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a b s t r a c t

Piezo-electric energy harvesters (PEHs) are widely used to recycle waste vibrations for pow-

ering small electronic devices. In this work, the performance of PEHs of non-conventional

shapes is studied with the aim to optimize their design. A PEH is modeled as a bimorph can-

tilever Kirchhoff-Love plate subjected to base acceleration. The shape is described by Non

Uniform Rational B-Splines (NURBS), and the problem is solved by the isogeometric analy-

sis (IGA). Accuracy of the IGA solutions is demonstrated on two benchmark problems. Then,

we conduct a parametric study to investigate the effect of shape perturbations on the funda-

mental frequency, the peak amplitude of the frequency response function (FRF) and the peak

amplitude of the FRF per unit of area. Next, we build the Kriging meta-model to obtain the

boundary shapes that maximize the peak amplitude of the FRF and the peak amplitude of the

FRF per unit of area for a target frequency. The optimization is performed for three cases: with

a fixed tip mass, without a tip mass and with a tip mass being one of the design parameters.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Vibration energy harvesting is a process of converting the wasted mechanical energy into electric power, which can be used

to power small electronic devices or stored for future use. It is a promising technology, emerging as an alternative to the use

of standard chemical batteries, particularly in applications where battery replacement is difficult, expensive or unfeasible (e.g.

remote sensors). Piezoelectric transduction mechanism is one of the common and the most efficient energy conversion methods,

which utilizes the ability of piezoelectric materials to develop electric charge from applied elastic strain.

In this study, we focus on a cantilever-type piezoelectric harvester (PEH), mounted on a vibrating base. This configuration

(usually with a mass placed on the free end) has been studied extensively, both experimentally and analytically, due to its two

main advantages: low resonance frequency and high strain for a given force [1]. A number of models have been proposed in the

literature. The earliest and the simplest one is the so-called Single Degree of Freedom (SDOF) model [2], where the vibration

energy harvesting system is described by a second-order differential equation with lumped parameters (i.e. equivalent mass,

stiffness and damping), coupled with the electrical circuit equation through the piezo-electric constitutive law [3,4]. Due to its
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simplicity, the SDOF model is widely used in the literature [5], however, as shown in Refs. [6], its accuracy deteriorates for low

tip mass to beam mass ratios. Correction factors were derived in Ref. [6], where a more sophisticated model, based on the Euler-

Bernoulli beam theory was also introduced. The approach, often referred to as a distributed parameter electro-mechanically

coupled model, was further developed in Ref. [7] and validated by experiments in Ref. [8]. However, PEHs are typically designed

and manufactured as thin structures more similar to plates than beams. In this direction, De Marqui et al. [9] proposed the

electro-mechanical model based on the Kirchhoff-Love plate theory, subsequently discretized by the finite element method.

The accuracy of the model was demonstrated in comparison with the analytical solution for the beam and the experimental

data. The same formulation is adopted in the present work in conjunction with the isogeometric analysis (IGA).

Three main directions are pursued in PEHs’ performance optimization: improving circuit properties, designing new materials

and optimizing the shape of a device. As early as in 2005, first studies appeared indicating that a rectangular beam does not yield

a maximum possible output power due to uneven strain distribution. Roundy in Ref. [10] compared the beams of rectangular and

trapezoidal shapes in terms of bending energy generated due to the force applied at the tip, and showed that trapezoidal shapes

(widening at the fixed end) can yield more than twice the energy per unit of volume. Two PEHs models based on rectangular

and trapezoidal cantilevers were compared in Ref. [11], where an improvement of 30% in power output for the same volume,

tip mass and natural frequency was reported for a trapezoidal shape. Rectangular, trapezoidal and triangular shapes were also

compared in Ref. [12], trapezoidal and reverse trapezoidal (widening at the free end) in Ref. [13]. Goldschmidtboeing et al.

in Ref. [14] examined a parameterized family of trapezoids, varying from rectangular to triangular shapes, and arrived to the

conclusion that the optimal configuration is a triangular shape with a high ratio of the tip mass to the beam mass. In Ref. [15]

shape optimization is carried out over a family of polynomial shapes and the effect of tip mass to beam mass ratio is discussed.

In Ref. [16] it was reported that quadratic polynomial shaped beams can double the amount of energy produced by rectangular

shaped PEHs. Beams of varying thickness were studied in Ref. [17], where FEM model combined with genetic algorithm was

used to find an optimal design. V-shape beams were studied in Ref. [18].

It can be noted, that all research on PEHs of non-rectangular shapes has been limited to a) employing a simple model (SDOF

or a beam) and b) considering narrow design space (linear or lower-degree polynomial shapes). The analysis framework devel-

oped in the present work overcomes both these limitations. First, the model is based on the Kirchhoff-Love plate theory and

highly accurate solutions are obtained by the IGA. Second, the design of a PEH is described by the varying width, length and

positions of the control points along the boundary, which describe the boundary shape. In the results, presented in chapters

4 and 5, two sides of the device were considered symmetric, however, this assumption can also be weakened. Finally, opti-

mization was performed by using the Kriging metamodel to build a massive database of different geometries and using a blind

search approach to identify geometries with optimal performance. Although the approach involves an important computational

burden (in particular to train the metamodel and fill the database), it was chosen due to its ability to find multiple solutions

simultaneously. Furthermore, after the generation of the database, the optimization could be constrained for specific funda-

mental frequencies with no additional computational cost. Optimization objectives are set as the peak value of the Frequency

Response Function (FRF) and the peak value of FRF per unit of area. A family of optimal designs is obtained through a Pareto

front. Three design configurations are considered: without tip mass, with a specific tip mass and with variable tip mass (which

is included in optimization as one of the design parameters).

Respect to the use of an IGA based method, it is important to highlight the following details. Isogeometric analysis is a varia-

tion of the finite element method, in which polynomial basis functions are replaced by Non-Uniform Rational B-Splines (NURBS)

[19]. IGA is chosen as a numerical tool in this work due to the following two advantages. First, higher degree and higher con-

tinuity of NURBS basis functions make them suitable for problems described by higher order partial differential equations.

Weak form of the Kirchhoff-Love plate problem involves derivatives of second order and therefore requires shape functions

of C1-continuity. The plate geometry in this work is a one-patch domain, and knot insertion and degree elevation (h− and p−
refinement) can be done with preserving highest continuity (Cp−1) of NURBS. Examples of IGA for Kirchhoff-Love plates and

shells can be found in Ref. [20–22]. Second, IGA allows a convenient uniform description of the design and analysis models,

without the need to fit the mesh to the boundary geometry. In the design model, the boundary geometry is described by the

varying control points and during the shape optimization procedure multiple locations are tested. After the control points are

chosen, the corresponding geometry is further refined to obtain a set of basis functions for the solution approximation in the

analysis model (generalization of the IGA, that allows independent representation of the geometry and the solution was pro-

posed in Ref. [23] and can also be used for analysis in this work). Examples of IGA-based shape optimization are given in Refs.

[24–27], recent review is given in Ref. [28].

Ultimately, fast, accurate and versatile numerical models are an important tool for development of methods of PEHs’ per-

formance enhancement. With the model, developed in this study, it takes less than 1 s to obtain the FRF with error less than

one percent. In order to perform shape optimization, we evaluated the model 30.000 times for different sample geometries to

build the Kriging metamodel. Once the kriging is trained it is used to generate a massive database with 2.000.000 of different

geometries. The total time required to train the metamodel and to generate the database is about 20 h on a 20 core PC (process

that is performed only once). After, a blind search approach is adopted to perform the optimization. Here, any new optimization

with any new constrain is performed in a lapse of a few seconds.

The model, developed in this work, can be used in other studies, such as for example, the impact of uncertainties on the

behaviour of PEHs [29–31]. Current studies are limited to simple beam geometries and having a model, capable to describe

devices of different shapes with high efficiency and accuracy, can significantly extend the analysis space. Model can be also cou-
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Fig. 1. Scheme of the bimorph piezoelectric energy harvester with an arbitrary shape, modeled as a cantilever plate, consisting of two piezoelectric patches and one

substructure layer.

pled with other applications, such as fluid-structure interaction based PEHs [32] or human-based PEHs [33] (a comprehensive

review of PEH mechanisms is given in Ref. [34]).

The remainder of the paper is organized as follows. The theoretical framework of the model is presented in Section 2. In

Section 3, numerical results are verified against the data from the literature. In order to understand the impact of the size and

shape in the response of the devices, a parametric study is carried out in Section 4. Finally, shape optimization is employed in

Section 5 to show the potential of the method in the design process to generate devices with optimal shapes. Conclusions are

presented in Section 6.

2. PEH modeling based on Kirchhoff-Love plate theory

The PEH is modeled as a cantilever plate composed of a main structural layer (substructure) with two layers of piezoelectric

material bonded to its upper and lower faces (configuration known as bimorph). A general scheme of these devices is presented

in Fig. 1 where it is possible to observe a lateral and an upper views. It is assumed, that all layers occupy domain Ω in x − y

plane and have uniform thickness (hs and hp denote the thickness of the substructural and piezoelectric layers, respectively).

Then, the total thickness of the PEH is h = hs + 2hp. The 3D domain of the substructure layer is denoted as Vs = Ω × [− hs

2
, hs

2
],

two piezoelectric layers occupy domain Vs = Ω ×
(
[− h

2
, −hs

2
] ∪ [ hs

2
, h

2
]
)

. In the most general case, Ω can be of arbitrary shape,

however, in this study we limit our attention to configurations, which consist of two straight parallel sides of width W (fixed

edge) and WL (free edge), as shown in Fig. 1(b). The length of the device is denoted by L (see Fig. 1).

In what follows, we will also need the material parameters: 𝜌s is the substructural density and 𝜌p is the piezoelectric layer

density. The total mass of the device is then defined as m = ∫
Vp
𝜌pdVp + ∫

Vs
𝜌sdVs. Area of Ω is denoted as S (S = ∫ ΩdΩ), the total

volume of the PEH is denoted by V (V = ∫
Vp

dVp + ∫
Vs

dVs).

According to the Kirchhoff-Love plate theory, the total displacement field u = u(x, y, z, t) = (u, v,w)T is defined as:

u =
{
−z

𝜕
𝜕x

,−z
𝜕
𝜕y

, 1

}T

w, (1)

where w = w(x, y, t) is the unknown transverse deflection of the neutral plane, which in this case corresponds to the middle

section of the plate (z = 0) due to the symmetric arrangement of the layers. The corresponding mechanical strain components

{𝜀x, 𝜀y, 𝜀xy}T can be subsequently expressed as

S = {𝜀x, 𝜀y, 2𝜀xy}T = −z

{
𝜕2

𝜕x2
,
𝜕2

𝜕y2
, 2

𝜕2

𝜕x𝜕y

}T

w (2)

The substructure layer is considered as an isotropic homogeneous material with Young’s modulus ES and Poisson’s ratio 𝜈S.

Under the plane-stress conditions, the following constitutive relation holds:

⎧⎪⎨⎪⎩
𝜎x

𝜎y

𝜎xy

⎫⎪⎬⎪⎭ = ES

1 − 𝜈2
S

⎡⎢⎢⎢⎣
1 𝜈S 0

𝜈S 1 0

0 0
1 − 𝜈S

2

⎤⎥⎥⎥⎦
⎧⎪⎨⎪⎩
𝜀x

𝜀y

2𝜀xy

⎫⎪⎬⎪⎭ , (3)

which can be written in a compact notation as

T = csS, (4)
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where

T = {𝜎x, 𝜎y, 𝜎xy}T , cs =
ES

1 − 𝜈2
S

⎡⎢⎢⎢⎣
1 𝜈S 0

𝜈S 1 0

0 0
1 − 𝜈S

2

⎤⎥⎥⎥⎦ . (5)

On the other hand, the constitutive equations for the piezoelectric layers are written as [35].{
T

D

}
=

[
cE

p
−eT

e 𝜺S

]{
S

E

}
(6)

Under assumption that the layer is poled in the z-direction, the vector of electric displacement components (D) and the

vector of electric field components (E) have only one non-zero component leading to

D = Dz, E = Ez (7)

while the plain-stress condition in the piezoelectric layer leads to

cE
p
=
⎡⎢⎢⎢⎣
cE

11
cE

11
0

cE
12

cE
22

0

0 0 cE
66

⎤⎥⎥⎥⎦ , e = {e31, e32, 0}, 𝜺S = 𝜀S
33

(8)

Based on the Hamilton’s principle, the weak form of the problem is given as [36].

∫
t2

t1

{
∫Vs

𝜌s𝛿u̇T u̇dVs + ∫Vp

𝜌p𝛿u̇T u̇dΩp +
nm∑
i=1

𝛿u̇T(xi, yi, t) u̇(xi, yi, t) mi − ∫Vs

𝛿STcsSdVs−

∫Vp

𝛿ST cE
p
SdVp + ∫Vp

𝛿STeTEdVp + ∫Vp

𝛿ETeSdVp + ∫Vp

𝛿ET𝜺SEdVp+

nf∑
j=1

𝛿uT (xj, yj, t)fj +
nq∑

k=1

𝛿𝜙(xk, yk, t) q(xk, yk, t)

}
dt = 0

(9)

In Eq. (9), a set of point masses {mi, i = 1… nm} located at (xi, yi), a set of discrete mechanical forces {fj, j = 1… nf } applied

at (xj, yj) and discrete electric charge outputs q extracted at (xk, yk) are added to the system, while 𝜙 is the scalar electrical

potential.

In eq. (9), the first three terms correspond to the variation of the kinetic energy as a contribution of the substructural and

piezoelectric layers together with the point masses mi. The fourth term corresponds to the variation of the elastic potential

energy of the substructure layer. The fifth and sixth terms correspond to the variation of the elastic potential energy of the

piezoelectric layers, where an electro-mechanical coupling term appears. The seventh and eighth terms corresponds to the

variation of the electrical potential energy, where again an electro-mechanical term appears. Finally, the last three terms cor-

respond to the variation of the non conservative work due to distributed and concentrated loads applied in the surface of the

device (tenth and eleventh terms, respectively), while the last term corresponds to the electrical work extracted.

Some assumptions, common for this kind of problems, are adopted: (a) the boundary between the piezoelectric layers and

the substructure is perfect, (b) the piezoelectric layers are covered by continuous electrodes, (c) the electrodes are perfectly

conductive and have negligible thickness, (d) in order to estimate the generated power, a resistive electrical load Rl is considered

in the electric domain [9], (e) the voltage generated in the system is constant, and it is denoted by vp and (f) the electric field, is

uniform in the z-direction, i.e.

Ez = −𝜕𝜙
𝜕z

= −
vp

hp

(10)

2.1. Non-Uniform Rational B-Splines (NURBS)

In this section we give a brief overview of B-Splines and NURBS basis functions [37], which will be used to discretize Eq.

(9) according to principles of IGA. B-Splines are piece-wise polynomials defined on a so-called knot vector. The knot vector is a

non-decreasing sequence of n + p + 1 real numbers 𝜉 i (knots):

Σ = {𝜉1 = 0, 𝜉2,… , 𝜉n+p+1 = 1}, (11)

where n is the number of basis functions and p is the degree. B-Spline basis functions are defined recursively as

N0
i
(𝜉) =

{
1 if 𝜉i ≤ 𝜉 < 𝜉i+1

0 otherwise
(12)
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and

N
p

i
(𝜉) = 𝜉 − 𝜉i

𝜉i+p − 𝜉i

N
p−1

i
(𝜉) +

𝜉i+p+1 − 𝜉

𝜉i+p+1 − 𝜉i+1

N
p−1

i+1
(𝜉), p = 1, 2, 3,… (13)

The Non-Uniform Rational B-Splines (NURBS) are defined as:

R
p

i
(𝜉) =

N
p

i
(𝜉)wi∑n

j=1
N

p

j
(𝜉)wj

, (14)

where wi are the weights. Note that weights are denoted here with a bar to avoid confusion with the plate deflection. When all

weights are equal, NURBS reduce to B-Splines.

A NURBS curve is defined using a set of NURBS basis functions and a set of n control points Pi:

C(𝜉) =
n∑

i=1

R
p

i
(𝜉)Pi, 𝜉 ∈ [0, 1] (15)

Two-dimensional NURBS basis is defined by the tensor product of two one-dimensional NURBS bases, i.e.

R
p,q
i,j

(𝜉, 𝜂) =
N

p

i
(𝜉)Nq

i
(𝜂)wi,j∑n

î=1

∑m

ĵ=1
N

p

î
(𝜉)Nq

ĵ
(𝜂)ŵ

i,̂j

, (16)

where N
q

j
(𝜂) are NURBS of degree q defined on knot vector Π = {𝜂0 = 0, 𝜂1,… 𝜂m+q+1 = 1}.

Then, a two-dimensional NURBS surface is defined as

S(𝜉, 𝜂) =
n∑

i=1

m∑
j=1

R
p,q
i,j

(𝜉, 𝜂)Pi,j (𝜉, 𝜂) ∈ [0, 1] × [0, 1] (17)

where Pi,j is a set of n × m control points with weights wi,j. In what follows, we use the notation:

NI(𝝃) = R
p,q
i,j

(𝜉, 𝜂), (18)

where 𝝃 = (𝜉, 𝜂) defines the parametric coordinate (𝝃 ∈ [0, 1] × [0, 1]) and I = (i, j) is a two-dimensional index (I = 1‥k, k =
n × m). Eq. (17) defines a map between the physical space x = (x, y) ∈ Ω and the parameter space 𝝃 ∈ [0, 1] × [0, 1]:

x(𝝃) =
k∑

I=1

NI(𝝃)x̃I, (19)

where x̃I = Pi,j.

2.2. Isogeometric analysis

According to provisions of the isogeometric analysis, the unknown displacement w is approximated using the basis functions

NI(𝝃), i.e.

w(𝝃, t) =
k∑

I=1

NI(𝝃)wI(t), (20)

where wI(t) are the so-called control variables (i.e. the deflection projected at control point I). Eq. (20) together with the mapping

(19) is then used to define u according to Eq. (1) and discretize Eq. (9).

In particular, the first three terms in eq. (9) constitute the mass matrix M ∈ ℝk×k. Note, that this matrix accounts for the mass

of the layers (substructure and piezoelectric layers) and nm point masses mi added to positions (xi, yi) in Ω.

MIJ = ∫Vs

𝜌s

(
NINJ + z2NI.xNJ,x + z2NI,yNJ,y

)
dVs+

∫Vp

𝜌p

(
NINJ + z2NI.xNJ,x + z2NI,yNJ,y

)
dVp+

nm∑
i=1

NI(xi, yi)NJ(xi, yi)mi

(21)
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After integrating the first two terms with respect to z, Eq. (21) can be reduced to

MIJ = (𝜌shs + 2𝜌php)∫ΩNINJdΩ +

(
𝜌s

h3
s

12
+ 𝜌p

hp

6

(
4h2

p + 6hphs + 3h2
s

))

∫Ω(NI,xNJ,x + NI,yNJ,y)dΩ+
nm∑
i=1

NI(xi, yi)NJ(xi, yi)mi

(22)

The stiffness matrix K ∈ ℝk×k is derived from the fourth and fifth terms in Eq. (9) with components

KIJ = ∫Vs

z2BT
I
csBJdVs + ∫Vp

z2BT
I
cE

p
BJdVp

=
h3

s

12∫ΩBT
I

csBJdΩ +
hp

6

(
4h2

p
+ 6hphs + 3h2

s

)
∫ΩBT

I
cE

p
BJdΩ

(23)

where

BI =
{
−NI,xx − NI,yy − 2NI,xy

}T
(24)

The sixth term in Eq. (9) introduces an electro-mechanical coupling which can be expanded employing Eqs. (2), (7) and (8)

as:

∫Vp

𝛿STeT EdVp = 𝛿∫Vp

− z

(
𝜕2w

𝜕x2
e31 + 𝜕2w

𝜕y2
e32

)
EzdVp (25)

From the assumption that the electrical field is uniform in the z-direction (Eq. (10)), the previous equation can be expressed

as:

∫Vp

𝛿STeT EdVp = −𝛿∫Vp

z

hp

(
𝜕2w

𝜕x2
e31 +

𝜕2w

𝜕y2
e32

)
vpdVp (26)

where the electrical potential varies linearly through the thickness (see for instance Ref. [9]). Finally, using the NURBS approxi-

mation for the displacements (Eq. (20)), an electro-mechanical coupling vector 𝚯 ∈ ℝk×1 is introduced as

ΘI = ∫Vp

z

hp

(
e31NI,xx + e32NI,yy

)
dVp (27)

which after through-thickness integration takes the following form:

ΘI = (hp + hs)∫Ω
(

e31NI,xx + e32NI,yy

)
dΩ (28)

Based on the definitions introduced in Eqs. (22), (23) and (27), it is possible to establish the mechanical equation of motion

as:

Mẅ + Cẇ + Kw −𝚯vp = F (29)

where w ∈ ℝk×1 is a vector of wI(t) and

C = 𝛼oM + 𝛽oK (30)

is the mechanical damping matrix (C ∈ ℝk×k) assuming a proportional damping, where the coefficients 𝛼o and 𝛽o are usually

tuned to match specific damping ratios for the first two vibrational modes.

The right hand side of Eq. (29) is the distributed force F ∈ ℝk×1, which represents inertial effect due to the transverse accel-

eration of the base:

F = −MŸ, (31)

where vector Ÿ contains the accelerations of all control points in the mesh, which in this case is equal to the base acceleration

ab, i.e. Ÿ = ab(1, 1, 1,…)T . Using the partition of unity property of NURBS, Eq. (31) can be simplified to:

FI = −ab

{
(𝜌shs + 2𝜌php)∫ΩNIdΩ

+

(
𝜌s

h3
s

12
+ 𝜌p

hp

6

(
4h2

p
+ 6hphs + 3h2

s

)) k∑
J=1

∫Ω(NI,xNJ,x + NI,yNJ,y)dΩ

+
nm∑
i=1

NI(xi, yi)mi

}
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In what follows we will use the notation: F = −abr, where the definition of vector r follows directly from Eq. (32).

On the other hand, the seventh, eighth and the last term of Eq. (9) lead to another coupled equation associated with the

electrical balance. The seventh term yields coupling component 𝚯Tw. The eighth term of Eq. (9) together with Eq. (10) defines

the capacitance Cp ∈ ℝ as

Cp = ∫Vp

𝜀S
33

h2
p

dVp = 2S
𝜀S

33

hp

(33)

while the last term in Eq. (9) defines the total electrical charge output Q. This balance leads to the following companion equation

for Eq. (29)

Cpvp + Q +𝚯Tw = 0 (34)

If time derivative of Eq. (34) is taken, the load boundary condition Q̇ = vp∕Rl due to the electrical shunt resistance Rl can be

introduced as:

Cpv̇p +
vp

Rl

+𝚯Tẇ = 0 (35)

Finally, Eq. (29) and Eq. (35) form a set of governing electro-mechanical equations of the PEH. It is important to note that on

a bimorph configuration, the piezoelectric layers could be connected in series or in parallel. In particular, the connection has an

impact on the integration of the electro-mechanical coupling vector (Eq. (27)) and the integration of the capacitance (Eq. (33)).

The results presented in equations (27) and (33) correspond to the parallel connection. In the case of the series connection, the

electro-mechanical coupling vector takes the value of a single piezoelectric layer. On the other hand, the value of the capacitance

is 0.5 times the result of a single piezoelectric layer.

Considering that the base acceleration in the transversal direction is a harmonic motion of the form ab = ABej𝜔t , it is possible

to define the output voltage as vP = VPej𝜔t (where j =
√
−1). Next, the Frequency Response Function (FRF) that relates the

output voltage Vp = VP(𝜔) and the base acceleration AB = AB(𝜔) (for excitation frequency 𝜔), is derived from Eqs. (29) and (35)

as:

VP(𝜔)
AB(𝜔)

= j𝜔

(
1

Rl

+ j𝜔Cp

)−1

𝚯̃T

(
−𝜔2M + j𝜔C + K + j𝜔

(
1

Rl

+ j𝜔Cp

)−1

𝚯̃𝚯̃T

)−1

r (36)

which from now on is defined as H(𝜔). Note that this relationship is independent of the excitation amplitude since it represents

the linear relation between the excitation and the response. In other words, it is a valid approach for any excitation amplitude

as long as the device behaves linearly, which is the underlying assumption in the present work.

3. Validation of the PEH model

First, the implementation is validated by comparing our results with the results available in the literature. Two geometrical

configurations are considered. First configuration is a cantilevered plate of a rectangular shape. Rectangular cantilevered PEHs

have been extensively studied in the literature, adopting various theories and approaches. In Ref. [7,8] modal expansions assum-

ing Bernoulli beam theory were developed. Erturk and Iman in Ref. [8] derived an analytical beam model and compared their

solutions with the experimental results. Kirchhoff-Love plate theory paired with FEM was used in Ref. [9]. FRF results obtained

in Refs. [9] for narrow plates show an excellent agreement with the analytical solutions, obtained from the beam theory and

with the experimental data [8]. Since our studies are based on the same Kirchhoff-Love bimorph plate model as in Refs. [9],

and the only difference in the results is due to the numerical method (FEM vs. IGA), we therefore focus on the comparison of

our results with the data from Ref. [9]. In order to perform comparison not only in terms of accuracy, but also in terms of the

computational time, we replicated FEM results from Ref. [9] with our own FEM code.

Second configuration is a circular plate with simply supported or clamped boundary conditions. This problem was studied

in Ref. [38] (analytical solution for a Kirchhoff-Love plate), in Ref. [9] (FEM for a Kirchhoff-Love plate), in Ref. [39] (analytical

solution and 3D-FEM for a Mindlin plate), and in Ref. [40] (analytical solution for a Reddy plate). Our results are compared with

all aforementioned solutions in terms of natural frequencies and vibration modes. It is worth mentioning that all these models

(in contrast to the present model) are based on a varying electric field along the PEH.

3.1. Rectangular PEHs

In this section, we consider a PEH, composed of two PZT-5 layers joined to a brass substructure, with a mass at the tip. General

characteristics and electro-mechanical properties are given in Tables 1 and 2, respectively. A serial connection is assumed.

In Fig. 2, the voltage FRFs are shown for Rl =1, 6.7, 11.8, 22, 33, 47, 100 and 470 kΩ. The yellow solid lines correspond to

the FEM while the blue dotted lines correspond to the IGA approach. It can be seen, that IGA results are in excellent agreement

with the FEM data, which in its turn coincides with the results from Ref. [9]. Note that FRFs obtained by the FEM were validated

by the experimental results in Refs. [9], therefore, the IGA model is indirectly validated by experiments. The FEM approach
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Table 1

General characteristics of the PEH employed to perform the validation. The

characteristic presented were extracted from Ref. [8,9].

Length 50.8 [mm]

Width 31.8 [mm]

Thickness of the substructure 0.14 [mm]

Thickness of the PZT layers 0.26 [mm]

Young’s modulus of the substructure 105 [GPa]

Mass density of the substructure 9000 [kg/m3]

Tip mass 0.012 [kg]

Proportional constant (𝛼o) 14.65 [rad/s]

Proportional constant (𝛽o) 10–5 [rad/s]

Poisson ratio (𝜈) 0.3

Table 2

Electro-mechanical properties of the piezoelectric layers employed in the

validation. Corresponding to a PZT-5 piezoelectric ceramic with properties

obtained from Ref. [8,9,35].

c11 69.5 [GPa]

c12 24.3 [GPa]

c66 22.6 [GPa]

e31 −16.0 [C/m2]

𝜀33 9.57 [nF/m]

employs triangular elements with 3 degrees of freedom per node (deflection in z-direction together with rotations in x − z and

y − z planes according to the reference system introduced in Fig. 1), plus one additional degree of freedom corresponding to the

element voltage. The FEM results shown in Fig. 2 correspond to a total number of degree of freedoms equal to 6075. On the other

hand, the IGA employs 1444 degrees of freedom using NURBS basis functions of p = q = 6.

The FEM and IGA models are further compared in terms of accuracy per degree of freedom. The fundamental frequency 𝜔o,

calculated either by FEM or IGA, is compared with the reference solution 𝜔∗
o

, obtained using the FEM with a fine mesh (6075

degrees of freedom). A parameter 𝜀 is introduced as

𝜀 =
|𝜔o − 𝜔∗

o|
𝜔∗

o

(37)

Convergence plots for 𝜀 as a function of the number of degrees of freedom (DOF) are shown in Fig. 3 for various degrees

of polynomials p =2, 3, 4, 5, 6 (note that p = q in the IGA model). The results show that both the FEM and the IGA solutions

converge with a constant rate to the reference value𝜔∗
o
. The IGA and the FEM of the same degree p =3 yields very similar results

with the FEM being slightly more accurate than the IGA for low number of DOFs. The IGA convergence rate and the accuracy

increases with p for 2 ≤ p ≤ 5, but if p is increased beyond 5, no improvement in the accuracy or the convergence rate is noted

in the given DOF range.

The last comparison between the IGA and FEM models is done in terms of computational time. Fig. 4 presents plots of 𝜀
with respect to the total time taken by the FRF calculations (in all cases, the simulations were carried out for 1000 excitation

frequencies around the first natural frequency). Note, that curves shown in Fig. 4 correspond to the data in Fig. 3, and the values

of the mesh refinement level for each data point are also shown (h =1, 2, 3, 4, 5).

Fig. 2. FRF for the PEH for electrical resistance Rl equal to 1, 6.7, 11.8, 22, 33, 47, 100 and 470 kΩ, comparison between IGA and FEM models.
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Fig. 3. Comparison of FEM and IGA with NURBS of different degrees in terms of 𝜀 vs. the number of degrees of freedom.

Fig. 4. Comparison of FEM and IGA with NURBS of different degrees in terms of 𝜀 vs. the computational time.

From Figs. 3 and 4, it can be concluded that the IGA model for p, q ≥ 3 offers more accurate results in less time compared

with the FEM model. Note that this feature is highly relevant to the computational cost of the shape optimization performed in

section 5, as well as to other applications, which require high number of simulations (e.g. uncertainties quantification [29,41]).

For the sake of simplicity, all results presented in this work correspond to the short circuit condition, however, any other

configuration follows a similar trend.

3.2. Circular PEHs

In order to evaluate performance of IGA for models with more complex geometries, we analyze a PEH of a circular shape. As

shown in Fig. 5, the PEH is composed again of a central substructural layer and two piezoelectric layers bounded to its upper and

lower faces. The radius of the plate is ro = 600 mm, thickness of the substructural layer hs = 20mm. Two layers of piezoelectric

material PZT-4 have thickness hs = 2mm each, and the electrodes of each piezoelectric layer are assumed to be short-circuited.

The corresponding electro-mechanical properties are presented in Table 3. Two boundary conditions are studied: clamped and

simply supported boundary. Circular geometry is parameterized with one Coons patch, which is subsequently p− and h− refined.

Results are shown for a NURBS basis with p = q = 6 and a total of 1444◦ of freedom.

The first four natural frequencies of a circular PEH with clamped boundary are calculated. Their respective values and modes

are presented in Table 4 and Fig. 6. In addition, the solutions reported in the literature are also given in Table 4. Specifically, the

proposed IGA is compared with formulations based on: (a) analytic solution employing Kirchhoff-Love plate theory (Kirchhoff-

Analytic) [38], (b) FEM solution employing Kirchhoff-Love plate theory (Kirchhoff-FEM) [38], (c) analytic solution employing

Mindlin plate theory (Mindlin-Analytic) [39], (d) Fully three-dimensional FEM (3D-FEM) [39], and (e) analytic solution employ-

ing Reddy plate theory (Reddy-Analytic) [40]. The relative difference between the IGA result and the corresponding reference

solutions is shown in parenthesis. In general, it is observed that natural frequencies obtained with the proposed IGA model agree

well with the values reported in the literature, identifying differences within 1.1%. Note, that difference in the results is due to

the difference in the plate model and the approximation error in the numerical method.
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Fig. 5. Scheme of a circular bimorph PEH.

Table 3

Electro-mechanical properties of the circular PEHs.

Substructure

𝜌s 7800 [kg/m3]

Ys 200 [GPa]

Piezoelectric layer PZT-4

c11 85.6 [GPa]

c22 85.6 [GPa]

c12 24.6 [GPa]

c66 30.5 [GPa]

e31 −13.0 [C/m2]

e32 −13.0 [C/m2]

𝜀33 17.6 [nF/m]

Similarly to the previous case, Table 5 shows the first four natural frequencies calculated for a PEH with simply supported

boundary, while their respective modes are shown in Fig. 7. The values reported in the literature together the relative difference

with respect to the IGA model are also presented. Again, a good agreement between results can be seen, with differences within

0.77%.

3.3. Experimental validation

Additionally to the numerical validation presented in previous sections, the FRF obtained using the IGA model is further

compared with the experimental data. Here, two PEHs with different geometries are tested following the procedure introduced

in Ref. [31]. The first configuration corresponds to a rectangular PEH with nominal characteristics presented in Tables 1 and 2

employing a shunt resistance equal to 1 kΩ. The second configuration corresponds to a triangular device with the same charac-

teristics as the previous case, except that the width at the base is 31.8 mm and 0 mm at the free end. As can be seen in Fig. 8,

the experimental FRFs are in a good agreement with the IGA results indicating the suitability of the proposed model to predict

Table 4

Comparison of natural frequencies [rad/s] of a circular PEH configuration for clamped boundary condition with reference solutions from the literature.

Relative difference between the IGA solution and the corresponding reference solution is given in parenthesis.

Method 1st mode 2nd mode 3rd mode 4th mode

IGA in this work 901.99 1875.94 3074.87 3505.42

Kirchhoff-Analytic [38] 902.48 (0.1%) 1878.17 (0.1%) 3081.08 (0.2%) 3513.43 (0.2%)

Kirchhoff-FEM [38] 900.15 (0.2%) 1866.90 (0.5%) 3050.90 (0.8%) 3475.20 (0.9%)

Mindlin-Analytic [39] 899.10 (0.3%) 1864.10 (0.6%) 3044.70 (1.0%) 3468.30 (1.1%)

3D-FEM [39] 900.10 (0.2%) 1862.70 (0.7%) 3050.90 (0.8%) 3475.20 (0.9%)

Reddy-Analytic [40] 899.22 (0.3%) 1864.73 (0.6%) 3046.37 (0.9%) 3470.35 (1.0%)

Fig. 6. First four modes of the circular PEH with clamped boundary.
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Table 5

Comparison of natural frequencies [rad/s] of a circular PEH configuration for simply supported boundary condition with reference solutions from the

literature. Relative difference between the IGA solution and the corresponding reference solution is given in parenthesis.

Method 1st mode 2nd mode 3rd mode 4th mode

IGA in this work 435.43 1226.20 2258.32 2619.76

Kirchhoff-Analytic [38] 435.64 (0.1%) 1227.49 (0.1%) 2262.44 (0.2%) 2625.23 (0.2%)

Mindlin-Analytic [39] 435.10 (0.1%) 1221.40 (0.4%) 2241.10 (0.8%) 2605.50 (0.5%)

3D-FEM [39] 435.20 (0.1%) 1218.50 (0.6%) 2242.40 (0.7%) 2606.50 (0.5%)

Reddy-Analytic [40] 435.15 (0.1%) 1221.63 (0.4%) 2241.80 (0.7%) 2606.27 (0.5%)

Fig. 7. First four modes of the circular PEH with simply supported boundary.

the dynamic behaviour of PEHs. Here, it is important to mention that the discrepancies between simulations and experimental

results could be decreased by adopting a parameter identification technique, for a more detailed information please refers to

Ref. [42] where a Bayesian Inference is apply to identify electromechanical properties in PEHs.

4. Parametric study of PEHs of different shapes

The developed IGA model is used to conduct a parametric study of three families of boundary shapes. The idea of this section

is to highlight the capability of the developed approach to analyze complex geometries and to select the best candidate in terms

of output voltage. The three parametric families of boundary shapes are shown in Fig. 9. The study is conducted in terms of the

first natural frequency 𝜔o, the peak of FRF Ho and its value per unit of surface area (Ho∕S).

The simplest configuration is a rectangle (identified as Type-A in Fig. 9), entirely defined by two parameters: length L and

width W (or length L and the aspect ratio R = W∕L). The second configuration is represented by a curved boundary (Type-B in

Fig. 9). Here, the geometry is described by three parameters: length L, width W and parameter 𝛿, which represents deviation of

the shape from a straight line. The boundary curve is defined by NURBS of order p = q =3, such that the curve passes through

points (1∕4L,W − 𝛿) and (3∕4L,W + 𝛿). The geometry, shown in Fig. 9 corresponds to positive 𝛿, but in the parametric study

𝛿 ∈ (−W∕2,W∕2) was considered. Note, that the two boundaries along the length of the harvester are symmetric with respect

to the middle line. It is convenient to introduce dimensionless parameters R = W∕L and r = 𝛿∕W instead of W and 𝛿. Then,

by varying the length L, the PEH can be scaled to a particular size, while the dimensionless ratios R and r define a respective

shape. Therefore, the parametric family includes configurations with the same shape (i.e., the same r and R) but different sizes

(i.e., different L). Finally, the third parametric family corresponds to a trapezoidal geometry (Type-C in Fig. 9), defined by three

parameters: L, R = W∕L and angle 𝛼. Note, that 𝛼 is allowed to take both, positive and negative values. Left and right boundaries

Fig. 8. FRF for rectangular and triangular PEHs. Comparison of the IGA results with the experimental data. In both cases, the proportional damping coefficients employed

corresponds to 𝛼o = 14.65 rad/s and 𝛽o = 10−5 rad/s.
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Fig. 9. Different types of PEHs: rectangular (Type-A), curved (Type-B), and trapezoidal (Type-C) plates.

Fig. 10. Isocurves for fundamental frequency 𝜔o for Type-A PEHs. (a) Maps without tip mass. (b) Maps with a tip mass of 0.025 kg.

are symmetric with respect to the middle line. Note that the mentioned geometries correspond to configurations previously

explored in the literature, see for instance Refs. [10–14,17], being the most common configurations adopted in piezoelectric

energy harvesting. The material properties employed here corresponds to the case studied earlier in Section 3.1 (reference

values are reported in Tables 1 and 2). Here, it is important to mention that a uniform thickness is assumed along the device,

while the proportional damping constants 𝛼o = 14.65 rad/s and 𝛽o = 10−5 rad/s are considered invariant. The later assumption

is important since it implies variations in the damping ratio with respect to the device stiffness and mass. As a consequence,

any variation in the geometry or in the tip mass will changes the damping ratio. This assumption is supported in the analysis

conducted by Junior et al., in 2009 [9], which corresponds to the reference case to perform the parametric analysis presented

here.

4.1. Effect on the fundamental frequency

The effect of the shape, size and tip mass on the fundamental frequency of the PEH is studied first. Fig. 10 shows the isocurves

for 𝜔o in the plane (R, L) for rectangular PEHs (Type-A) when no mass is added at the tip (Fig. 10(a)) and when a tip mass

Mtip = 0.025 kg is used (Fig. 10(b)). As expected, in both cases, the fundamental frequency decreases with increasing length L.

However, in the case when Mtip =0, the fundamental frequency is almost independent of R.

A similar analysis is shown in Fig. 11 for the Type-B device. In this case, the figure shows the isocurves for 𝜔o in plane (R, r)
for two different length: L =10 cm (Fig. 11(a)) and L =5 cm (Fig. 11(b)), both considering no mass at the tip. The third plot is also

presented (Fig. 11(c)) to study the impact of the tip mass over the isocurves for 𝜔o. Note that the main difference between the

geometries of Fig. 11(a) and (b) is the size of the device but not the shape, while the difference between Fig. 11(b) and (c) is only

the presence of the tip mass, i.e. the PEHs presented in each plot have the same shape but different sizes or tip masses. In the

absence of tip mass, the fundamental frequency is again almost independent of R, being L and r the two parameters with greater
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Fig. 11. Isocurves for fundamental frequency 𝜔o for Type-B PEHs. (a) Map without a tip mass for L = 10 cm. (b) Map without a tip mass for L = 5 cm. (c) Map for a tip

mass of 0.025 kg and L = 5 cm.

Fig. 12. Isocurves for fundamental frequency 𝜔o for Type-C PEHs. (a) Map without a tip mass for L = 10 cm. (b) Map without a tip mass for L = 5 cm. (c) Map for a tip

mass of 0.025 kg and L = 5 cm.

influence on 𝜔o. In general, if L and r are increased, then 𝜔o is decreased. However, the tip mass has an important impact on 𝜔o

not only changing its value but also introducing a strong dependence on R.

The isocurves for Type-C devices are studied following an analysis similar to the one employed for Type-B devices. The

results are presented in Fig. 12, where the isocurves for 𝜔o are presented in plane (R, 𝛼). The main observation here has to do

with the fact that the three geometrical parameters (R, L, 𝛼) present an important influence on 𝜔o. Moreover, this observation

is independent of the tip mass. Only for small angles ( ±5◦) and absence of tip mass, the devices exhibit a small dependence on

R (Fig. 12(a) and (b)), which is expected since it corresponds to shapes close to Type-A devices.

Although the three devices studied are different in shapes and sizes, there still some general remarks that are considered

important to highlight: (1) In the absence of tip mass, R is the less sensitive parameter that affects 𝜔o, (2) the use of a tip

mass increases the sensitivity of all the geometrical parameters over 𝜔o, (3) it is possible to enforce a specific 𝜔o with any

type of device studied with or without tip mass, and (4) if a specific 𝜔o is desired, the addition of a tip mass leads to smaller

devices. However, by studying only 𝜔o, it is not sufficient to identify which type of device outperforms the others since no direct

information about the output voltage is offered. In order to address this issue, the following section moves the discussion to the

comparison between devices in terms of the output voltage.

4.2. Effect on the output voltage

The metric employed to compare the output voltage of the three types of devices corresponds to the maximum value of the

FRF Ho, i.e., the amplitude of the FRF at 𝜔o. In particular, two configurations of each type of device are presented, incorporating

configurations with and without tip mass. The results are presented in Fig. 13 in terms of isocurves for Ho. The first (Fig. 13(a)

and (b)), second (Fig. 13(c) and (d)) and third columns (Fig. 13(e) and (f)) of figures correspond to Type-A, Type-B and Type-C

configurations, respectively. On the other hand, the first (Fig. 13(a), (c) and 12(e)) and second rows (Fig. 13(b), (d) and 12(f)) of

figures correspond to devices without and with tip mass, respectively. Note that for the case in which the Type-B and Type-C

present a tip mass (Fig. 13(d) and (f)), the length of the device is fixed to L = 5cm. The motivation behind this selection is to

enforce fundamental frequencies similar to the case in which no tip mass is considered (where L = 10cm). In this sense, and

to have a common reference point, it is decided to include also the isocurves for 𝜔o = 30 Hz (shown in red dotted lines). The

first interesting result deals with the fact that isocurves for Ho are higher in absence of tip mass for any type of geometry. In

particular, the higher Ho for Type-A are found for large R and L; while large R and lower r, and large R and 𝛼, lead to higher Ho
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Fig. 13. Isocurves for maximum amplitude of FRF Ho. (a) Map for Type-A without tip mass. (b) Map for Type-A with a tip mass of 0.025 kg. (c) Map for Type-B without tip

mass and L = 10 cm. (d) Map for Type-B with a tip mass of 0.025 kg and L = 5 cm. (e) Map for Type-C without tip mass and L = 10 cm. (f) Map for Type-C with a tip mass

of 0.025 kg and L = 5 cm. The red dotted lines correspond to isocurves for 𝜔o = 30 Hz, while the red circle corresponds to the optimal configuration for 𝜔o = 30 Hz.

(For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)

Fig. 14. FRF for optimal geometries associated to Type-A (red), Type-B (yellow) and Type-C (blue), with 𝜔o = 30 [Hz]. The solid lines are the PEHs without a tip mass and

the dotted lines are PEHs with tip mass Mtip = 0.025 kg. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this

article.)

for Type-B and Type-C, respectively. These results are particularly useful when the PEH is excited with a broadband frequency

since it enforces a resonance operation.

On the other hand, excitations with a narrow frequency band oblige to select a PEH such that the fundamental frequency

matches the excitation. In order to exemplify this condition, it is decided to study the best candidate of each configuration

for a fixed fundamental frequency, in this case 𝜔o = 30 Hz. The best candidate here is defined as the configuration that gives

the higher Ho constrained to a 𝜔o = 30 Hz. This candidate is identified in each plot as a red solid circle. The six candidates (best

geometry of each type considering and non considering the tip mass) are now compared in Fig. 14, where it is possible to observe

the behaviour of their respective FRF. The information in the figure is organized as follows: colors red, yellow and blue indicate

Type-A, Type-B and Type-C, respectively. Additionally, solid lines correspond to configurations without tip mass while dotted

lines correspond to configuration with a tip mass. The figure also shows the shape of each candidate keeping the same scale

to have a reference point. For the case studied, the optimal configuration corresponds to Type-C device with R =1 and 𝛼 = 4◦,

giving a Ho =3.74 V/g. However, Type-A and Type-B configuration are not as different since they arrived to similar geometries

reaching values up to Ho =3.69 V/g and Ho =3.53 V/g, respectively. Also, these small differences are also observed in the FRFs

presented, where the solid lines are close to each other. Even more, it can be concluded from the significant difference between

the solid and dotted lines, that the configurations without tip mass outperform the configurations with a tip mass.
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Fig. 15. Isocurves for maximum amplitude of FRF per unit of area Ho∕S. (a) Map for Type-A without tip mass. (b) Map for Type-A with a tip mass of 0.025 kg. (c) Map

for Type-B without tip mass and L = 10 cm. (d) Map for Type-B with a tip mass of 0.025 kg and L = 5 cm. (e) Map for Type-C without tip mass and L = 10 cm. (f)

Map for Type-C with a tip mass of 0.025 kg and L = 5 cm. The red dotted lines correspond to isocurves for 𝜔o = 30 Hz, while the red circle corresponds to the optimal

configuration for 𝜔o = 30 Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)

Although the optimal configuration for 𝜔o =30 Hz corresponds to almost a square device, it is not necessary the best config-

uration in terms of voltage per unit of superficial area (or device volume). The studies of the output voltage or power per unit

of volume have been conducted before, see for instance Ref. [10,13,14], where it is concluded that the devices with tip masses

increase the output energy density (voltage or power divided by the device volume). In order to highlight this fact, the following

section presents an analysis of the output voltage per unit of superficial area Ho∕S.

4.3. Effect on the voltage per unit of area

In this instance, the results are presented in Fig. 15 to show the behaviour of the isocurves for Ho∕S. The configurations

employed here correspond to the same configurations used in Fig. 13. Here, it is evident that the devices with a tip mass out-

perform the devices without a tip mass. In particular, Type-C geometries with large R and lower 𝛼 arrived to the higher values

of Ho∕S, which corresponds to geometries with trapezoidal characteristics where the fixed base is wider than the free end of

the device. This result is in agreement with observations previously identified in the literature, for example in Ref. [10,13,14].

Another important observation deals with fact, that the impact of R on Ho∕S is less sensitive than the impact on Ho. In other

words, the large R implies large Ho but not necessary large Ho∕S. Even more, the zone for the higher Ho (Fig. 13) and the zone

for higher Ho∕S (Fig. 15) are not the same, indicating that it is not possible to simultaneously achieve the maximum Ho and

Ho∕S. Again, this analysis is done assuming that the device could be excited at its natural frequency (i.e., broadband excitation

frequency).

Similar to the case presented in Fig. 13, a reference line for 𝜔o = 30 Hz is included in red dotted lines to exemplify the

effect of narrow-band excitations. The higher value of Ho∕S for the constrained frequency (𝜔o =30 Hz) is identified as a red

circle. Here, the optimal geometrical parameters are selected to be compared in terms of their FRF. These results are shown in

Fig. 16 following the same approach of Fig. 14. Results indicate that the best configuration corresponds to the Type-C device

with R = 0.73 and 𝛼 =−20◦ giving and output voltage of Ho∕S = 0.124 V/g/cm2. When Figs. 14 and 16 are compared, some

interesting results are observed. First, in the absence of tip mass, the optimal geometry obtained for Ho and Ho∕S is almost the

same (essentially a square plate of L =10 cm). However, when the tip mass is allocated, the competing objectives between Ho

and Ho∕S are observed again.
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Fig. 16. FRF for optimal geometries associated to Type-A (red), Type-B (yellow) and Type-C (blue), with 𝜔o = 30 Hz. The solid lines are the PEHs without a tip mass and

the dotted lines are PEHs with tip mass Mtip = 0.025 kg. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this

article.)

5. Shape optimization of PEHs

The parametric study presented in section 4 reveals the importance to adequately select the shape of the PEH and opens

the question about the use of the IGA model as a tool to perform shape optimization. Based on the results already discussed,

it is possible to claim that the IGA model is a suitable choice for shape optimization due to mainly its capability to generate

an accurately representation of different shapes through NURBS, relatively low computational burden, and important level of

precision. In this section, a procedure is proposed to efficiently tackle the selection of PEH geometries such that a specific natural

frequency is enforced while the peak output power, voltage or current is maximized. One of the major concerns here is related to

non-convex nature of the problem, i.e., PEHs with different shapes could present the same fundamental frequency. To overcome

this problem, it is decided to perform shape optimization by adopting a blind search approach over an extensive database

generated employing a surrogate metamodel previously trained using the IGA model. Details of this optimization scheme are

offered in the following paragraphs.

5.1. Optimization based design

The optimization problem could be presented in the following form

x∗ = arg max
x∈X

|T(𝜔, x)|
such that 𝜔inf ≤ 𝜔 ≤ 𝜔sup

(38)

where the objective function T(𝜔, x) represents some relevant characteristic of the FRF for a given excitation frequency 𝜔 and

a specific set of control points x. The optimization is established to obtain the set of control points (which fully describe the

boundary shape of a device) to maximize T(𝜔, x) in a particular range of frequencies [𝜔inf, 𝜔sup]. In the context of the discussion

offered in Section 4 about the selection of the PEH in terms of the power density (greater electrical power in lower volume), the

objective function could be modified to support a multiobjective optimization of Ho(𝜔, x)∕S(x) and Ho(𝜔, x). This multi-objective

formulation leads ultimately to a set of points (also known as dominant designs) that lie on the boundary of the feasible objective

space and form a manifold: the Pareto front. A point belongs to the Pareto front and it is called Pareto optimal point if there is

no other point that improves one objective without detriment to any other.

The optimization seeks to identify geometries (defined by the control points x) that present a fundamental frequency lying

in the interest range of frequencies and that give the FRF with the higher peak or the higher peak per superficial area. Here, it is

important to highlight, that the search space X is limited by the designer criteria over a fixed number of control points. An incre-

ment in the number of control points also increases the universe of possible geometries that could be generated. This presents

an important challenge from the computational point of view since the optimization could lead to multi-optimal designs, i.e.

the objective function leads to a non-convex problem. To carry out this task, an efficient optimization scheme based on a Kriging

metamodeling is proposed and presented in the following section.

5.2. Kriging-aided optimization

Kriging provides a simplified relationship between the input and output of a process utilizing existing information (database)

for them. Let 𝜽 ∈ Rn𝜃 and g ∈ Rng denote the input and output, respectively, and {𝜽k−gk ∶ k = 1,… , nsup} the available

database (training set) of nsup number of 𝜽−g pairs of data (also known as support points). The fundamental building blocks of

Kriging are the np dimensional quadratic basis vector f(𝜽)

f(𝜽) =
[

1 𝜃1 … 𝜃n𝜃
𝜃2

1
𝜃1 𝜃2 … 𝜃2

n𝜃

]
; np = (n𝜃 + 1)(n𝜃 + 2)∕2 (39)
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and the generalized exponential correlation function R(𝜽m,𝜽n)

R(𝜽m,𝜽n) =
n𝜃∏
i=1

exp[−si|𝜽j

i
− 𝜽k

i
|sn𝜃+1 ] ; s =

[
s1 … sn𝜃+1

]
(40)

For the set of nsup of inputs and outputs (database); the input, output, and basis matrices are defined as

𝚽o =
[
𝜽1 …𝜽nsup

]T

Go =
[
g1 … gnsup

]T
Fo =

[
f(𝜽1)… f(𝜽nsup)

]T

(41)

Additionally, a correlation matrix Ro is defined such that each nm-element is obtained evaluating the correlation function

R(𝜽m,𝜽n). Ultimately, the Kriging approximation of the input output relationship is given by

gkri(𝜽) = f(𝜽)T𝜶o + r(𝜽)T𝜷o (42)

where gkri(𝜽) corresponds to the Kriging output estimation for a given new input 𝜽, while 𝜶o, 𝜷o, and r(𝜽) are defined as:

𝜶o = (FT
oR−1

o Fo)−1FT
oR−1

o Go (43)

𝜷o = R−1
o
(Go − Fo𝜶o) (44)

r(𝜽) =
[
R(𝜽,𝜽1)… R(𝜽,𝜽nsup )

]T

(45)

The Kriging tuning involves an optimization process where the parameter s is identified such that eq. (39) could be used

to interpolate new points in the database. Once the Kriging metamodel is tunned, it accuracy could be evaluated adopting a

leave-one out cross validation. Details on this Kriging tuning and validation could be found in Ref. [43,44].

Ultimately, the Kriging is used to surrogate a high fidelity model, where the later is used to fill the database needed for the

Kriging tuning. The derivation of the database is formally known as DoE (Design of Experiments) and common approach is to

use a space filling algorithm for it (such as Latin Hypercube Sampling [45]) within the range 𝚯 of possible values for 𝜽.

For the particular application in PEHs, it is decided to surrogate the relation between the position of the control points x and

variables associated to: superficial area of the device S, first natural frequency 𝜔o, and the amplitude of the FRF at 𝜔o (identified

here as Ho); obtaining the following relation based on the surrogated model[
S 𝜔o Ho

]
= gkri(x) (46)

Once gkri(x) is properly tuned, the database could be significantly augmented by the addition of new input-output pairs

estimated with the Kriging metamodel. Finally, a blind search approach [46] is employed over the augmented database to

extract the control points that corresponds to devices with natural frequencies in the [𝜔inf, 𝜔sup] range. After that, a second

blind search could be perform to extract the control points with the greater values of Ho or Ho∕S. Please refers to Ref. [47,48]

where similar optimization approaches have been applied for other kind of problems.

5.3. Illustrative implementation

Different optimization examples are carried on evaluating the effectiveness and performance of the method. These examples

describe the optimization of a Bimorph PEH, with the electromechanical properties corresponding to PZT-5 layers and brass

substructure presented in Tables 1 and 2 The boundary shape is assumed to be symmetric with respect to the middle line

(y = 0). The boundary curve is parameterized with NURBS of p = 3 and 8 control points. For any length L and width W, the

locations of the two end points are fixed at (0,W∕2) and (L,WL∕2), and the inner points are distributed evenly between. The

shape is controlled by W ∈ L × [0.3, 1] and the position in the y-direction of the inner points (Fig. 1), the upper points are moved

in the interval
W

2
× [0.02, 3] while the position of the lower inner points are definite such that to obtain a symmetric shape

respect to the y-axis. Therefore, the geometry is described by eight design parameters: L ∈[2,10] cm, W and y-coordinates of the

six control points. If the tip mass Mtip is included in the optimization, the design space consists of nine variables x. It is assumed,

that Mtip ∈ [0, 0.025] kg.

A Kriging metamodel is employed to surrogate the relations between the nine design variables x and the three outputs

[S 𝜔oHo] by using 30.000 support points. The accuracy of the metamodels is high, with the correlation coefficient, evaluated

using leave-one-out cross validation [49], close to 96% for all approximated response quantities. Two different implementations

of the optimization are considered. In the first implementation a specific value of Mtip is assumed and optimization is performed

over the remaining design variables. This specific choice was made to better examine the impact of Mtip on the optimal shape.

The respective values used for Mtip are 0 and 0.025 kg. In the second implementation all design variables are simultaneously
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Fig. 17. Pareto front with optimal geometries for the maximization of Ho and Ho∕S. Results correspond to devices with 𝜔o = 30 Hz. Three Pareto fronts are presented:

devices without tip mass (black line), devices with tip mass equal to 0.025 kg (red line), and devices where the tip mass is a design variable (blue line). (For interpretation

of the references to color in this figure legend, the reader is referred to the Web version of this article.)

optimized. This implementation will be referenced as Mtip optimized herein. The Pareto fronts (optimal design points for Ho

and Ho∕S) are identified using a blind-search: 2 million candidate design configurations for x are defined within the admissible

domain X using Latin hypercube sampling, performance objectives are estimated (using the developed metamodel) for all of

them, and the Pareto front is identified by selecting the dominant designs among these configurations. The large value of can-

didate design configurations examined for x ultimately gives features of exhaustive-search to the adopted numerical scheme,

facilitating accurate convergence to the actual Pareto front. In order to allow a direct comparison with the results obtained in

section 4, it is decided to perform the optimization with a constrain equal to 0.97𝜔o < 𝜔 < 1.03𝜔o, for 𝜔o = 30 Hz.

Results of the optimal design are presented in Fig. 17. Here, Fig. 17 shows the Pareto front for the two objectives Ho and

Ho∕S for: (1) with the tip mass as a design variable (blue solid line), (2) fixed tip mass equal to 0.025 kg (red solid line), and (3)

absence of tip mass (black solid line). The competition between the objectives is clear for the three cases studied. The extremes

of the Pareto front indicate the optimal designs for Ho and Ho∕S. In particular, from the blue line, it is possible to observe that

the optimal values of Ho and Ho∕S are around 7 V/g and 0.25 V/g/cm2, respectively, almost double the values obtained in the

parametric study performed in section 4. This result highlights the importance of performing the shape optimization in a wide

design space. Note also that the extremes of the blue line overlap to the Pareto front obtained by fixing the tip mass to Mtip = 0

(black line) and Mtip = 0.025kg (red line), indicating that the current Pareto (blue line) is bounded by these two conditions.

Furthermore, the optimal Ho is achieved when no tip mass is used leading to a PEH with a large surface. Contrary, the optimal

Ho∕S is achieved for the highest tip mass employed (Mtip = 0.025 kg), corresponding to a small PEH with a narrow tip. Note that

the optimal tip mass varies across the front going from zero to the maximum mass accounted. Additionally, it is important to

highlight that changes in the tip mass imply changes in the damping ratio since it is considered a proportional damping with

constant coefficients 𝛼o = 14.65 rad/s and 𝛽o = 10−5 rad/s. These coefficients are assumed invariant in the optimization to be

consistent with the observations made in Ref. [9]. However, it is important to highlight that other works exist, that consider

constant damping ratios across the optimization, see for instance Ref. [17]. In this regard, the accounting of damping and its

dependency on the device stiffness and mass still needs a more comprehensive study from the experimental perspective. Fur-

thermore, the variation of the optimal geometries from one extreme of the front to the other is also notorious, going from large

and wide devices without a tip mass to small and narrow devices with tip masses. Ultimately, the designer could select any

configuration from the Pareto point based on the desired balance between the objectives.

6. Conclusions

In this work, an Isogeometric Analysis based framework for Piezoelectric Energy Harvesters is presented. The model is based

on the Kirchhoff-love plate theory and the generalized Hamilton’s principle for electroelestic bodies. The boundary shape is

parameterized by NURBS, enabling complex configurations with a large number of design parameters. The generated voltage is

obtained as a response of an excitation acceleration of the base.
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The approach is validated in terms of the FRF and natural frequencies against different models available in the literature. The

results for the benchmark problems of rectangular and circular shapes are in excellent agreement with the reference solutions. In

terms of computational time, IGA of degree p > 3 is faster than the FEM analysis with the same accuracy, which is an important

advantage in the applications which require generating a large number of samples.

The parametric study of three families of parameterized shapes reveals the impact and importance of the shape on the peak

magnitude of the FRF, the peak magnitude of the FRF per unit of area, and the natural frequency. Some important trends can

be identified: parameter R, which characterizes the width to length ratio, is the less sensitive parameter that affects the natural

frequency in absence of tip mass while the tip mass increases the sensitivity of all geometrical parameters. Additionally, it is

shown that any type of geometry with or without tip mass could be tuned to the same natural frequency, however, the addition

of a tip mass tends to lead to smaller devices.

In the NURBS representation of the boundary shape, locations of the control points can be optimized to achieve the best

power output. The Krigging-aided optimization is carried out to explore non-conventional shapes which can improve perfor-

mance of the device in certain applications. The optimization is performed in a wide design space, including configurations of

various shapes and sizes, and the variable tip mass. The results are presented adopting a multi-objective optimization such that

the FRF and the FRF per unit of area are simultaneously maximized for a device with a natural frequency of 30 Hz. Three tip mass

configurations are tried: without tip mass, with a fixed tip mass of 0.025 kg and accounting the tip mass as an additional design

variable bounded between the previous values. The maximum peak of the FRF is achieved when no tip mass is used leading to

a device with large surface. On the other hand, the maximum peak of the FRF per unit of area is achieved for the highest tip

mass employed, in this case leading to a small PEH with a narrow tip. When both objectives were considered, an optimal front

is identified where the optimal tip mass varies from zero to its maximum value.
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