Page 19] if one has TI(%") N
K(#) = {0}.

We continue to assume that w is a 2-cocycle on a tractable groupoid = and we use all the previous
notations. Recalling that II, = IIg, , © po,, one can state an obvious consequence of Lemma([3.1J

Corollary 3.16. For x € X the following assertions are equivalent:
(a1) The representation 11, : C*(Z,w) — B(H,) is essential.
(a2) The faithful representation Ilg, 5 : C* (EQz , WQI) — B(Hy) is essential.
(b) The discrete spectrum of 11, (F) is void for every F € C*(Z,w).
(c) Foreach F € C*(Z,w) the operator I1,(F) is Fredholm if and only if it is invertible.
(d) One has nregs (11, (F)| = nr[IL,(F)] for every F € C*(Z,w).

Remark 3.17. Forany H € B(%H) it is known that nress(H) = (\jcci(3¢) nr(H + K) . Hence the point
(d) of the Corollary can be rewritten as

nr[Il(F) + K| D nr[lI,(F)], VFeC(E,w), KecK(H,).

A given C*-algebra might only have essential faithful representations, and this can be applied to
IIg, =, which is faithful. To arrive at such a situation, some more terminology is needed.

It will be convenient to assume that X = Z() is compact. We say that the (closed) invariant subset
A of X is minimal if all the orbits contained in A are dense. Equivalently: A and () are the only closed
invariant subsets of A. The point z € X is said to be almost periodic if V= {£ € 2, |Ex¢ e U}
is syndetic for every neighborhood U of z in X, i.e. KV, iy = E, for some compact subset K of =. In
(57, Appendix], assuming that X is compact, it is shown that the unit z is an almost periodic point if and
only if its quasi-orbit Q. is minimal. A groupoid is called topologically principal if the units with trivial
isotropy form a dense subspace of the unit space. It is étale if d : = — X is a local homeomorphism
(the same will hold forr : = — X, of course).

Proposition 3.18. Assume that x is almost periodic, =g, is étale and topologically principal and the
fiber Z, is infinite. Then the representation 11, is essential and for every F € C*(Z,w) the operator
11, (F') has purely essential spectrum and its essential numerical range coincides with the usual one.

Proof. By Corollary[3.16l it is enough to show that Il . is essential.

But all the unital infinite-dimensional representations 7 : € — B(H) of a simple unital C*-algebra
are (faithful and) essential. To check this, suppose that 7(¢) N K(H,) # {0}. Itis an ideal of 7(%),
thus 7 [7(€)NK(Hx)| # {0} is anideal of €. Since ¢ is simple, one has 7~ [7(€)NK(H.)| = €,
implying that 7(€)NK(Hr) = 7(€) ,i.e. 7(¢) C K(Hr). Thenn(ly) = idy . is a compact operator,
which is impossible since H in infinitely dimensional.

So we have to prove all these properties for IIg, , : C* (EQI , wQI) — B(Hs).

Since Q, is compact and Zg, is étale, C*(EQI , me) is unital. Actually in this case Q, is an open
compact subset of Zg, , one has C(Q,) — C(Eg,) C C*(Zq,,wo,) and the constant function
1: Q, — C (reinterpreted as the characteristic function of Q,, defined on =g, ) becomes the unit of the
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twisted groupoid algebra. It is sent by IIg_ .. into idy, . The fibre =, is discrete and infinite, hence the
space H, = (*(Z,) is infinite dimensional.

As said above, x being almost periodic, the quasi-orbit O, is minimal. Also using the fact that =g
is étale and topologically transitive, by pag103], the twisted C*-algebra of the reduced groupoid
ZEo, is simple. The proof is finished. (]

Remark 3.19. In [14] it is proven that, for untwisted étale groupoids, the simplicity of the groupoid
algebra implies that the groupoid is minimal and topologically principal.

Some results in [8] 9] (see also references therein) treat the absence of the discrete spectrum in a
setup presenting some similarities with ours. Using the theory of limit operators, they also treat the
Banach space case, which is inaccessible to us. Restricted to the Hilbert space setting, they basically
work with minimal actions 6 of discrete countable groups G on compact Hausdorff spaces X. This
would correspond to the étale transformation groupoid = := X %y G, on which there is no 2-cocycle.
But no condition as topological principalness is in used. So there are some improvements but also some
drawbacks in our Proposition[3.18]

In [42] a precise criterion of simplicity is given for twisted C*-algebras of row-finite k-graphs with
no sources. Via our Proposition [3.18] this would lead to the absence of the discrete spectrum for op-
erators obtained from twisted Cuntz-Krieger families. The constructions of are too involved to be
reproduced here.

4. EXAMPLES: MAGNETIC OPERATORS ON NILPOTENT LIE GROUPS

4.1. Magnetic pseudo-differential operators. Let us fix a connected, simply connected nilpotent Lie
group G with unite. If Y € gand X' € g* (the dual of the Lie algebra g) , we set (Y|X) := X(Y). The
exponential map exp : g — G is a diffeomorphism, with inverse log : G — g, sending Haar measures
dY on g to a Haar measures da on G. We proceed to construct magnetic pseudo-differential operators
in this context.

Let B be a magnetic field, i.e. a closed 2-form on G, seen as a smooth map associating to any a € G
the skew-symmetric bilinear form B(a) : g X g — R. One more ingredient is available, making use of
the de Rham cohomology. A 1-form A on G, also called vector potential, will be seen as a (smooth)
map A : G — g* and it gives rise to a 1-form A o exp : g — gf. Being a closed 2-form, the magnetic
field can be written as B = d A for some 1-form A. Any other vector potential A satisfying B = dA is
related to the first by A=A+ dip , where 1 is a smooth function on G ; in physics this is called gauge
covariance.

For a,b € G, one sets [a,b] : R — G by
[a,b]s :=exp[(1 — s)loga + slogb] = exp[loga + s(logb — log a)] .

The function [a, b] is smooth and satisfies [b,als = [a,b]1—s, [a,0](0) = a, and [a,b](1) = b. In
addition, [e, y| is the 1-parameter subgroup passing through y. The segment in G connecting a to b is
[la,b]] :== {[a,b]s | s € [0,1] }. The circulation of the vector potential A through the segment [[a, b]]
is the real number

I‘A[[a,b]]z/[[ b]}A::/o <logb—10ga‘A([a,b]s)>dS.

To conclude the construction, for every vector potential A with B = dA, the outcome is a pseudo-
differential correspondence [16, Sect.4], assigning to suitable symbols o : G x gf — C magnetic
pseudo-differential operators

4.1) [Op 4 (0)v](a) := / / ei<l°g<ab’1>\?‘>eifub,anAa(b,)c)v(b)dbdx,
G Jgt
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acting in S(G) (see below) or in L?(G). Gauge covariance extends to these operators: if two vector
potentials A, A’ define the same magnetic field, then Op 4 (o) and Op 4, (o) are unitarily equivalent.

Remark 4.1. If G = R", the dual group can be identified with the vector space dual R™. It is also true
that R™ is identified with its Lie algebra and (then) with its dual, so in this case the maps exp and log
simply disappear from the formulas. The resulting expression

[DPA(U)U](G):// et e iwan® o (b, X)u(b) dbdX,

a magnetic modification of the right quantization, is the starting point of a pseudo-differential theory
studied in depth in and other articles (T-quantizations can also be accomodated, including
the Kohn-Nirenberg and the Weyl forms).

To model the behavior of B at infinity, and to be more explicit on the class of symbols o, let us
consider a G-equivariant compactification X = G Ll X, of G. More precisely, we assume that G is a
dense, open subset of the second countable, Hausdorff, compact space X. Thus the action of G on itself
by left translations extends to a continuous action § of G on X. It is useful to regard X as the Gelfand
spectrum of the Abelian C*-algebra C'(X). This one is isomorphic to the C*-algebra A formed by
the restrictions of all the elements of C'(X) to G. Clearly, A is a C*-algebra composed of bounded
and uniformly continuous complex functions defined on G, invariant under left translations and and
containing Cy(G) . The condition on B is simply that it extends continuously to X or, equivalently, that
its components in a base are elements of A. Note that such an assumption is not imposed on vector
potentials A generating the given magnetic field. Actually this would be impossible in most situations.
Very often there is not even a bounded vector potential with B = dA ; think of constant or periodic
magnetic fields, for instance.

We denote by S(g¥) the Schwartz space on the vector space g* and by A ®, S(g*) the projective
tensor product. A function 0 € A ®,S(g!), a priori defined on G x gf, has a unique continuous
extension to X x g’ that we shall use without any further comment, as in (@2)) below. We then have
the following theorem that describes the essential spectrum of ”order —oo magnetic pseudodifferential
operators”.

Theorem 4.2. Let o € C(X) ®, S(g*). For each x € Xo we set
0,:Gx gt 5 C, 0.(a,X):= o (0a(2), X),

aswell as B, (a) :== B [9a (:c)} , and choose a vector potential A, such that B, = dA, . One has

(42) SPess [DpA(U)] = U SP[DPAI(O'm)]
reX

and

4.3) Nress [Op4(0)] = E( U nr[DpAm(om)D .
rzeX

The remaining part of this subsection is basically dedicated to proving Theorem To do this,
we will reformulate the magnetic pseudo-differential operators (4.I) in order to fit a twisted groupoid
framework and next we will apply the general spectral results obtained in the previous section.

The groupoid will be the transformation groupoid = := X 9 G. It coincides with X x G as a
topological space, and the algebraic structure is defined through
d(:C,CL) =, r(:z:,a) = ea(x)v ('rva)_l = (oa(x)aa_l) y (ea('r)vb)(xaa) = (Iaba)'

It is easy to see that it is tractable; for amenability use [73, Ch.II, Prop.3.9] and the amenability of G. It
is even a standard groupoid, with main orbit M = G. If m is a Haar measure on G (nilpotent groups are
unimodular), then {6, ® m | x € X'} is a Haar system on X xG.
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We convert now the magnetic field into a groupoid cocycle. Let us set
A= {(t,s)€[0,1]?|s<t}.
For a, b, c € G one defines the function {(a, b, c) : R> — G
(a,b,c)y,s :=exp [loga + t(logh —loga) + s(logc — logb)]
and the set ((a,b,¢)) := (a,b,c)a C G. Note that

(a,b,c)oo=a, {a,b,c)10=0, {a,bc)11=c,

(44) <a7b7 C)t,o = [aub]t 5 <a7b7 C)l,s = [b,C]S B <a7buc>t,t = [aac]ta

so the boundary of ((a, b, ¢)) is composed of the three segments [[a, b]], [[b, ¢]] and [[c, a]] . One defines
the flux of B through {(a, b, c)) by

1 gt
Tg{a,b,c) = / B = / / B({a,b,c)i,s)(loga —logb,loga — log c)dsdt .
{a,b,c)) 0 JO

If now B = dA for some 1-form A, Stokes’ Theorem and (4.4) shows that for ¢, a,b € G we have
4.5) I's{a,b,c)) =T alla,b]] +Tal[b, c]] + Talle, al] -

It also follows from Stokes’ Theorem and the closedness of B that the formula

(4.6) w5 ((0a(2),b), (2, 0)) = e'Tralenba)

defines a 2-cocycle of the transformation groupoid. In (4.6) we used the extension of B to X and the

expression B, introduced in the statement of the Theorem.

As an output, one gets the “magnetic” groupoid C*-algebra C*(X X G,wB) constructed out of
the connected simply connected nilpotent group G, a compactification X and the magnetic field B on
G compatible with the compactification. A Schwartz space on G is available; just push forward S(g)
through the exponential map, together with its Fréchet space structure. One can show the next chain of
continuous dense inclusions:

Ce(X xG) C C(X)®-S(G) C C(X) ® L'(G) C C(X x9G,wp)

involving projective tensor products. Recall the identification C(X) = A.

For further use, we write down the product in this case:

(f * g) (x,a) = /Gf(Hb(x), abil)g(x, b) wB((Hb(x), abil)7 (z, b))db

_ / F(60(x), ab=1)g(z, b) elmlebad gpy.
G

To make our way towards pseudo-differential operators with scalar-valued symbols, one takes ad-
vantage of the fact that G and g are diffeomorphic through the exponential map; this allows defining a
Fourier transform by

(Fu)(X) = /eii<X|X>u(epr) dXz/efi(loga‘Mu(a)da.
9 G

Then § can be seen as a contraction § : L'(G) — L>(g*), as a unitary map § : L?(G) — L?(g*) (fora
convenient normalizations of the measures), or as a linear topological isomorphism § : S(G) — S(g¥)
with inverse (F~1u)(a) := fguei<log“‘x>u(2() dX. Then one uses the isomorphism

F=id®,§:C(X)®:S(G) = C(X) @ S(g?)
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to transport the twisted groupoid algebra structure and then to generate twisted pseudo-differential op-
erators. By extension, this may be raised to a C*-isomorphism

C*(X xpG,wp) = C*(G, X,0,B) D C(X) @ S(¢*) .
Elements of C'(X) ® S(g*) will be identified to functions o : G x g* — C, to become symbols of the
pseudo-differential operators (4.1)).

We are not going to present details about the symbol C*-algebra C*(G, X, 0, B) (basically an image
via a partial Fourier transform of the twisted groupoid algebra). It will be enough to identify the regular
representations, composed with this partial Fourier transform.

We proceed now to the proof of Theorem[4.2]
Proof. The d-fiber through the unit z is =, = {z} x G. So
Lyt Hye = LQ({ZC} X G; d,®@m) — LQ(G; m), [Lx(u)} (a) :=u(z,a)
is a Hilbert space isomorphism with inverse acting as [¢; ! (v)] (2, a) := v(a) . We denote by
T, : B(Hy) = B[L*(Gsm)], Z,(T) =, Te; "
the C*-algebraic isomorphism induced by ¢, .

The following diagram defines the mapping Op,, in terms of the groupoid regular representation :

I,

C(X %19 G,wp) D C(X) @ 8(G) B(H,)

4.7 F ,

C*(G, X, 0, B) 5 C(X) ® S(gt) —2=r B[L(G; m)]
We compute for o € O(X) ®S(gh),ve L*(G;m)anda € G:
[Op,(0) (H [(de g ](;10))(33,@)
( id®§ o] %o (Lglv))(x,a)
_ /G [(id ® §1)o] (Bu(x), ab™) (1 ") (x, b) e T-e00) g

:// ei(log(abfl)PQ eiFBI«e,b,a))U(eb(x)’X)U(b)db

G Jgt

_ / / 108 1X) (T, (eb ) 5 (g, (2), ) o(b)db
GJgt

Using (4.3) , this may be written

@.8)  eMeleal[Dp (0)v](a) = / / e/ {108(@b™ DY) ilaslbal 5 (g, (), X)eiTaclotly(b)db .
G Jgt

For any z € X, the multiplication operator

Ua, : L*(G) = L*(G), (Ua,w)(c) == leeliy ()

is unitary and @.8) can be rewritten in the form U, Op,.(0) = Op 4 (0,) U,. Recalling diagram @),
one finally has

DpAm(Uw) =Ua, Op,(0) U,Z: = (UAsz)Hw [F_l(U)} (UAme)_l
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The conclusion is that our magnetic pseudo-differential operator Op 5 (o) is unitarily equivalent to
H, :=1I,(f), f:=F'(0)eC(X)®S(g) C C(XxyG,wp).

In particular, setting = := e € G, we see that Op 4 (o) is unitarily equivalent to H, := II.(f), for the
same f. In its turn, II(f) is unitarily equivalent to Hy:= IIy(f), by Remark[2.10], since G = M is the
main orbit of our groupoid.

Thus, the general spectral results from subsections and [3.3] imply our Theorem The point

s = 0 need not be included explicitly in (#9) and (@.3), since it automatically belongs to the right

hand sides. For simplicity, our elements were chosen in the twisted groupoid algebras, and not in the
unitalizations.

O

4.2. Partial actions by restrictions and their twisted groupoid algebras. We keep the setting and the
notations of the preceding subsection. In particular, we are given a continuous action # extending the
left translations of the connected simply connected nilpotent group G to an equivariant compactification
X = GU X of G, as well as a magnetic field B on G such that its components belong to the C*-
algebra A, i.e. they extend continuously to X. Vector potentials A such that B = dA will also be
used.

Assumption 4.3. We are going to fix a compact subset K C G and denote by L the closure in G of the
open set G\K. Then L := L U X, is a compact subset of X. We shall typically denote elements of
L C G C X by the symbols z,y,z € X, a,b,c € Gand p,q,r € L.

Besides (4.1)), we also consider compressed magnetic pseudo-differential operators acting in L?(L).
They are defined by the formula:

[Dp';,(a)w} (p) == /L/11 ei(l08(Pa™)1X) 1 Jiqp 4 o(s,X)w(q)dgdX, pel.
g

The only difference between this formula and Equation (Z.1)) is that now we restrict p and ¢ to the
non-invariant subset L .

Remark 4.4. One identifies L?(L) = L?(L; m|) with a closed subspace of the Hilbert space L?(G).
Setting .J_ : L?*(L) — L*(G) for the canonical injection, the adjoint J;* : L?(G) — L?(L) is then the
restriction. It follows then directly from definitions that Op' (o) = J; Op 4(0)JL , hence OpY (o) is
indeed the compression of the pseudo-differential operator Op 4 (o) to L?(L).

Theorem 4.5. The operators Op (o) and Op 4 (o) have the same essential spectra and the same es-
sential numerical range. More explicitly, one has

4.9) SPess [OP4(0)] = Pess [OP4(0)] = | ) sP[Op4,(02)] .
reX

(4.10) Nress [Dp';l(a)} = Nress [Op 4 (0)] :%( U nr[DpAz(Uw)]),
reX

where o, and B, = dA, have the same meaning as in Theorem 4.2 In addition, Dp';,(a) + sl and
Op 4 (o) + sl are simultaneously Fredholm.

Remark 4.6. Note that the two operators Op’; (o) and Op 4 (o) act in two different Hilbert spaces. It is
not immediately clear how to prove the first equalities in (&.9) and (£.10) by some relative compactness
criterion. Our proof will be to relate the operators Dp; (o) to a groupoid that is a non-invariant reduction
of the transformation groupoid of the preceding subsection, a result that could be useful elsewhere.
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The starting observation is that 6 restricts to a partial action 0 of G on L = L LI X, [2827]. The
abstract definition, using the present notations, is that for each a € G one has a homeomorphism

0L L, 1= L,

between two open subsets of L such that §2 = id;, and such that 20 0L, defined on the maximal domain
HZ,L(z) S La—l} ,

is a restriction of Hlfb . It is easy to check that 95,1 = (95) 71, where 37! : V — U denotes here the
inverse of the partial homeomorphism 5 : U — V.

(OF) N (Ly N Lo = {z € Ly

Specifically, in our case, one sets 95 to be the restriction of 6, to
Lo :=LN0; (L)y={2€L|0.(2) €L} = (LNa'L) U X,
and the axioms are easy to check. Unless L = G, the subset L is not #-invariant, so 0L will not be a
global group action.

In [ll, o any continuous partial action corresponds a locally compact groupoid. We describe the
construction for our concrete partial action #*, making certain notational simplifications permitted by
the context. One sets

4.11) E(L) = Lx)G:={(z,a)|a € G,z € L,0,(z) € L}

(it can also be seen as the disjoint union over @ € G of the domains L,-1). The topology is the restriction
of the product topology of L x G. The inversion is defined by

(z,a) "= (0a(z),a7 ")
and the multiplication (only) by
(GG(Z),b) (z,a) = (z,ba) )

Then the source and the range map are given by
dp(z,a) = (z,e) =z, rr(z,0) = (0a(2),€) = 0a(2),

so we identify the unit space of the groupoid with L. To L = G corresponds = = Z(X) = X %y G, the
transformation groupoid defined by the initial global action 6 .

Proposition 4.7. Let (X, 0,G) be a dynamical system, where X = G U X, is a Hausdorff second-
countable compactification of the connected simply connected nilpotent group G and the restriction of
the action 0 of G on itself consists of left translations. Let L C G be a subset satisfying Assumption[d.3]
and L:= LU X . The partial transformation groupoid =(L) is a standard groupoid with unit space
L and main orbit L. It is the (non-invariant) reduction of the transformation groupoid = = Z(X ) to L.

Proof. Clearly the space Z(L) is locally compact, Hausdorff and second countable.
From (&.11) and the form of the maps d,r : & — X it follows that

E(L)={¢€2]d(©),r(¢) eL}=d " (L)nr" (L),

so Z(L) is the reduction of = = Z(X) to the closed (non-invariant) subset L . It is an closed subgroupoid
of =, thus a locally compact groupoid in itself. Its amenability follows from Ch.II, Prop.3.7,3.9].

The problem of (fibrewise) restricting Haar systems to non-invariant closed subsets is not trivial. In
Sect.1] it has been solved for the case of transformation groupoids. We write down the output using
the present notations.

For any z € L, denote by A, the restriction to Z(L) of the product §, @ m, as well as the set of
L-admissible translations

G"(2) :={a€G|b.(z) e L}.
A necessary and sufficient condition for {\, |z € L} to be a Haar system for the restricted groupoid is
precisely the pair of conditions:
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() the restriction of the Haar(=Lebesgue) m to any subset Gy, (z) has full support,
(8) the mapping L > z —>fGL(Z) ¥(a)dm(a) € C is continuous for each ¢ € C,(G) .

But in our case one has
(4.12) Gl(z)=Gifz€ X, and GF(b)=Lb tifz=belL.

Condition () surely holds for z € X, and it also holds for z = b € L, since m is invariant under
(right) translations and L was defined to be the closure of the open set G\ K (the Haar measure of
any non-void open set is strictly positive). Condition (3) amounts to show for every ¢ € C.(G) the
continuity of the function

U:L—>C, T(z) ::/1/)(a)da if z€ Xoo, U(b):= (a)da if z=beL.
G Lb—1

The continuity at points belonging to L is standard and easy (translations are continuous in L*(G)). Let
us set D:= supp(¢)) ; it is a compact subset of G . To show continuity at a point zo, € X , it is enough
to find, for each € > 0, a neighborhood V; of z, such that

4.13) U (b) — U (200)] = }/LbilﬂDw(a)da —/Dw(a)da} <e, VbeV.NG.

Assume that b~! does not belong to the compact subset K~1D ; then D N Kb~ = (). It follows that
Dc (Kb ') =Kb'CcKb'=Lb",

so Lb=tN D = D and the difference of integrals in (£.13) is in fact zero. But it is clear that, given such a
compact set KD, there is a neighborhood V, of z,, that does not meet it. Thus the restriction problem
is solved.

We deal now with the remaining issues. The d -fiber of z € L is

E(D)]. = {(z,a) ’0a(z) € L} = {2} x GL(2).
The isotropy group is
[E(D)](2) = {(2,a) |0a(2) = 2}
and can be identified with the isotropy group of z with respect to the initial global action. In particular,
if z =p € L, itis trivial. Two points z; and z5 are orbit-equivalent if, and only if, both being elements
of L, are on the same 6-orbit. In particular L is itself an (open and dense) orbit under the action of

the groupoid. The other equivalence classes are the orbits contained in X, . The groupoid =(L) is
standard. O

Proof of Theorem[H.3] The proof is based on Proposition[4.7] Note the decompositions
(4.14) S(L) = E(L) UE(Xe), E(X)=2(G)UE(Xa).

The second one has been used in the previous subsection to prove Theorem[4.2] in conjunction with the
2-cocycle (4.6). The first one and the restricted 2-cocycle

wi ((05(2),p), (2, q)) = etmelerrn) g pel ze Xy

could be used similarly to prove the first terms in (@.9) and (@10) are equal to the last ones, respectively.
The partial Fourier transform serves in the same way to relate the regular representations of the twisted
groupoid C'*-algebra associated to (E(L), wj';}) to the compressed magnetic pseudo-differential opera-
tors. Recall that the d-fibers [Z(L)], = {z} x G¥(z) of Z(L) are now of two distinct types, according
to (I2). This explains why, while the operator Op" (o) acts in L2(L), “the asymptotic operators”
Op 4 (0z) actin L*(G).

A more direct proof is to note that the invariant restrictions to X, of the two groupoids in (@14)
coincide, as well as the two cocycles. Then the first equalities in (4.9) and (.10Q) follow, respectively,
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from the first equalities of (3.7) and (3.10) ; both involve restrictions of the symbols to the common part
=(X ) , and these restrictions are the same.

For the Fredholm properties one uses Atkinson’s Theorem.

4.3. Twisted Wiener-Hopf operators on the Heisenberg group. In this subsection G will be the 3-
dimensional Heisenberg group; it is a connected simply connected 2-step nilpotent group. As a set
G := R3, the multiplication being

(a1,a2,a3)(b1,b2,b3) := (a1 + b1, a2 + b2, a3 + b3 + a1bs)

and the inversion (a1, az,a3) ! := (—a1, —az, —az + ajaz) . The Lebesgue measure dm(a) = da is a
Haar measure . Its reduction to the closed submonoid

H:=R3 = {h = (h1,h2, h3) € G|h1, ha,hs > 0}

has full support; L?(H) will be identified to a closed subspace of the Hilbert space L2(G) . The adjoint
J;; of the canonical inclusion Jy : L%(H) — L?(G) is the restriction map from L?(G) to L?(H) . Here
and below we use the fact that H is solid, i.e. it coincides with the closure of its interior.

As in the preceding subsection, we fix a magnetic field B and a corresponding vector potential A
with B = dA. For every ¢ € L'(G) one has the twisted (magnetic) convolution operator in L*(G)
given by

[Calp)u](a) == / eHimar p(ab ™ yu(b)db.
G

Definition 4.8. The compression W (o) := Jj; Ca(p)Jn to L*(H) of Ca(yp) is called the magnetic
Wiener-Hopf operator of symbol o € L(G) and it has the explicit form

[Wa(p)w] () := /H e e A o(hkYw(k)dk, Yw e L*(H), h e H.

The C*-subalgebra of B [LQ(H)} generated by all these operators is the magnetic Wiener-Hopf C*-
algebra, denoted by W4 (G, H).

Remark 4.9. If B = dA = dA’ is given by two vector potentials, the connection is A’ = A + dv,
where v is a smooth real function on G. It follows immediately that Wa: () = e~ Wy (p)e().
The two Wiener-Hopf operators associated to the same symbol but to two equivalent vector potentials
are unitarily equivalent (this is the gauge covariance in this setting). So their spectral properties only
depend on the magnetic field. It also follows that the two C*-algebras W, (G, H) and Wy, (G, H) are
isomorphic, the isomorphism being unitarily implemented.

Following [69], we indicate a compactification of H suited to study these Wiener-Hopf operators.
One starts with

X:={pe L= Q)] llpllc <1},

By the Alaoglu theorem, it is a compact space with respect of the w*-topology (L°°(G) is the dual of
the Banach space L!(G)). In terms of characteristic functions, one introduces the map

x:H—=X, x(h):= xpn-1.

It is injective, since H is solid. The closure of its range X := x(H) C X will be the unit space of a
future groupoid. It is shown in Prop.2.1] that all the elements of X are characteristic functions
XE, where E belongs to some family 2" of solid subsets of G. Through the bijection 2~ > E —
XE € X one transfers to 2~ the w*-topology. The (homeomorphic) spaces X and 2 may be seen as
compactifications of H. Actually, cf. [69] Sect. 3], the compactification is regular, meaning that x(H) is
open in its closure X. Itis also true that, if a € G and E € .2, one has aE € 2" ifand only ifa € E~1.
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Remark 4.10. Let us assume that the restriction of the magnetic field B to H admits a continuous
extension B to the compactification 2". Thus B(hH™!) = B(h)if h € H. Forany E € 2~ we set

Be :E™' = A%G), Bg(a):= B(aE), VaecE™L
In particular, if » € Hand a € (hH™!)~! = Hh~! (meaning that ah € H), then
Bpu-1(a) = B(ahH™') = B(ah).
So, forevery h € H, By is the restriction to Hh =1 C G of a right translation of B . Taking h = e we
see that By-: is the restriction to H of the magnetic field B .
We are going to need two particular subsets of G = R3:
(4.15) U=R_xR_xR and V={beR?|by <0,bs—biby <0},
with group inverses
U'=RyxRyxR and V'=RxR;xR,.
One also define the operators in L2(U) and L?(V), respectively, by

(4.16) [Tu()w](a) := / eMBulled:a) o (b= w(b)db
u-1

(4.17) [mv(p)w] (a) == / e Tovieb:a) o (b= w(b)db .
v—1

Theorem 4.11. Given ¢ € C.(G) and B = dA a magnetic field on G whose restriction to H can be
extended continuously to 2, one has
SPess [Wa (9)] = sp[mu(p)] Usp[rv()]

and

Nress [Wal(p)] = E(nr[wu(go)} U nr[wv(go)}) .
The magnetic Wiener-Hopf operator W 4 () is Fredholm if and only if wy(p) and 7y () are invertible.

To prove this result, we use the groupoid
Z:={(E,a) € 2 xGlacE'}
with the restriction of the product topology and the structure maps
(aE,b)(E,a) := (E,ba), (E,a)"':=(aE,a™'),
d(E,a) :=E, r(E,a):=aE.

Note that
(4.18) Ze:=d'({E})) = {(E,a)|a e ET'} =2 E".

The properties of this groupoid have been investigated in (see also [68]). Restricting the Haar
measure m to the solid subset E™! C G and then transferring it to the fiber =g , one gets a right Haar
system. In our terminology, the groupoid = is standard, with unit space X = 2 and main orbit
H= x(H) = {xpn-1 | h € H}. Actually, the map H x H > (h,k) — (kH L hk™!) € E[y is an
isomorphism between the pair groupoid and the (invariant) restriction of = to its main orbit.

The construction of the groupoid is quite general. Following Sect.4], we indicate now the unit

space and its quasi-orbit structure for the case of the 3-dimensional Heisenberg group. First of all, if
h = (h1,ha,h3) € R3 =G, then

hH™' = {a = (a1,a2,a3) | a1 < h1,a2 < ho,a3 + (ha — az2)ay < hs} .
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We recall that {hH™!| h € H = R} } has been identified to H. To describe the other sets E € 2 that
are units of the groupoid, for any h = (hy, ha, h3) € R?jr we use the following notations:

Sh17h2-,' = {CL eR? | ay < hi,as < hQ},
S oy = {a € R | ag < hy,a3 + (ha — az)ay < hs},
Shy..:={a€R¥|a; <hi}, S, :={acR®|ay<hy}.

Then
X =130 Z120UZosU 20 UZoUZ

is the disjoint union of six orbits, given explicitly by
P23 = {hH™ | h € Ri}, Zo = {R3},
212 = {Shiho, | h1 > 0,ha >0}, 223 :=A{S. hyns| h2 > 0,hs >0},
21 :={Sh,....| h1 >0}, 25:={S. p,.| ha >0}.
The quasi-orbits are given by closures in the weak*-topology (transported from X C L>°(G) to Z"):
Dpz=%, Zo=20,
o= 20 20020 %y, asg= Dozl 21U 2o 20,
N =202, Za=2U020.
Note that
(4.19) X \H= 212U Z>3.
Lemma 4.12. The formula
Wi ((aE,b), (E,a)) = " (eaba) " Ec 2 a,bacE?
defines a 2-cocycle of the groupoid =.
Proof. To check the 2-cocycle identity, one considers three elements of the groupoid
€:= (baE,c), 7n:=(aE,b), (:=(E,a), with a,ba,cba € E™L
Then

wg (57 n)wg(fﬁv C) = wg ((baEv C)a (CLE, b))wg ((CLE, Cb)v (Ea a))

_ eiFBaE ((e,b,cb)) eiFBE <<e,a,cbu,>>7

while
Wi (& nQwE (n,¢) = Wi ((bak, ), (E, ba)) w3 ((aE, b), (E,a))
_ eiFBE ((e,ba,cba)) eiFBE {(e,a,ba)) )
The relation
eiFBaE (e,b,cb)) _ eiFBE {a,ba,cba))

and Stokes Theorem for the closed 2-form Bg show that the two expressions are equal.
Normalization is easy: the units of the groupoid are of the form E € 2", xg € X or (E,e) € (0,
depending on the interpretation. One has
WE((ED), (Ee)) = eTmefeeth =1 if peET,

wg((aE,e), (E,a)) = eleeleaa) — 1 if qeEL

The continuity of the 2-cocycle follows straightforwardly from the continuity of Bon 2. (]
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Now we compute an adapted version of the regular representations. Let E € 2. By (@I8) one has
the unitary map

et He = L*(Zg) —» L*(E7"),  [ie(v)](a) :==v(E,a), VaeE!,

inducing a unitary equivalence

Ze : B(He) — B[L*(E™Y)], Ze(S) := weSeg .
Denoting by Ilg the regular representation attached to the unit E , we are interested in

Mg :=Ze o Ilg : C*(Z,wh) — B[L*(E7)].
One computes for f € C.(Z), w € L>(E"') anda € E~!
[He(f)w](a) = [ele(f)ig 'w](a) = [Te(f)eg 'w] (E, a)
= [/ % (5" w0) | (E.a)

/:f(bE,abfl) (1 'w)(E, b) wi ((bE,ab™ "), (E, b)) dA=, (E, b)

= / e (@0 £(bE ab™) w(b)db.
E-1

It is possible, but not necessary, to write all these operators in terms of vector potentials, up to unitary
equivalence.

Remark 4.13. There is an obvious injection

Ce(G) 39— foeC(B), fo(Ea):=q¢(a).

We are only going to consider the operators acting in L2(E~!) and given by
(4.20) [re()w] (a) == [Te(f,)w](a) = / T (5.0 o (=) ()b
E-1

We are mainly interested in three particular cases. First of all, notice that the subsets introduced in
(@13) may be identified as U = So,0,- and V = S. o o. For these two cases, the operators 7g () are
precisely those given in (#16) and @I7). Let us also set E := H™! in (@20). By Remark FE10, for
¢ € Ce(G),w € L?(H) and h € H we have

(4.21) [Th-1(p)w] (h) = / etedekh) o (hk=Y) w(k)dk .
H

Since B = dA one has, by Stokes” Theorem,
I'p((e, k, h)) = Tale, k] + Lalk, k] + Ta[h, €]
and (4.21) becomes

eiTaleh] [TfH*l(QD)’lU] (h) = /eiFA[[k,h]]sp(hk—l)eiFA[[exk]]w(]g)dk'
H

Recalling the definition B8] of the Wiener-Hopf operators and since the operator w — e ale 1y is

unitary in L2(H) , we get the unitary equivalence of the operators my-1(p) and Wa(yp) .

By all these preparations, by the covering of the boundary of the compactification by two
quasi-orbits and the fact that U € 27> C Z12andV € 253 C 25 3, our Theorem {11l follows from
the results of subsections3.2land 3.3

The fact that the quasi-orbit structure of the unit space of the groupoid is known and simple, allowed
us to write the results in terms just of a pair of asymptotic operators”, instead of using the entire family

{me(p) |E€ 27\H}.
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5. LOCALIZATION AND NON-PROPAGATION PROPERTIES

5.1. The abstract result. Assuming that = is a standard groupoid with main orbit M and 2-cocycle w,
we pick a normal element F' € C*(Z,w)M. Its image Hy := II}!(F) in the vector representation is an
operator in Ho := L?(M, i) . By 1y we denote the charcteristic function of the set V' C M, as well as
the corresponding multiplication operator in H .

Theorem 5.1. Let F € C*(Z,w)M be normal and Q C X, := X\ M a quasi-orbit. Let k € Cy(R)
be a real function with support disjoint from the spectrum of the restriction Fg € C*(Zg,wo)M.

(1) For every € > 0 there is a neighborhood W of Q in X such that, setting Wy := W N M, one
has

[Lwok(Ho)lls,) < €.
(ii) Suppose that F is self-adjoint. Then for allt € R and v € Ho, one also has

(5.1) [ Lw,e™™ 0 r(Ho)ulln, < ellull,-

Remark 5.2. To see the generic usefulness of (3.1), suppose that one is interested in the unitary group
{eitH" |t e R} , perhaps describing the evolution of a quantum system. The estimate holds for every
“time” ¢ € R and any “state” u € Hp. We used terminology from Quantum Mechanics, having in
mind the quantum interpretation of quantities as || 1y, v;||7,, (a localization probability). If Hy is the
Hamiltonian of a quantum system, a condition of the form x(Hy)u = u means roughly that the vector
(quantum state) u have energies belonging to the support of the function x , interpreted as a “localization
in energy”. In a typical case, s could be a good approximation of the characteristic function of a real
interval I. So, finally, we expect (5.0)) to hold because of some correlation between the energy interval
I and the region W, C M in which “propagation is improbable for time-dependent states u; = e**oy
with v having energies only belonging to 1.

Of course (ii) follows from (i), because e?*° is a unitary operator and it commutes with x(Hj) . We
put (3.I) into evidence because of its dynamical interpretation. So we need to show (i).

We start with three preliminary results; by combining them, Theorem[5.T]will follow easily. The first

one is abstract, it deals with elements belonging to a C*-algebra endowed with a distinguished ideal,
and it reproduces [3, Lemma 1].

Lemma 5.3. Let G be a normal element of a unital C*-algebra < and let J# be a closed self-adjoint
two-sided ideal of /. Denote by sp ., (G) the spectrum of the canonical image of G in the quotient

| If k€ Co(R)r and supp(k) Nsp, (G) = 0, then k(G) € .

The second preliminary result concerns a relationship between multiplication operators and elements
of the twisted groupoid C*-algebra.

Lemma 5.4. (1) The (Abelian) C*-algebra C(X) of complex continuous functions on X acts by
double centralizers

C(X)xCe(B)> (@, f) = - f:=(Yor) feC(F),
Ce(E) x C(X) 3 (f,9) = f-¥:= (¥ od) f e Ce(E).

This action extends to the twisted groupoid C*-algebra and leads to an embedding in the mul-
tiplier C*-algebra: C(X) — C*(Z,w)M.

(ii) The canonical extension I} of the vector representation to the multiplier algebra C* (=, w
acts on C(X) by multiplication operators:

)M

(5.2) MY (p)u = plpru, Ve CX), ue LA(M).
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Proof. The point (i) is straightforward; actually it is a particular case of [IL,Prop. 2.4(ii)] (take there
‘H := X to be the closed subgroupoidof G = ).

The point (ii) is also straightforward. One has to check, for instance, the following identity in
]B%[L2(M )] :
(5.3) Ho(y- f) =lmlo(f), Vo € C(X), feCe(F).

Recall that r, is the restriction of range map r to the d-fiber =, and it is a bijection =, — M if z € M.
We can write forany z € M, £ € E, andu € L2(M, u) = L*(M,r.(\;))

(- ) wuluor,)] / Wl (n) ule ()] (. €) AN ()
/ fn ) w(n,n 1) dA O ()
= [(1/) S YZ)(f *w(uo YZ))] ),
which is (3.3) in desguise, by (2.7). We leave the remaining details to the reader. O

The third result essentially speaks of a bounded approximate unit.

Lemma 5.5. Let A C X be a closed invariant subset and f € C* (Ex\A,wX\A) C C(E,w). For
every € > 0 there exists ¢ € C(X) with (X ) =10,2], ¥|a = 2 and

G4 [ fllerzw) T I1f Yl w) Se.

Proof. Letus set B := X\ A. By density, there exists fo € Cc(2p) such that || f — fol|c-(z,w) < €/4.
Set

So := d[supp(fo)] U r[supp(fo)];
since Zp = Z8 = 28 | the subset Sy is compact and disjoint from A . So there is a continuous function
Y X —[0,2] with |4 = 2 and ¥|g, = 0. In particular, ¢ - fo and f; - ¢ both vanish. Then

1 flle-@wy+ I1f - Ylles@) = - (f = follle-zwy + II(f = fo) - ¢
L2Ylollf = follcr(zw) <€
since C'(X) has been embedded isometrically in the multiplier algebra of C*(Z,w) , by Lemmai4l [

C*(B,w)

We can prove now Theorem[3.1} (i) .

Proof. We use the identification

(= Y SR
C (:Qawg) =C* (‘:‘7 )M/C (uX\QMX\Q)
implying the fact that the spectrum SPC (2, Q)( ) of the image of F' in the quotient C*-algebra

coincides with sp(Fg | C*(Eg,wo)™). Then, since we assumed that supp(x) Nsp(Fg) = 0,
one has k(F) € C*(Ex\g,wx\g); this follows from Lemma 53] with & := C*(Z,w)M, ¢ =

C(Ex\e:wx\0) -
Using Lemma[5.4] the fact that morphisms commute with the functional calculus and the injectivity
of IT)?, for any 1) € C(X) one has

1las s (Ho)lecreo) = IS () 6 15" ()] (00
= " [ - 5 ()] Il (34o)
= ¢ w(F)llc

Let us fix € > 0. By Lemma[B3 with A = Q and f = k(F), there is a continuous function
P X — [0,2] with ¢p|g = 2 and

[¥]a K (Ho)llBro) = v+ w(F)

“(Bw)-

c*(Bw) S €.



SPECTRAL THEORY IN A TWISTED GROUPOID SETTING: SPECTRAL DECOMPOSITIONS, LOCALIZATION AND FREDHOLMNESS

Let us set W = w_l(l, 00); it is an open neighborhood of Q on which 1y < ¢ . In particular,
1W0 = 1W|M < "MM . Then
2

1 Law, #(Ho)lleaes) = I15(Ho) L i(Ho) (3,
|5(Ho)(lar)* 5(Ho) I 34,
[|n 5(Ho)llp(ry) <€

and the proof is over. (]

IN

Remark 5.6. When applying Theorem[3.1] one might want to take Remark 2.23]into consideration, in
order to have a rather large class of elements to which the result applies and the restriction operation
is explicit. On the other hand, to F' € C*(Z)M one can add a “potential” V € C(X) c C*(2)M, for
which p¥l(V) = Vg .

Remark 5.7. We already know from Corollary [3.8] that sp (F Q) is included (very often strictly) in the
essential spectrum of the operator Hy . Thus, in Theorem[3.1] the interesting case is

supp(k) C Spess (Ho)\sp(Fo) C sp(Ho)\sp(Fo) -

5.2. Standard groupoids with totally intransitive groupoids at the boundary. We recall that a ro-
tally intransitive groupoid is a groupoid = = X for which the source and the range maps coincide
Definition 1.5.9]. Then the groupoid can be written as the disjoint union of its isotropy groups.

Assume again that = is a standard groupoid over the unit space X = M L X, with open dense orbit
M having trivial isotropy. Also assume that “the restriction at infinity”

Ex. =Y= || =,

is a totally transitive groupoid, where XJ,, := =7 is the isotropy group of n € X, . We set
q:=doo =Too : 2 — Xoo

for the bundle map. Since = is standard, each X2, is an amenable, second countable, Hausdorrff locally
compact group. Since, by assumption, = has a (chosen) right Haar measure, this is also true for the
closed restriction X ; for every n € X, the fiber measure )\, is a right Haar measure on 3, .

The orbit structure is very simple: There is the main (open, dense) orbit M, and then all the points
n € X form singleton orbits by themselves: O,, = Q,, = {n}. The Hilbert space H,, is the L>-space
of the group ¥,, with respect to the Haar measure \,, . We also take into consideration a 2-cocycle w on
=. Its restriction to =) is a 2-coboundary, by Remark[2.10l The restrictions w,, : 2512) =%2 5 Tare
usual group 2-cocycles, for all n € X, . The twisted groupoid C*-algebra C* (En, wn) corresponding
to the quasi-orbit {n} coincides now with the twisted group C*-algebra of %, .

Let uf fix a function I’ belonging to Ll (2) € C*(E,w), cf. Remark [2.25 One gets restrictions

cont

Fy :=px_(F)=F|g € L (%),

cont

Fipy = pn(F) = Fls, € Lt (Zn) = LN (Sn) N C ().

cont

It is easy to see that the operators H,, := II,(F) given by regular representations are just twisted
convolution operators:

(5.5  [Hu(w](a) = / wn(ab™ Y ) Fy (ab™ M u(b)dA (b), uwe€ L*(Zn;An), a € 5y

Then one can easily write down formulae for the essential spectrum and the essential numerical
range of the operator Hy = Ilo(F) € B[L?(M)] in the vector representation, using the results from
subsections 3.2l and B3] In addition, Hy is Fredholm if and only if all the operators H,, are invertible.
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We only include here only a particular case, in which more can be said about each individual H,, . This
is based on the following remark.

Remark 5.8. Assume that w,, is trivial and the isotropy group 3,, is Abelian, with Pontryagin dual
group E . The Fourier transform 1mplements an isomorphism between the (Abehan) group C*-algebra
C*(X,,) and the function algebra CO( ) of all complex continuous functions on E decaying at infin-
ity. The operator H,, of convolution by F'|y;, is unitarily equivalent to the operator of multiplication by

the Fourier transform F'|y;, acting in L? (f]n, Xn) , Where 3\\" is a Haar measure on the dual group, con-
veniently normalized. The spectrum of this operator is simply the closure of the range of this function

Ro:= Fls, (Sn).

Corollary 5.9. Suppose that the groupoid = is standard, with main orbit M and with abelian totally
intransitive groupoid at infinity. Then, using the notations above, one has

(5.6) sPess(Ho) = | J Ru,
neXoo

(5.7) Nress (Ho) = co( U R_n) .

nEXoo
Proof. One has to apply Corollary[3.8] Theorem[3.13](with obvious adaptations) and Remark [5.8] The
number s is zero in this situation, and it is already contained in the right hand sides. Since C*(3,,) =
Co(X,) is Abelian, the operators H,, are normal, so nr(H,,) = co[sp(H,,)] = co(Ry) , leading to

(5.8) Nress (Ho) :@( U co(R_n)).
neXq
Then it is easy to see that the right hand side of (3.7) and (3.8)) coincide.
Actually, there is a direct way to deduce (3.7) from (5.6). The quotient of TTy [C*(E)] through the
ideal of compact operators is Abelian, isomorphic to C* (E Xx) , so Hy is essentially normal and its
essential numerical range is then the convex hull of its essential spectrum. O

One may write down the localization result of Section[3l for standard twisted groupoids with totally
intransitive groupoids at the boundary, but without further assumptions it is impossible to make explicit
the neighborhoods W of the singleton quasi-orbits {n} . To get a transparent, still general situation, we
are going to construct X as a compactification of M under the following

Hypothesis 5.10. Let M = M™ LI M°" be a second countable Hausdorff locally compact space with
topology 7 (M), decomposed as the disjoint union between a compact component M '™ and a non-
compact one M°, Let p : M°"' — X be a continuous surjection to a second countable Hausdorff
compact space X, with topology 7 (Xo,). We are also going to suppose that no fibre MU :=
p~1({n}) is compact.

Let us also denote by k(M) the family of all the compact subsets of M. We need a convention about
complements: if S C M°%, we are going to write

S:=M°"\§, S¢=M\S=M"1S.
For F € T(X&) and K € KC(M) one sets
Al e =p " (E)NK°C M°™ C M,
Ap K ::AE7KI_IECX::MI_IXOO

One has
AEK—AEJ{QM, EZAEJ{QXOO,
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as well as
Ap, ki, NAE, Kk, = ABiNEs KUK, -
Let us set
AX) = {Apk |E € T(Xs), K € K(M)},
B(X):=T(M)UA(X).
It is easy to check that B(X) is the base of a topology on X (different from the disjoint union topology

on M U X,), that we denote by 7 (X) . It also follows easily that M embeds homeomorphically as an
open subset of X and the topology 7 (X)), restricted to X, , coincides with 7 (X ) .

Lemma 5.11. The topological space (X, T (X)) is a compactification of (M, T (M)).

Proof. To show that X is compact, it is enough to extract a finite subcover from any of its open cover
of the form

{O’Y|7€F}U{AE5,K¢§ |5€A}7
where O, € T(M), Es € T(X) and K € K(M) . Since X is compact, one has Xoo = Uscp, Es

for some finite subset Ag of A . We show now that the complement of the (open) set s o, A%, x, in
M is compact. One has

[ U A%{;,KJC: m [p_l(E(S)ﬂKg]CZ ﬂ [p_l(E(;)CUK(;}.

[ Y<PANG [ Y<VANG) [ Y<PANS

A set of the form (7_, (R; U S;) can be written as |J (71 N T5 N --- N T,,) , over all possible Ty €
{Ry,Sk},Vk=1,...,m. Inour case, each time at least one of the sets in an intersection is some Ky,
the intersection is already compact. There is also a contribution containing no set K :

() Pt (Es) :[Up EJ}:{Pil(UEJ)}
5€A, 5€A
_ [pil(Xoo)] _ (Mout)c _ Min'
So the complement of (Jscn, AR, g, in M can be covered by a finite number of sets O, and we are
done.

The fact that M is dense in X is obvious, since any neighborhood of a point belonging to X,
contains aset Ap g, with £ # (), that meets M, because our fibers Mg“t are not compact. O

We could call (X, 7 (X)) the p-compactification of (M, T (M)) . It is meant to generalize the radial
compactification of a vector space M, for which M™* = {0} and X, is a sphere.
Remark 5.12. A function ¢ : X — C is continuous with respect to the topology 7 (X ) if and only if

e the restrictions ¢|y; and ¢|x_ are continuous,
e forevery n € X, and forevery € > 0, there exists £ € T (X)) withn € Eand K € K(M)
such that [¢p(m) — ¢(n)| < eifp(m) € Eandm ¢ K.

Let us set
Cp(M):=
{peC(M)|IM™ C K € K(M) s.t. o(m) =p(m') if m,m' ¢ K, p(m)=p(m')}.
It is a unital *-algebra consisting of bounded continuous functions that are asymptotically constant along

all the fibers M2"*. It is not closed. Denoting by C(x) (M) the C*-algebra formed of restrictions to
the dense subset M of all the elements of C'(X), one has

C(X) = Crx)(M) D Co(M) +Cp(M).
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Assume now, in the same context, that = is a standard groupoid over
X=MUXo=M"UM"1 X
such that the restriction Ex_ =: ¥ =[], ex.. 2n s a totally intransitive groupoid, as above. Now the

setting is rich enough to allow a transparent form of Theorem 3.1}

Proposition 5.13. Let F € L2} (2) ¢ C*(2,w) be a normal element andn € X . Let 1 € Co(R)
be a real function with support that does not intersect the spectrum of the twisted convolution operator
H,, given in (323).

(i) Forevery e > O there is a neighborhood I of n in X, and a compact subset KK of M such that

Hl{mgxmumeE}HUiﬂHMHO)Se-
(1) Suppose that F is self-adjoint. One also has
| Limgxipemyemy € r(Ho)u |15, < €llull
uniformly int € Randu € Hy.

For the given point n, if Remark [5.8]applies, the condition on & reads suppx N R,, = 0.
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