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RESUr'fEN

A rnedraclos de los aiios 70, Y. ltforita v J. Diarnond dclinieron dos furrciones p,
ádicas distintas. arrhas análogas ¿r la I\rrrcil»r log l'(z) clásica. Estas funciones compalterr
propiedades similares, pero dnguna de ellas tiene a, todo Ce como su dominio. Dr.finirnos
ur arrhlogo p-átlico de Ia fiurciórr log l'(r). que tiene a C, como dominio. \' demostramos
que Ias firnciones de \4orita y Diamorid son casos particulares soble ciertos subdorninios.



AgsrR,¡.cr

Tl,o difÍerr:nt analogues of the classic¿l logl(r) furrtion wcrc deñned in the rnid 1f]70's

bv Y. Morita and J. Diamond. ,\lthougli they share similar properties. neither of them
has the whole of C, as its domail. \\'e define a p-adic arraloglre of logl(r), with C, as

its dorna,in, and shov, that it specializes to \,Iorita and Diamond's functions on certain
sub-domains.
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(z)

discoverecl b¡. Joseph Ludrvig Raabe in thc 1840,s [Rat, §Z] lRaZ, §il INi, §34]. Atso,
logl(r) satisfies a chalacterization theorem. Nartelv. it is thc unique convex furrction
defined r¡n (0, oc) satish'irrg log f (1) - 0 and rhc difÍerence eq¡ation (1)_

Irr \f t».it¿r's ¡r:.pcr iNf ti]. hc rlt.fi.lrcs a paclic arraloguc of f (:r). that wc ¡¡.ill c¿Lll I'¡r, which
has zo a^s its dornain and takes values irr zr.1 For positive intcgers n. f1a is delirred as

l¡1(z) :: (-1)"

1. INTRoDUCT'rON

In tire mid 1970's, two different (but not that differenr) p-adic analogues of the classical
logl(r) firnction were defined lr' Yasuo Morita iN{o] antl Ja,ck Diamond lDi]. \\'c recall
that log f (r) is thc logar-ithm of rhc classica.l f (z) function. ¿r,nd that it satislics thc
difference equation

1og f (z + 1) 1og l(r) : leg ¿ (:r > 0)

and the integral formula

(1)

(" > o).

/.,''-(''í#) u' : ''or' -, (, > o),

iuorita provcs that this fu¡rction is co,tinuous over N (with the ¡radic topology) anci
extends to a continuous function on zo. Hc ¿lso shorvs that f ,,,r : z, -+ zi satisfies the
functional equation

f¡{rl -l-: ifr<1tZr.
(3)

since l¡1 is continuous r.tn zo, it is corrrpletelv characte¡izecl by its r.ahrc f^i(1) : -1
and bv (3)- Thc fünctiou l'¡1 also satisfics an ¿lrraloguc of thc u'cll krrowu fbrrrrula fbi ttrc
classical f-funr:tion [Ni. p. 11]

l(1 -z)f lz): L
SlIl rrr

lFor p a prime rrur,ber, r'e !et. Zn, Q, ancl C, deuole. respectively, the ring of p-adic rrumbers. the
fielri of fractions of Zu, ar.d the conpletion of the algebraic clt¡su¡e of Q,,. If ¿ is a comrnutative ¡ing
rvith identit¡ .4- will dcnote the group of units of -4.

1

IJ¡
tSi <n
di



Narrrely, if p is an odd prime2 and r € Zp, thut iGK. p. 572, Lemma 2.31

r.,r(t - ¡) r^r(r) : (-1), (r, e Zr), (4)

rvhere I is the uliquc integcr with I < ! <p and l.= r (t»od,.pZr).
To pror''e analytic properties of his function, X.,Iorita actually works with thc l¡,vasarva

¡radic logarithm log, of lr¡ iRo, §v.a.5] lsc, §-15 . \\:e rvill wr.ite tLis fiurctiorr Logf¡1, r.c..

Logl¡1(r) :: Iog¡, f rr (u ) (r e Zr)

Taking the Iwasawa Ligarithm on both sides of (3). we find that Logl¡1 satisfles the
diffcrcncc cquat i0n

(.
Logl¡1 (r * 1) Logf ¡1 (.c ) : { 

lue' .. if t: e zi'

[0 if t: € pZp, 
(5)

in zrnaiog.'u to (1). Ii is therr immediare that Logf\l is u¡iquelv detcrr¡rined b1, the value
Logfnr(1) - 0 iurcl by the difÍr:rcnce eqLlatiot (5). Also, bv taking the l¡garith¡r on both
sidcs of (4). wc find t hat Logf.1¡ s:rt.lsfir:s thc ¡eflcfi,ion fbrrnula

Logfn,r(1 -r) + Logf"¡(z) :0 \r ( /.p). (6)

\,folita's Logfrl functiorr can be gir.en by the iritegral fornrula ISc. §5gl

Logfy(z) : 
Ir,,r+ f)(1ogr(z + f) t)¡u.@ + t) rlt @ e z,), (7)

where 1r- denotes the r:haractcristic flnction of zi, ancl rvhere the integral on the right
is thc vblkenl¡orn irrtegral.ir He,ri cohcn a¡rd Erl,ardo Friedma, lcF. p. 370. prop. 2.4]
shol,ed rhat Logf¡1 satisf,es a Raabe-tvpe folmr a. simil¿rr to fbrmul¿ (2) for the classic
logf(r) firnction. \ amcly. te haye the intcgr6dií{'crential eqnation

/ Lrqf .,f r' - t),lt : ¡.r - I)Lugf i¡'1.r1 .r 
-¡l

r-, -];i (rczo\' (R)

2F.,. 
¡,.-2, equatinrr (4) tak.s tle i'or.r f¡1(1 -a) f.,r(z) : (-1)or+1 .ivhere ¿: o.o+at2+a222 + .

is the expansion of t: eZ2 such tliat {¿r € {0, 1} for ri > 0 lSc, p. 111. prop. 37.2].
ell g , Zo -+ C,, r.c say that ¡¡ is Volkerüorn iutcgrable if the 1imit,

r . P -l

I o',,,1r, lim -',. I s' j.1J-. ,t't P" "t_l

exists, and we will call it the \¡olkenborn integral of g fRo, §V.b] lsc, §bb].
2



*h"," f1'l .. rlro7,,-.r,lic Iinrir,¡lrLp rLsrral irr,'gu ( oilirig [urrcl.iur] [l.l ,..r,, *,r rhlor:ghIt" "---'lp l "
:rn e Z, and rvhere the integral on the left is again the \blkenbr¡rn iniegral.

Arrotlrtr irrrportarrt proper¡y rif Logl11 is that this fu¡¡ction is ]ocallv anal_vtic on pZr.
in the scnse that it has a po\\'el selics cxpansiun arourrcl 0. convergclit for al| r e pZr,.

Nanrell' [Sc, p. 177. Lcrnrna 5E.1], for ¿lll :¡ € pZ, we havc the identitv

Lr,gi-1,1r1 - ¡,, i' ',''' ,' )! ' .," ,.
- 

nttt t ll

where

^r,: /r,xzo|)toz,,trl,t, 
),,tr :: fr¡rn@r" a, (n, e N).

Aciuallv. this power selics defines an anaJ¡rtic function orr the ope[ rrlit ba]l

B(0; 1 ):{".Co lrcl,<r}

of C, iSr'. p. 177, Lemma 58.21. Hence. wc carr extend 1hc dr»lain of Logf¡i to B(0:l )UZ,
bv defining

- / ]\a_t \

Loglrr(r) :: .\r.¿ -l f ' -1,/ -'t1 ,'-t (2, e B(0; I )),un:.t // ( /l + 1)

L¡ut it can bc shown that ¡¡'ith this extended definition, Logf¡1 is no lolger the hvasar,va

loga,rithm ol a p-adic functior.

Diamond [Di] defines his p-aclic a,alogue of the cla.ssical logf (:r) function. rvhich we
will write LogI¡, b¡' the Verlkenborn intr:gral

Lurf.,(., 1 .: [ ,., 11(lopprJ : t\ ltLlt 1.,.. Cp ¡Zu\. (g)
.J- .1.

Diarlrond shorvcd tha,t his function is 1ocall.v arralf ilc on :r € C, \ Zo, takes values in Cr,
¿nd that it satisfies thc differenctr ccluation lDi. p. 326 Theorcm 5l

Logfl¡(r + 1) - Logf¡(r:) : logo;r (r e Cr\Zr). (10)

arLd iht¡ refleciion fcrlmula lDi. p. t327. lfheorem 8]

l,ogf¡(1 - r) + Logl¡ (:r),: Q (r e C.n\Zr) (11)



The firrrr:(ion Logl¡ also satisfles a R.aahtr-1vpe forul :r like (2) alxl (8). nnri a r*ra¡ac-
terization theorenr lCF, p.:l6a]. Namelv, Logf¡ satisflcs

/ lo6r11J +t)¿Lr:(:r-1)Logr¡,(t;) rii a(Cr,\Zp), (12)
J.,

¿nd it is the only locallv anall'tic function "f , C, \ Z, -+ C, satisfuing the difference
equation

f @ +1) - /(') :Ioe,' (r e c.o\zo)
and the \iirlkerrlrorn iu1,cgrrrdiffer-'enl ial er¡tation

.[r,, n * t) dt : (x: * t) f' (*) -, + ; (r e C..r\Zr).

Corrparing forr¡rul¿rs (7) ancl (9) ¡r.e notice that Logfr"l and Logl¡ har,.e r.ery similar
cx¡rrcssions involving a vrlkurrborn íntcgral. Equ:rtiorrs (6) antl (11) shorvs that Logl¡1
and Logf¡ havc identical reflection forrnul¿rs. and (J). (10), (8) zincl (12) show that these
functions satisfy similar differencr: and integlodifferential erluatiorrs. Also, r.rotice that
ihc rlom¿rins of Logf11 arrd Logf¡ are disioint and cornplemcntary in Co. Finallv, we
r¡rontion that if we rvould like to extend Logf¡ to Cr, thcn the diffcrence erluation forces
Logfl; to bc discontinuous t¡u eithcr the positivo integcrs or the neg:rti\.e integcrs. Since
both these sets are detise in Zr. Lo,¿l ¡ cannot be extendcd contirruousl.y' at ¿nv point of
zp.

The aim of this thesis rvill be to define a new p-adic log-gamnra function, u,ith Cp as

its doma.in. Wc will rk:f,lre a nerv ¡radic iog-gamma turrction Logfo : C, + C, bv thc
lblkenborn integral

Logln(z) ,: lr,A+ t) ( krgn(r + l) -- 1)1r (:r + f) rlf ,

where x1 the cha.racteristic function of the co,rpler,cnt of thc open unit ball B(0:1-)' :
{:: e Co lrlo 2 1}' This function will bc pror,ed to be locaily analvti<: on Cr, ancl to
satisfl' the differr:nce equation (Proposition 3.2)

Logfr(:r * 1) Loglo(r) : 11(z) logo r (:rr e Cr),

(r e Cr).

as well as the reflection fbrmula (Proposition 3.6)

Logfo(1 r) 't Logl,,(r) : tt

4-A.ctually, otu deir¡iition lllefinition iJ 1) will be sonrewhat urorc gerreLal, but Lhe one given above is
suifir:irrrt 1ó¡ tlLe c¿rse. lVlr¿t rvt- .orv r:all Logl.r,(r). rvill l¡e tle sptrri;rl case Lrgln(r 1).

4



o¡r ccrtain sub-dornains of cr. Logln(r) coincicles lvith N{orita's function. on other
with Diamond's. Namelv

Loglo (:r) : Lugf¡r (r) (,r e 27,) .

Loglo(r) : Logfo(r) (.r e C, , l:t,1, > 1),

as we rvill show in §'1. These idr:ntities will also hcfu us cornpute the local por.er series

for Logl'o(:,r) (Theorem :1.8).

Thc function Loglo(n) satislics a Raabe-typc formrria arrd a char'¿r<rtelization theorerrr
sinrilar to the one satisfied by Logf¡(r). Namelv (Theorem 13.3).

I
/ T.ogl'o(", t t) dt : (Í I ) Logfo'(r) . l?r(z) (:r e Co) .

.lv -

where -R, , Cn - C, is the f\rnction defilerl bv the \¡olkenl¡orn inregral

R,,t.rt .'- | ,.r - ,,\tt, J- t)rlt.
J:,

which rve calculatc explicitly irr Propositiori 3.4.

\lorcor''er, Logfo(:r) is the uniclue locallv anal¡rtic function /: Cr, -+ Co satisfl.ing the
dilference cquation

.f (r, + t) - .f (r') : rr (r) Iog, r (:r e Cr)

and tlrr: \blkenborrr integro-tlifferenti¿l r:quation
r
I f t., + t) dt : (z 1).f'(") R (") (:r e C,).

J 2,,

2. Solte PRELrl,.rrNARy RESuLTs

2.1. Residue field and a partition of cr. For r € cp, l:rl, rvill cle.otc the ¡rarlic
absolute value of r norrralized bf. lplr: p-1. Forr€IR. r) 0, ue rvil1 rvrite

B(r:r ): {l e C¡ l1r'- y1,, < r} and B(r; r): {u e C, jl" - ulr,< r}
for the open ¿rnd closecl ba11, respcctively, centcrecl at r $,ith radius r.5 Also, 1et

Zr: B(0;1) and lJt: B(0: 1-)

bc the ring of irrtegers of c, elnd the rnaxirnal idea.l of zo. respectivell.. Therr thc quotient
Zpl)Jl i> a fir.ld. tall.d tlre rcsirl,lc held ut Cr. alrd ir is isomorplric ro Fr. rhe alxclrraic

5Fo, ¿, lrriof rcvj¡rt ut rhe basir' plop^rri*5 ,if ,-arr,1 ,f r-,p, ¡r ard ¡1o., d hall. .ee lRo. pp. i3. i7].
¿



closrrre of the finite flelrl with p elements Fo.6 If r e z, *rcn we will ¡vrite z for its natural
rma8e rn lf p.

Now, let ¿ € C;. If lrl, í l"lo, or equivalentl¡ if r e B(0: lolr), then m-r e B(O;t) :
Zp, so it makes sense to write ra-l . For 0 < (. < p - 1, define the sets

5,,¿:: {r e a(0; lalo) l;F : t}, (13)

where 7 e IF, c F, as t. e Z. Actua115,, we can define the sets ,9".¿ for all t e Z, and it is
easy to show that we have ,9o,¿ : S",e if {.,k e Z with l. = k (mod p). AIso, dcfinc thc
sets

S.,- :: {r e B(o;lal)lr"- t IFo} and T":-- {t e C, I lrl, > lolo }. (14)

Definition 2-L. Let a e Ci und. utrite aZr:: {atlt e V.e}. We will say that an arbi,trary
subset D CCo ts aZo-i.nuariant, if for all r e D and. for allt €Zo we haae x* at e D.

Trivial examples of oZr-invariant subsets of Co are Co , aZ, and Cr\ aZ, . Later we

wiil need the following lernma

Lemma 2.2. With the aboue notation. we, haue
p-l

(l) U s,., : {z e B(0; lal,) liár e F,,}.

Then So is aZr-inuari.ant.

(iii) For 0 < I < p - r, So,¿: {z € C, I lx - a!]r< lrlo} : B(al;lalo), so that the
sets So,¿ are open balls.

The sets T" and 5o,"" are open and closed, ,in, Co,

Tlte sets T" and 5",- are aZr-inuuriant, hence T"U 5"*- ,is aZr-i,nuariant.

Clear since Fp : {0, , )
Suppose :x e So,¿for sonre 0 < ¿ < p- 1, and let t € Zp. Then 7 : I for sonre

0 ( 3 < p - L, and. we deduce that ua:T + ¿ : f+j :,b- fo, sornu 0 < Á; < p - 1.

Tlrns, z i at € So,¡, and the result follows.
The second eqrrality rs ,just the definition of B(al; lol, ). For the first eqrrality, let

1Í_Ao Then¿ € B(a{;lalr) <+ lz -otlo< lal, <+ lza-t -{.lr< 1 <+
lF :-¿ <..+ $ e S,.,¿.

6See 
lSc, p. 25, Defirritiou 11.21 arxl [Sc, p. 45, Corollu.rv 17.2].

6

p-1

(ii) Let 5",: [J s,,r.
2:0

(i")
(")

Proof

(i)

(ii)
7t-l

(iii)



(iv) Since the closed bail A(0; lolr) is open and closed, its complement Q is open and

closed. Also, by (iii) we have that the set ,9o is open a.nd ciosed, thus 4 U §" is
open and closed, and then its complement S,,- is open and closed.

(v) Let ú e Zo. Then, in particular, lúlo < 1 and lofl, < jalr. If :x e Ta, then

l*1, > lol, > loúlr, so that lr * atlr: lrl, > lalr, which means that c I at e 7".

Now, if g € ,9,,-, then lgtoú1, < max{ lulr,latl, } S lolr, hence (g * aú) a-1 is

defined. Suppose that @+ afl7f :i;-+ t € Fo, so that y + at f ,9",o". Since

1F, is asubfield of Fo andI e IFo, then yF :¡;4-f-:iF * -I e IFo,

contradicting a e 5o...

fl

Notice that, by (i), (iii), (iv) and by its definitions, the sets 5",0,. , . , So,p-t,,9.,- and

I a.re open, mutually disjoint, and its unir¡n is Co. Hence, we have a partition of Co into

open subsets.

2.2. Locally anal¡,'tic functions. Let D be an open or closed ball in Co with center

y €D and with positive radius. We will call a function J: D -+ Co anall'tic onDif f
can be represented by a power series

f (r):ia^(r - y)
¿:0

convergent on D, where an e C, for all n e No.7

Now, let ,4 be any subset of Cr. We wl1l call a function f : A -+ C, locally analytic

on,4 if for each ¿ € ,4 there is an open ball , c .A with positive radius, that contains a,

such that / is anall.tic on D. It is easily seen that we may replace the word open for the

word closed in this definition.
No¡¡¡ we state a result due to Diamond [Di] that v¡ill allon¡ us to define a rrew padic

Iog f-firnction.

(15)

undletaeC|

(16)

Proposition 2,3. Let f : C, -+ Co be a locally a'nalyti,c functt on ort, Co,

bc f,red. The'n, for ¿li b e N, the l'im'it

F(r) :: i@ + a.i)
.bp"l

iim -l t
n+aa bDn ¿-J- j=o

7We ¡r,ill use the conventiou No : X u {Oi.



erists and is independ,ent of b. Moreouer, F (r) d,e-Ji,n.es a locnllu an.alyt.ic .ftm.ction on, Cp,
and, we haue the identi,tu

- lrp^-l
F'(r) :ljm.- )- !'(r-aj).n--+'.,. ,n't u

' i:0

F(z) :: 
fu"Í{, + ot) at

[ ¡rr¡or,:
¡Zo

(17)

Proof. The existence of (16) is a special case of [Di, p. 324, Coroliary], and the identity
(17) follows immediately from [Di, p. 325, Theorem 3].

!
We can restate Proposition 2.3 using the Volkenborn integral [Ro, §V.b] [Sc, §b5].

Lemma 2.4. Let f : Co -+ C, be a locally analytic functi.on on C, and let a e Ci be

fi^red,. Then the Volkenborn i,ntesral

(18)

etists and, F (r) def,nes a locallg anal,ytic functton on Co. Moreouer, ue can di,fferen,tiate
under the integtal sign, that is

F'(r) : I f'g - aq at .rzo (19)

Proof. This follows immediately from the def,nition of the \¡olkenborn integral, letting
á : 1 in Proposition 2.3.

¡

Remark. ?he Volkenborn i,ntegral i,s usualLE d,efincd for stri,ctlg d,i,fferentiable functions
[Ro, §V.l.l][Sc, §27]. Let X be any non empty subset of C, u.th no i,solated, points and.

Iet.f :X +Cr. We say that f i,s sfr.ictlg d,ifferenttables atapoi,ntae X i,f

lim f (x) - f (y)
(:20)(r,s)-+(a,a) I - y

etists, where we take the lhnit ouer fr,A € X such that n I g. We say that f is strictly
d,zffcrcntiablc on X, or that Í € C'(X), ,¿f Í ,is strtctly diffcrcntiablc for all a e X. If
f € Ct(Z), then the Volkenborn integral

,lxf i'rrri
SSclrikhol call such turrc¡ir.¡us corúirruously <liffe:eutlable.

il



of f et:ists [Ro, §v.5.1][sc, §55]. Au the prope,t'ics of the \tbrkenborn integral thut ue.
uill nen,tion..fnln [CFl, [R.o] and, fSc,l art: proterl, th.crr: lor st¡.tc.tl,u tl,¿fferentiable furrct,nn,s.
since ang locally analyt'ic .ftr,nctton orl an opcn set X C co,ts actrnll,y strictly fl,,iffe,rentlable
on X [Sc. p. 91, Corolktrg 29.11], thes. prctpt:.ri,,ies hottl for locall,¡.¡ analytic functions on
x.

Pcrhaps the sirnplest rrr¡n trir¡ial property of a f,,ctio, F deflned by (1g) is that it
satisf,es thc differr:rrre eqrration lDi, p. J25 Theorem  ] lsc, p. 168 prop. 55.5]

F(r + n) F(:t) : c,¡'¡r'¡ (r e Cr). (21)

The proof is sirnple since bv delirrition wc have

F(r + a)- r(,) : 
",*: 

j i (/ [, + ¿(,, + t)) - .f (r + aj.))
- r:Ll

1

= Iln -(f t¡ ,,t," ) ¡t.r)) frelescopinq surr]n-,.c p,'

: a 
_1i1-.r, * (f l, + up" ) - .f (r)) ln I o)
",.. op,,

_ ai,tt) .

Fina1ly, we rvill use the following result lCF. p. 369, Lemma 2.21.

Lemma 2.5. Lat f and F be- as 'in Letnr,a 2.J. anrt let a e cr. Tft c.n ue ltuue the ,irlentzty

fr
I tt,r otlit - l:1¡1 (.r atF'1.rt I ,., ,rt\l'(r - rtt,dt. tZ2).t... .l¿,

'uulid for al,l r e C, .

Proof. Let u,(r) :- F,(n+ti,) - FQ) : af'(r). bv equation (21). Thcrr z_, is ]c¡callr, analytic
orr Cr. an,l te ltarn lhe telcscopi¡l sum

.j 1

F(r.- ai): F(z) r- f u(r + aA) (.r e No).
A:O

Hence.

, p-'l tl-tt I

-i I rr", _ ¡t.t): [t.,.) _- '; I f ur,_,1;ir' 7 p" 
-",4

,?"2:F(r) + * Itr,' 1 A')--(.r:+aÁ)p' 
7='n

9



. p"-l
:F(,D) + *IO" -r-k)w(r+ak)

' k=0

f 't . p" I

r(r) + f w(r 1 ak) 
-1 »tn +l)w(x - ak).

ÁF*=o
Since tu is locally analy'tic, v¡e have

p^ | n"-1 \
Iim )- w@ * ak): ( ti,n p') I ti- 1')- ,t, + ok)) : 6.

n--n:. L-t \ n -m' ,l \ n r@ nn ¿.-¿ Ift-O k=0

Thus,

t (rt: ntÁat ,: [.0 if l'rl, < lal, '

[rlogoz t 1f lrlr> ,alr.

tf
I F(r + ot) dt : ,F,tr) - / (t r l)w(r-+ at) dt
I z l*'-p

f: F(r) - I @t - a)J'g +ot)dt
t",JLP

fr:r,(z)+ ("-") I J'Q+at)dt- I @*at)f'(r+at)dtJzo Jz,
I: ¡(r) + (r - a)r,'(.r) l- (r + at)f,(r + at) dt .

n

3. A Nnw pADrc Loc-cAMMA FUNcrroN

In this section we define a new version of the padic log-gamma function and prove

some of its properties.

For a fixed o € Ci let us define the function h : C, -+ C,, by

(23)

If we call 1o the characterístic function of the set B(0; lalo )' : {r e Cp I l"lo 2 "lo},
we can write

h(rla): r(1og,r - 1)r"("). (24)

Since the open ball B(O; lalo ) is also closed, its complement in C, is open, so in (23)

we have defirred á by its restriction to disjoint open sets. Now, the null function is

triüally analybic on Co, and so is the identity furction. Also, 1og, r is locally analytic on

a(O; lol, )', in fact on Ci [Sc, n. 131, Prop. 45.7]. Thus the function rlo1 r - r is also
l0



locallY ara,lvtic on the open sct B(0; lai, )'. Hcnce, the ftnction á is 1ocall1. anarytic on
Cr. ']'herefbre. lty Lemma 2.4. the fol|xyi¡g clefl¡ition r¡a¡es selre.

Definition 3.1. For a € C.i fi,ted,. d,efin.e t,h.e lac,l,lu a,na,lt¡tr,rl fn ,ti on Logl, .. C,, + Co
b'g th,e Volkenborn tnteqral

Logro(.rla):){,Uirúla)dt, (2b)
u Jz,

where yo i.s tlte characteristzt: f,urrcti,on, oJ the set B(01 lal, ). : {, a Co lrl, > ul, }.
an,tl where lr(zla) : ;r(lo"r- l)i"(r)

Hcnce. we can writc

1l
Loqfo(.r'la) :; 

J--f, 
+ a/)(losp(x +- at) - i)1.,(:r + at)dt.

The simplest propertv of Loglo is the fbllo.¡,ing <lifl.elence equa1ion.l0

Proposition 3.2. For all L: e Co ute hot,e the d.t.fferc.nce eqrta,ti.on

Logl'o(r t- nlrz) - L"gl-o(:rla) : .\,(z) logo r . (26)

uheru yo. ts us in De.finttion,3.1.

Proof. "lhls follo¡vs from (21), noticing that

h' (rla) : I " 
(.r) 1og, r (27)

tr

The function Logfo satislies a Raal)e-tvpe forrnula and a characterization theorerrr
siruilar to the one satisf,ecl br.Logf¡ lClF. p. 36a].

Theorem 3.3. The fu.nctk:n Lesgl, sattsfies

ft
/ Logf,.t.l, - rtll,tt jt t-r - n) Logfo'r., la t '- R¡rlo I t¡ . 

CnJ . l2slJ' .. n

uhere Ro: Cr, -+ C, .is rle,Jut,ul b11 tlLt: l,blkt:,rt,lnrrt i.rúe.grul

4,(zla) :: 
.lr,,,n 

* cLt)v"(t-t' at) dt . (2e)

gAlso 
bv Ler¡rma 2.1, LogI'¡, is locall¡' anailiic on Cu. \\¡e s,ili give its l.cal powcr series ür §4-10l'.rr,, ,ur.il. r¡rr. we rvil1 urritc Logfu firr tlre firrrdioir Logf,,(. n) r,he[ o € C] is hxerl.



Morcouer. Jor a f,red, a € C;, Logfo zs the unique tocallg anatytic fit;nction f :C, -+ Co
s atis;fging the diff erence equati,o n

f(x + a) - f(r) : x,@)tosoc (80)
and the Volkenborn integro_diJfe_rential equation

[u,r**a.\dt:(t- a)f'(-u)-!+raa (3r)

Proof. First we prove formula (28). Using (22) and, (27) we have

fr,ros. ,(, + atla) dt- Logfr(rlo) + (z - a) Logto,(zla)

tr
- ; l- @ + af )logr(r * af )1o (r + ot)dt

-- Logfr(zla) + (r - a) Logfo,(rla)

-Lugt-o(rla) | [ ,, -at)y"l.rt at)dta Jzo

= (.¡ - a)Logfr,(rlo) _ jnrlr¡ot.
To prove the uniqueness we follow ICF]. Suppose f : C., _+ C, is a locally analytic

function satisfying (30) and (31), and let 9(r) :: Log f"r(tla) _ J@). Flom equarions (26)and (30) it is easilv scen that g(r+a) * g(") : 0. k d,l"tlvely, we have that g(r+aj) = g(r)for all j e N6, and then

I sG nat)dt :ri*1f'rr*, aj) : ]X*i rO) : sk).Jz, ,, ',* p' Á n- , ,_o
On the other hand, from formulas (2g) and (A1), we have the equality

[- nrr * at) dt - (x - a\ stl.r) .¡Zr

Since 9(z * ap"): g(r) for all n e N6, it is clear that gt(r):0 for all z € Cr. Hence

o@: I sG rat)dt - t).
Jz,

We now compute the function fio clefined by (29).



One checks that lta-r
depends on / modulo p.

Proposition 8.4. For r e Co, ue haue the erplicit erpressron
( , a( ltjl'r --J-n - "l;l iÍ lra-t -n,o'' forsome{ez,Rr(rla): I :
[t- z otherwise,

where lc] i,s the usual integer cei,ling function for c e e.
A consequence of the proposition is that

1

;&(xla): Rp(ra-tll).

-llo.l implies rhat fzl, < lafr, and that 4 _"1í1

ff'j y;Tf,[:i:ül'il'ii',:ff1;:R"'#:'is when rzr, > ral, rhen tx + att,:

Rr(xla) - [ k + ot¡¡"¡, + at)dt
JZo

. p" -l--1s: J-lg; l(x + aj)v"@ r aj)
J=u

'. 1 '-' ' P" -l:Jl*r;H'* "M;nt
=r+ali- P"-1

:--g'-- 
2

* 2'
Now, suppose that izf, < lalo and w¡ite z : Íc,,-1, solzl, < 1. Then

I
Rr(rla) : l. @ + at\y"(r + at) dt

:Jg;.I- @+ai)x^@+ai)

: tim ,1
^,*F o*._ 

(r - aj)

l,+iilo:l"lo
13
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: un, 1 )- (,+ ai)
n --+c. D"' rhj[{

:ri*] f(,+aj) -timl f @+aj)nlao lrtt 4 n +ú n,,' o<i<p" ' o:.i<p"
lu+jlo<l

: Iim 1 )- (r+ ai\ anm I \- (,r r)
n--+$ DP Z-¿ n+cxs Dn ¿-¿ ', o! j<p" 

,l:j;{,
:,-: -o-ri¡p I ¡ 1z+j). (38)z n-)(x) Ír''' rlÍi[,.

In the last sum above, the condition lu+ jl, < 1 is equivalent to lza-r -¡ ji, < t and
hence, if such j does not exist, this sum is 0. Then, in this case, we a.lso have

R^(rla\ : r -9.2
The remaining case is when lcl, 3 1ol, and lca-1 - ll, . L for some integer /, which

we may choose to satisfy 0 < | < p - 1. Thus lu-llo < 1. Then, in the sum in (33),
the condition lu + jl, < 1 is equivalent, by the strong triangle inequalitv. io ll. + jle < L.

Since I +, € No, this is also equivalent to the simpler condition p I (l + j). Hcnce we
have

f {"+i)= I t" -t+{+i)
o<i<{ o<i<p"
lu+jle<l pl{t+j)

I t" - e+i)
!.<í<t+pn

pli

» @-{.+pj)
$<i.;+r^-,

» @- t+pi)
lflse<lgl+o^"

» (u-(+ri-rlf)t
0<j<P¡- I

14



- p' t\,, ,\ - r'l;- p I J,p. 
o.t.p., l

Replacing this irr (33) r¡,e obtain

Rr(tla):r-t -nL-1 I (,+,,)
a t)+c. t) .

' o!¡<p"
,_j ,al

:¡ :_,!_! ,,[, l ,,]i, ! 5- 12 P P lll ,-t"'n,.fr._,"
:.r !_?: ,,fi-p p ip

L-]

The ncxt result reduces thc c¿:ilculation of Lo¡¡fo(cla) to the casc ¿ : 1.

Proposition 3.5. For all cL e Ci and :r e Cr, u.te_ ha,uc tfte ident,i,t,u

Loglo(:rla) - Logfo(zo-l11) + nr(z,o-tlt) logra. (34)

Pro¡¡f . By dehrritir»l we h¡rvc

. ltLogrr(rlo) : t I Q + al)(krgr,(r + al) \)xJ¡r: + at) rtt' ü l,
f

- l_ tro t +r) (logr(ra , +¿) - 1+lospa) yl (r¿¿ | +t)(tt

: Logfp(.r'o 'lt; + l,,gra I l-ru 
t + l)11(e,a-r + t) df. 

Jz,,
lr¡ n t

Logfo{ro tt¡r - Jl{ / tr*a/)¡,t.r -ot),tt .,, J .,,

a¡rd thc result follorvs bv (29) anrt (32).

tl
Firr¿llv. l,c gir,.e l I eflcrtiotr lbrrrrula tor Logfo .

Proposition 3,6. For oll r e C¡, ,ue hol;e tlte rellection, formulo,

T,ogfr(a-rla) + Logf,,(zja) :0 (35)
15



Proof , To prove this. fbllor.ing 
f ct'], u,e 'nill rse rhe rh¡r act ei.ization of Logfo given in

Thcorem 3.3. \,\l.iie f (r) : - Lggfo(n - z:la). \\r-e ivill show tha.t / satisfies (ilg) and
(31)

The rlilTerence er¡raliorr (30) is easv, since hr- (26), we havc

f @ + a) l(z) - Logfn(-r r «lrz) Logro( rlo) (86)

: f,( .¡,) logr(-r)
: X"(z) 1og, :r .

whcre in tire last equalitv wc used thc fact that ¡,(z) arrd 1og, r arc c\.en functions.
To sho'w that f also s:rtisf,es the rntegrodiflerentlal equation (31) we will rme thtr identitl,'

lSc, p. 169, Prop.55.7]

[ ,r, ,,t,¡, - [ f r.t tut-r.tndt \37)
J -" .t. ,'

Rcplacing thc dcfirition of .f in (37). rve have

rt
I f '* - ot I tfi : I Logf ,t2,, .r - nrlo) rtt .

J z, .lL,

Appl¡.irrg formuia (28) to thc right hanci side. re obtain

ft
l. f (, + ut') dt: (r - a)Logfn'(2a- r)a) +: Rj)(2a t;la).

J ,I

Onc easily scos. using ihe clerilatir.o of for¡nula (26), that

Logfo'(2a ria) .- Logfo'(a rlzr) #
: .1,\.,.) \,(o r¡

:t:-Q

¿nd thus
ft

.f _,Í'.,- 
t:tt)(lt: (.r -r)./'(rr \¿{a r't, ' Rpt2o .r'la).

Herice. rve need to shor¡, that fbr all r € Cr,, r¡,c havc

lD I

- ll,(.rlr\: 1"(o t\ - - ll.pt2o rl,rt. (3b)

By (32), equation (38) is cqui,"alent to

-Pw@" 'lt) : -rr(r -,ro ,) + Ree ra-llt) . (39)
16



Rcordering and writing z : 1 ra t ir. (Bg), rve r¡btain that (3g) is also equi'ale,t to
shorving that for all u e Co. l,¡ have

11(z) : .R,(1 ul1) + p"(1 + ul1) . (40)

thus reducirrg us to the case where a: 1.

Let 51,¿ , 5'1.oo and 7r be thc subsets of Co defi,ed l¡v replacirg ¿ : 1 in (13) and (la). If
?l e Sr.ccufi, since by (v) in Lcuma 2.2 this set is Zn-invariant. the¡r 1_u, 1*z e S1,*UT1.
A1so, sirce z € Sr."o U 71, then .fr(z) : 1. Thus, by proposition J.4. ¡ve obtain

R,,r1,rlt) Pnrt -,il1):(t,,-]1-1, -,, f,:l:.,,,,,,
¿

Nnw, let u € 51.¿ fbr somc integcr l. rvhich we may choose to satisfy 7 < I < p. Then
1 u e Stt t ald 1 + z € 51.11¿. and bv Prr.rposition i1.,1.

Ru, l- rllt, Rrtt ult)-l u l-u (l r) 
' 'lp P pl

_r ., t-u lt-'¡ lI ,l
p p lp l

_2 [l-]l_ [1 'l-¿ I P l-l ' I (11)

Sirrce I j r < !,. rlrcnl p. I r._ 0. anrl u.c har.c ,h^r [l-1] -0. Also sj¡r(.e

1< !: <p, we have thar x1(u) :0 if and onry if l:p. B).tr,il 
^f¿ J' t+r).rve obtain

that (40) is equivalcnt to shorving that

_(

'-lryi:{' 
ir1<r<P-1'

, [0 tf (:u,

which is i,rnrediate. Since C, : ,St.." U I U Ü fi.¿, wc have covered all cases, ¿nd the

propo,sition f'ollolvs. t=1

17



4. R.erA'rroN \n'rrH THE FrrNC,t roNS oF, J,IoRrlA eNo Drrutor,lo

\\ic now take a krr¡k at ttre lelation of Logf, u.ith \'lorita's anci Dia,rrrond,s f¡nctions.
\\:c also com¡rute the por,er series expansion fbr Logfo. \\¡e use of the notation given i,
§2.1

Let us start \\.lth Diarnond's function,

Logf¡(:r) ,: 
lr-,(r+ 

l)(logr(z + l) t) dt

f(.r- lt ltL):1,,go.t
arrd ¡he \blkenborn iltegrodiffercnti¿l equarion

/ ,t'" 
t)rtt : t¡ tJJ't¡t '- :

(r e C.r\Zr).

This firnctrrn satisfies ;r char ar:irrr iz¿r,tiorr rheorclr icF'. p. 36a] th¿l states that iL c
Cr t\ Z, is any noncrnptv Zo'invatiart srrl¡set. then Logf¡1 is the onlr, locall_v anai),tic
function .f : D -+ Cp satisfving thr differcnce erlnation

(zeD) (42)

(s e P¡. (43)

.lr,r(, ot)dt: (.:r - r)J'@) fi,(rl1)

(refiuS1..").

Actrrallv, ttre original st¿tement is for D : co \ zo, but it is easily seen that its proof il
iCF] is valid fbr an1. no'em¡rty Zo-irrr.aria.t s.bset D. Thus, r,e ca, take , : Tr U Jr.."
(scc (1a)) since, from (i) i, Le,rna 2.2 and fiorn the remark ¿rfter the same lemura, rve havc
that n U,91.." c Co\Zr. A1so, fiorn (r,) il Lemrna 2.2, the set Ir U.gr.." is Zo_inraritrnt.

Si,r11arlv, Theorerr 3.3 can bc extendcd to corchrdc that Logfo(rl1) is the o,l¡. locall¡,
¿¡rralytic function on 7r U S1.,*, satisfving both

/(z + t) I (r) : 11(r) 1og, z (re71u51 -)

(;r e 7'1 US1.".).

and

Si.ce r € Tr U,Sr..", by Proposition S.4 and b1.its proof, rve imnrediatelv sec that

rr(r): 1 and Rr(tlt): x -)
\\'e dedurc that Logfo(:r,11) is a locallv an¿Iltic furrctior on Zi U S1... satisfying both ( 2)
and (;13). Bv uniqueness, v'e dcduce

Propositicrn 4.L For:r € ,91.." L) T1 , ,ult,ere ,91,,- antl Ty arc d,e.J ted by repl,rcinq a - 1
'rn (14') , ,ute ha,ue

Logfr(rl1 ) : Logf¡(e)
18
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I\.{ore generally, since by Proposition J.4, R ("la) : r-af2 for Í e Sa,,,t_).Id l replacing
this value and (44) in equation (34), we obtain

Logfo(rlo) : Losf¡(,o-') * (i -*)^r," (r e S^,*UT,). (45)

Equation (45) is uscfut bccausc of thc follorving. By Lcmma 2.4, Logf, is locally
analytic on Cr, and hence, it is also locally analytic on the open subset S,,." U 2". We
will use (45) to compute the power series expansion for Loglo. The power series expansion
for Logf¡ is known lSc, p. 183, Theorem 60.2] and runs as follows. Let gro € C.o\Z, and.
p: p(yo) t: 

¡.\tL{ lu - uolr}. Then we have the power series expansion

Loglp(y):Logro(yo) +rt(y -u.)r iS#r,*,(y-so),,r (46)
7=tn\n + t) -

va.lid for all y e B(ys; p- ), where

,r,: 
-[^rosp(y¡+t)dl, 

rn+l 2: fr,lro*r)-"0, (ze N).

Now, let ro € S","" U4 and write ys : Íoa-L. Then ye €,91,_ Ufl CCo\Zr, and, a
simple cdculation shows that in this ca.se p: lroo-rl, ) 1. Hence, lf x e B(xs;lr¡l),
or equivalently, if ra-| e A@o;laol), replacing in (46j we obtain

Logr¡(ra-r) -Logl¡("r¡o-')-1(r-ro)*il-1)"'t',-,-,, \,-,
a fr"@,_ñ; 

(r - ro)"*' (47)

with the r, defined as above with 916 : roa-l. With the help of identity (45), we deduce
the following.

Proposition 4,2, Let oo € So,- U To , where So,* and T" u.e delin etl .irt (14). Then ue
haue the power series expansion

Losfr(rla) : Lt¡gfp(rol¿) +i1(x -ro) + i 1-t)" ' -
7'-, nTii 11r"-tk - xo)"-' (48)

ualid. for all r e B(x6;lr6lo), where

V.*r,:! [
a Jz,

19
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PntoJ. IJsing (45) and (47), and setting 96 : roa-l , we a¡rive at

Lugfo(rla) Losrp(r.l¿) -+ro6a + +,,. É #5*(, -,0)' ' .

For n € N, it is easily seen that Vn+t : a 0'+1) ¡n+1. Also, since |rt dt : t .,

11 +Iosea: 
lu,rorolron-, 

+t)dt * 
lu,rorooo:.

: 
lr."'oro''o 

+ at\ dt : ait '

ü

\\'e low ct.¡¡rsitler the relatiorr of Loglo with trIorita's fiurctit»r l,ogf¡a. Recall that
Logf¡a is defined by the Volkenborn iniegral

Lcigf¡a(r) - /r,O+t)(bgr(r+ 
t) -l)yv"@+t)ctt (*e %).

Thc dircct rclation bct¡vccn Logf, and Logl¡a is casy sincc Logll¡1(r) is actually
Logfr(rl1) restricted to Zo. To see this, 1et us go back to the function h defined at

the beginning of §3. We have

,,.rlrl : f 
O

["rlosoz - r
if lzl, < 1,

if lrl, > 1.

and if we rcstrict ourselves to rr € Zr, then

{reZrl l"lr<t}:ptZ, and {re Zrllrlr>t}:Zi.
Hence we have

r
Logro(rl1) : l- x"r@ +ú)(r+4(logo(r+¿)- 1)dú (r e z),

and this is exactly Morita's function Logl¡a.
An important propcrtv of Logf¡a is that it has a power series expansion a.round 0, valid

for al1 r e pZo. Namely lSc, p. 177, Lemma 58.1], for all s e pZo we have the identity
Ó / 1\r¡rl r

Logf vr(¿) : )r¿ * t t - tl 1'l-r un-t ,nln-r L)
¿=1

20
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whcre

^r,: lr,,¡r-(t)\osutrlt )n+r :: 
/u,rr,,tit " at (n e N).

l4orcover. ihe right side of (,1g) deflnes an anah.tic function otr the open unit l¡al1
B(0; i-) c C, lSc" p. 177. Lcrnma 5ti.2]. Hc,ce. ve exte,rl the clorrrain of Logfy tcr
B(0r 1 ) tJ Z, by dclirringll

r,n-l \
L,,gf1¡1.r7:: )¡r 5-' 'l- lL' ..,' t

u,,'t ?/(r7 _ Ll
(50)(re E(0;i )).

\\¡c notice hr:re that if r¿ e Ir{ is odrl. the¡r thc function t -i xz.Q) t " is an ockl function.
arrd then lRo, p. 269, Corollarv]12 irnplics thrit

^.-, 
- [ \L.tttt ''r, = :{r.-,,r,', :0.

.l . /_0
Thus. rve cc¡uld rervrite the su¡n in the right of (b0) as a surr o\,.er even n. l¡ut ,.e prcfer
to lea,r,e it iike th¿rt because of the resemblance rvith the expansion (46) of the functior
Logfp.

Norv. wc will see thr: deeper relal.ion hetrveen Logfo and Nforita's frrnctiorr Logl,. we
trlreadv computed the powe, sr:r'ies exprrnsio, for Logf, .t each poi.t of the 

,open 
set

s"-, u 7] , a¡d now rvc u'ill cornputc it at cach poi.t of the ope. sct ,s, :: l._J s.., 1r""

(13)), i.c., on the corrpler,ent of 5',.,- U 1) in Cr. \\,e will show that th" c$*.,rio,rs of
Logfra(:r) and Logfn(;rl1) are idcntical for r € S1.s: B(0: 1-).13

First we need the following iemrnas.

Lemma 4.3. Letr,p € S¿1 : {ze Cp ¡ l:t * alln < laln} for,somet) ! l <p_t. Th,en

1"(:r -F af) : 1"(y + at) for all t e Zr.

Pxtof. By (iii) in Lemrna 2.2 ¡¡.'e knorv that "g.,¿ : B(a{; la.ln ). Since every point in an
open ball is aiso its center, s,'e have rhat B(al; lal) : B(rlaln): B(y; lal, ). Hencc,
:Lj!/ e So.r implies lr - al, < laln. Now, supposc that f € Zo ancl that t,(:¿,*¿f) : 0, i.c.,
Ir+atl, < lalr. Thcn lU+ otlr: )y-r:]--r*ut), < rnax { ly -,rlo,lr*utl,,} < lnl,

'\,-r* 1r" showrr that wÍth i:his exterlled dcfiuirior: Logf¡1 is no 1onger tl¡c hvasaw¿¡, logarithrn of a
p-adic functiou.

l2Narnel¡.. rvhcl / is an ocld flu,.tiou. ttrtrr / 71r) ar : 19
lJThis equalit¡, is actualiy u .i,lpl" 

",'rrr""q,liircc 
nl p-a.dic Íalytic contirruatiou. but to star., in the

spilit of this exposition r.e r.iil give a dücci proof. 
r,



¿nd thus. x"@ t at) : 0. B,v svmrrrctrv. r."(,a + at): 0 irrplies y,(t: + at): 0. ancl the
dcsired equalitv follows.

tr

Lemma 4.4, Let t:.'¡1 € 5,.¡: {:r e C¡, lL: - aLl, <. la)r) for some 0 I I 1p t, a,n¡l

s'uppose yo(.y + ut) : 1 t'or so'me l, e Zr. Then,

¡!at
lf lal p

Pr-oo/. Rervlite thc above inequalit--v as

',' u <1.4*at,

But lz-flu < lal,, as ri.y € S,,¿, antl lU+atl, > ]al, as X"(U +at):1, by assumption.

n

Lemma 4.5. For all a e Ci ute ha,ur. the special uaftre Loglo(O]a) : 0 .

Proof. Replacing r .- 0 in cr¡rations (26) zurd (35). wr: sr:r. rhat Loglr(ala) Logfn(0la) :
0 anrl Logfo(a]a) + Logfu(01,2) : t) . Hence. Logfr(0la) : Logfp(¿l¿) : 0.

n

Proposition 4.6. Let zo e ,So,¿: {r e C, lr-a,(1,,<lalr} for snrrtc0i.lt<p-L.
ffi, rt r¡r houe tht !nt,pr Dptit s t.r?anb;otl

Logfn(zla) : l,ogfp(¡ola) + Ir(., ..ol * i # i,-,(, ,o),*, (51)4ntn+t)
n': l

ualid for all r e B(r¡:V4r): B(at::lalo):5",, where

\, -: I lugr{.r', a/,\,,{.i.0 -(tttttt. \,, , ,- 1 f ,q).urt n 
\n\,¡.n- ot\rtt (r, e N).Ít .l'-t ,t .l -,

Proof . Lct 16. r € S¿.2. Then. h¡, Lemma ¿1.3.

Loslr(rrla) : i l-r,*al)(loso(r,r,or) 1)r"(ro+ar)dr.

Subtracting the sarne expression r,.ith:r replaccd b1' r:¡1. after some reorclcring rve have
22



nLoglo(ra) -aLogfo(r¡]n) :(, ,n1 / 1og,1, ¡ * of)1"(r6 *at)dt
.l'¡,-

I(.r .rv) 
Jr.,t,(.ru 

- ut)dt

t+ | (t +,rf )( lus,,(.r -l a1) - krgr(26 + al))1.(r¡ +at)dt
Jlp

= or.r -.io).ir t.r .rs\ [ 1,.t.r¡ at) (]t
J r,,

* 
J..," - 

ot)to"-o (ffi).v'('o + at)rtt ' (52)

Rrr convorrir:rrcc, dcfirx:

(x) :: aLogfo(rla) - at,ogfo(r6la) a(.r'- r¡)f1 (b3)

Tticn rve har.e

\.)= | ( r-at \

J-., \ 
r-t0 Ir 'rt\ los, {r" ,,))l'(ru-ot\dt (;4)

By Lemma a.a, in (5a) we can rcpiace the logarithm by its power series lSc, p. 131,

Prop. ,15.1 to obtairl

I / J-r lf-t..t-a[ "\,"):.1 
"( 

,. .,,-,r ,,,,,,L,'::t;* t),)t"rr,,_ntt,tr

: t ( .r .t\).-\.Í ,//i, I)"r,r ¡o),,),,rrn- qtldt
./- \ 

= 
tt r'o- ot' /'" '

- [ ,",r, ttttt-r ,o,i-!-' ': 
' ¡t--!!)' at se,- r.i6) (.55)J., ",nfn 1) .16 ot

where in thc last stcp ¡¡e used thc iclentity fRo, p. 3771

r¡' ' ,ri'-l!-:P":,, i r 
'1)n 

t'tt' I

;a , Ltn Ln.t nr, lt7 ( ulo<lu'u) (i61

with ¡::ir - rs anci y:Ío+(Lt.
Norv. an inrrnediate consequencc of the proof of lDi, p. 32a. Thcorem 2]. is that rve can

interchange the Vblke¡l¡orn integral with the-surnmation in (55), since the functio¡r insicle



is analytic. Tlns ¡r'e obtain

. Str1"t ,[r")=) --_(t ¡o\" " I 1,(.r.,, _ o/)t.r.o .nt )"dr1' "1n ' " Jzo

: i ' "'.', ,, .,6¡'-t "\. ¡ .L nl' 7)

Tlie proposition folior,r,s from (52) ard (S3).

u

Tho following corollary rclatcs Logfo(rl1) :rnd Logl¡.¡(:r). Rccall that the power serics
(50) naturallv extends the dom¿in of Logly frour Zp to V.? U B(0; 1 ).

Corollary 4.7. For all x e Zo U B(0: 1 ) ,ae haue Logf,,(rl1) : Loglxr(r) .

Proctf. We alread-v showed that if r e Zo t)w Loglo(r;|1) - Loglr,r(¿). Nor,v. sincc
0 e B(0; 1-). we can choosc 116 :0 in Proposition 4.6. Then. for r e B(0; 1-) we have

Logf,,r;111 Losrn10ll) , , 
.1,"r¡ 

(/rJos.,,/ 
" 

, i],;5 ,, , 

.[ ,¡1rt\t-n 
t]t .

Bv Lemma a.5, Logfo(011) : 0. Also, if t e Zp, thcrr 11(f) - Xz;ft). Hence. rcplacirrg
this ir the above equation, rvc obtain for z e B(0; 1 )

Logl-or.,¡l t:.r [ 1r..1.r11,,g,,t,tt ,: 
t tl"i ,,-t I I .\t)t',,tt

J-p 
- 

nl,n L l) J'., "''

- Logf ,,,r (:r) | see (Iil) ].

ü
\\'e can surrrnarize Propositions 4.2 and 4.6 irr a single thcorem.

Theorem 4.8. Let r¡ € C11 anda € Ci, and lc¿a: max{ lrulr,lnlo}. Then we ha,t,e

lhe , on,, rg, nl poat r rtt s e-(ptyt.;un

I.,gfnrrlo) - Logl-otro¡ar i,(r' '.rn, i ' Jf ¡,-,,, ,-o)'-' t57.)_, tn + t)

'ualkl for all r e B(t:6: o ), ulhnre

i, ,:1/ toort.ro nl)yot ¡ - nt) rlt. i.,,:1 [rts rtl ,1"1.t¡- ot)tlt 1nr N).(t Jz." 
,n 

, t'.o



p1
ProoJ. If x:6 e S¿,: [J S,r. then a : lnln. anci the proof is immediatc bv cornparing

t.=0
u,'ith Prr-rposition 4.6. Noiv. if :¿o € S,,." U 7}. t]ren a : lr¿lp. A1so. we obtain that
v.(26 t af) : I for ail t e Zo. aná thc ¡csttlt f'ollorvs hv compaung coemricnts in (18) and

(57).

!
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