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Advisor : Robert Auffarth

A Dissertation
Submitted in Partial Fulfillment of the

Requirements for the Degree of
Doctor of Philosophy

at the
Universidad de Chile

July 6, 2024



2



Contents

1 Abelian Varieties 7
1.1 Preliminaries. . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.2 Divisors and Intersection Numbers. . . . . . . . . . . . . . . . 9
1.3 Endomorphism algebra . . . . . . . . . . . . . . . . . . . . . . 10
1.4 Degree and complex multiplication . . . . . . . . . . . . . . . 12

2 The Grassmannian 17

3 Topics in Diophantine Geometry 21
3.1 Height in projective space. . . . . . . . . . . . . . . . . . . . . 21
3.2 Heights on Grassmannians. . . . . . . . . . . . . . . . . . . . . 26

4 Counting Abelian Subvarieties 29
4.1 Guerra’s Results. . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.1.1 Elliptic curves of bounded degree. . . . . . . . . . . . . 31
4.1.2 Abelian subvarieties of bounded degree. . . . . . . . . . 33

4.2 Reductions of the problem. . . . . . . . . . . . . . . . . . . . . 34
4.2.1 Behavior under isogenies. . . . . . . . . . . . . . . . . . 35
4.2.2 Simple Abelian varieties. . . . . . . . . . . . . . . . . . 35

4.3 Abelian subvarieties on Eg. . . . . . . . . . . . . . . . . . . . 37
4.4 Examples and applications. . . . . . . . . . . . . . . . . . . . 47

4.4.1 Number of elliptic curves of bounded degree. . . . . . . 47
4.4.2 Abelian Surfaces on E4. . . . . . . . . . . . . . . . . . 48
4.4.3 Comparison on the number of Abelian subvarieties. . . 49

4.5 Final comments. . . . . . . . . . . . . . . . . . . . . . . . . . 49

3



4 CONTENTS



Abstract

Due to Poincaré’s Reducibility Theorem, we know that for an Abelian variety
A there exists an isogeny decomposition of A into simple factors. However,
this decomposition hides many interesting properties of the set of Abelian
subvarieties of A. For example, it is not clear from the decomposition “how
many” Abelian subvarieties A actually has. In this work, for a principally
polarized Abelian variety (A,L) of dimension g in the moduli space Ag and
some positive integers t and n, we define

NA(t, n) := #{S ≤ A : S is an abelian subvariety with dimS = n, χ(L|S) ≤ t},

which counts the number of Abelian subvarieties of dimension n and reduced
degree bounded by t. After some reductions of the problem of obtaining a
bound for this number, we characterize the set of Abelian subvarieties of di-
mension n on Eg, for E an elliptic curve, in terms of the Grassmannian variety
via the Stiefel variety. Finally, we use machinery from Diophantine Geometry
to obtain an asymptotic estimation for NA(t, n) for any (A,L) ∈ Ag.
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Introduction

To know or characterize the Abelian subvarieties of an Abelian variety can
give us information without knowing the Abelian variety itself. For example,
given that the Q−endomorphisms algebra of an Abelian variety is a finite
dimensional semisimple Q−algebra, we have an explicit description of the
possibilities through Albert’s classification of rational division algebras with a
positive involution. In another way, let C and C ′ be smooth projective curves
of dimensions g, g′, with Jacobians J and J ′, respectively. If f : C → C ′ is a
finite morphism, since the pullback induces a homomorphism of the Jacobians
with finite kernel, then J contains an Abelian subvariety of dimension g′.

For an Abelian variety A we study the number NA(n, t) of Abelian subva-
rieties of a given dimension n and degree bounded by t. Given a principally
polarized Abelian variety (A,L), let us denote by

NA(t, n) := #{S ≤ A : S is an abelian subvariety with dimS = n, χ(L|S) ≤ t},

that is the number of Abelian subvarieties of A of dimension n ≥ 1 and
reduced degree at most t. We know that this number is finite for a polarized
Abelian variety.

The modern point of view brought by Kani in [17] and [18] has inspired
Guerra [11] to study the number of elliptic curves in a polarized Abelian
variety A in terms of their degree, using an explicit description of the Néron-
Severi group.

Our first attempt is to take a principally polarized Abelian variety, given
that the asymptotic estimation of NA(n, t) can be controlled under isogenies
(see Section 4.2.1). For the self product of a general elliptic curve, we find an
asymptotic estimation of NA(n, t) by using Diophantine geometry.

In a succession of papers, Guerra has investigated the number of elliptic
curves in a polarized Abelian variety A by their degrees, for example in
[10], [11] and [12]. He denoted by NA(t) the number of elliptic curves in
A with degree bounded by t. It is a classical result that for (A,L) a polarized
Abelian variety and a positive integer e, there are only finitely many Abelian
subvarieties of A of exponent less or equal to e. See [4, 4.1]. This result
implies that NA(t) is finite.

This strategy can not be emulated for higher dimensional Abelian subva-
rieties, given that the Néron-Severi group has a more complicated description,
because although Abelian subvarieties of higher codimension can be described
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in terms of numerical divisor classes, the equations can be difficult to calculate
(see [2, Theorem 1.3]).

Recently, Guerra in [12] generalized his result considering the collection of
all Abelian subvarieties S of (A,L) such that the Euler characteristic χ(L|S)
is bounded above by t.

Our approach is quite different from Guerra’s in terms of the characteri-
zation of the (reduced) degree. Moreover, we will study Abelian subvarieties
of a fixed dimension.

In this work, for a principally polarized Abelian variety of dimension g in
the moduli space Ag and some integers t and n, we associate the counting
function of Abelian subvarieties of dimension n and reduced degree bounded
by t by the following function

N : Ag × N2 → N
(A, t, n) 7→ NA(t, n).

We would like to know where the function N achieves its maximum in
the moduli space Ag. We have good reasons to suspect that the maximum is
achieved for a self product of elliptic curves Eg. Unfortunately, we have been
unable to prove this in a general case. This could be developed in the future
in order to get a complete answer to this problem.

In the first section, we will show some reductions to the problem, then the
study of the asymptotic behavior of the number of Abelian subvarieties to a
principally polarized Abelian varieties. Moreover, we will concentrate on the
expected maximum case.

We will associate to every self product of an elliptic curve Eg a Grassman-
nian whose rational points correspond to Abelian subvarieties of Eg of a fixed
dimension. Moreover, the degree of the Abelian subvariety will be associated
with a certain height on the Grassmannian. A similar idea was developed by
Auffarth in his doctoral thesis [1], where he studied some homogeneous forms
on the Néron-Severi group. Instead of following his path, we will study the
algebra of endomorphims of Eg.

In the second chapter, for K an algebraically closed field, we will study
the Grassmannian of a g−dimensional K-vector space. In our context, we
will show the relation between the Grassmannian variety Gr(n,Kg) and the
Abelian subvarieties of Eg. Then, we will characterize the Abelian subvari-
eties of reduced degree in terms of the endomorphisms of the initial elliptic
curve, using the fact that we are looking for the Abelian subvarieties of a given
dimension. Then we use some classical results from Diophantine Theory in
order to find an estimate for the asymptotic behavior of NA(t, n).



Chapter 1

Abelian Varieties

We will start the first section by fixing some concepts and notation. This area
is vast, so we put the focus on the algebra of endomorphisms of an Abelian
variety. This emphasis is due to the fact that we will translate the problem of
counting Abelian subvarieties to the study of endomorphisms of the Abelian
variety.

For Abelian varieties over an arbitrary algebraically closed field, we con-
sult [25] and [24]. For complex Abelian varieties, we have [3] as the standard
reference.

1.1 Preliminaries.

We define our principal object of study from an algebraic point of view.

Definition 1.1. An Abelian variety over a field k is an irreducible projective
variety that is also an algebraic group over k.

In the case of a reducible variety with an algebraic group law, the irre-
ducible components are disjoint and form a finite group. The connected
component of G containing e, denoted by G0, is called the identity component
of G and is a subgroup of G.

For any g ∈ G, the right and left translation maps are biregular maps.
Moreover, algebraic groups are smooth varieties and it can be shown that
Abelian varieties are commutative and divisible groups.

Given an Abelian variety A, we will denote by tx : A→ A translation by
x ∈ A. A homomorphism between two Abelian varieties will be a morphism
that sends 0 to 0 (it can be shown that such a morphism is in particular a
group homomorphism). For two Abelian varieties A and B, we denote by
Hom(A,B) the group of homomorphisms from A to B.

Let A and B be Abelian varieties, and f : A→ B a surjective morphism.
Then k(A) is an extension of k(B) via f ∗, where k(A) is the rational function
field of A. With this notation, we define:
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Definition 1.2. An isogeny between A and B is a homomorphism f : A→ B
that is surjective and has finite kernel. If such a map exists between A and
B, we will write A ∼ B and say that they are isogenous. We will call
d = [k(A) : f ∗k(B)] the degree of f . Define e(f) to be the exponent of f ,
that is, the least common multiple of the orders of all the elements of ker f .

If f is a separable map, i.e. k(A) is separable over k(B), then d is the
cardinality of f−1(y) for all y ∈ B. For f inseparable, the separable degree
[k(A) : f ∗k(B)]s is the cardinality of f−1(y) for all y ∈ B. Since the cardi-
nality of the kernel of f is the cardinality of f−1(y) for all y ∈ B, we have
that # ker f = [k(A) : f ∗k(B)]s. In particular, in characteristic 0 we have
that deg f = # ker f .

For any isogeny f : A → B of exponent e(f) there exists an isogeny
g : B → A, unique up to isomorphisms, such that g ◦ f = ef on A and
f ◦ g = ef on B, where ef is the multiplication map by the integer e(f).

Let End(A) be the set of endomorphisms of an Abelian variety A, i.e.
homomorphisms of A to itself. It has a natural ring structure, with composi-
tion of endomorphisms as the ring multiplication. For f ∈ End(A) we define
deg(f) as before if f is an isogeny and we set deg(f) = 0 otherwise.

We consider the category whose objects are Abelian varieties and where
morphisms between A and B correspond to the elements of the Q−vector
space HomQ(A,B) := Hom(A,B) ⊗ Q. In this category, we can identify
isogenies with isomorphisms, via the natural inclusion from Hom(A,B) to
HomQ(A,B).

Definition 1.3. A polarization on an Abelian variety A is an ample line
bundle L on A defined up to translation. The pair (A,L) is called a polar-
ized Abelian variety. We say that L is a principal polarization if h0(L) :=
dimH0(A,L) = 1, in this case, the pair (A,L) will be called a principally
polarized Abelian variety (ppav).

We define A∨ = Pic0(A) as the dual Abelian variety of A. For any ample
line bundle L, we can define an isogeny between an Abelian variety and its
dual

φL : A→ A∨

x 7→ t∗xL ⊗ L−1

which only depends on the class of L in the Nerón-Severi group NS(A) of A.
We denote by ψL the unique isogeny from A∨ to A such that ψL = eLφ

−1
L in

HomQ(A∨, A), where eL is the exponent of the finite group kerφL.
Let us denote by K(L) := kerφL.

Proposition 1.4. Let k be an algebraically closed field. Let A be an Abelian
variety over k and let L be an ample line bundle on A such that K(L) is finite
and prime to char(k). Then there is a sequence of integers d1|d2| . . . |dg, called
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the type of L, such that K(L) = G (L)/Gm,k where G (L) is isomorphic to the
Heisenberg group associated to the group H = (Z/d1Z)× · · · × (Z/dgZ) and
Gm,k is the multiplicative group over the field k.

Proof. [7, 8.25]

For k = C the previous theorem can be quite specific. If L is an ample
line bundle on A, K(L) is finite and thus φL is separable and

K(L) '
g⊕
i=1

(
Z/diZ

)2

for di ∈ Z>0 with di|di+1. See [3, 3.1.4].

Theorem 1.5 (Riemann-Roch). Let (A,L) be a complex polarized Abelian
variety of type (d1, . . . , dg). Then,

h0(L) =

g∏
i=1

di.

In particular, L is a principal polarization if and only if di = 1 for all i.

Proof. See [3, 3.6.1].

Definition 1.6. Let k be an algebraically closed field. Let A be an Abelian
variety over k and let L be an ample line bundle on A We define the degree
of the polarization L to be the product d1 · · · dg.

In the following, we will see that in this work the degree of polarization
is chosen so that it is a square root of the degree of the polarizing isogeny.

1.2 Divisors and Intersection Numbers.

Let X be a smooth projective algebraic variety of dimension n. The group of
Weil divisors on X is the free group generated by the closed subvarieties of
codimension one on X. It is denoted by Div(X).

Let D1, . . . , Dn ∈ Div(X) be effective irreducible divisors with the prop-
erty that dim(∩iDi) = 0. Choose local equations f1, . . . , fn for D1, . . . , Dn in
a neighborhood of a point x ∈ X. The (local) intersection index of D1, . . . , Dn

at x is
(D1, . . . , Dn)x = dimk(OX,x/(f1, . . . , fn))

This dimension is always finite and does not depend on the selected local
equations. We define the intersection index (or number) of D1, . . . , Dn to be

(D1, . . . , Dn) =
∑
x∈X

(D1, . . . , Dn)x.
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If the Di intersect transversally, that is, if each (D1, . . . , Dn)x is either 0 or
1, then (D1, . . . , Dn) actually counts the number of points in (D1∩ · · · ∩Dn).

We extend this definition linearly to any n divisors. This number depends
only on the linear equivalence classes of the divisors, it is symmetric and
multilinear. In addition, if the Di are effective and they meet transversely,
then (D1, . . . , Dn) = #D1 ∩ · · · ∩Dn.

Theorem 1.7. Let X and Y be smooth projective varieties of dimension n,
and let f : X → Y be a finite morphism. Let D1 . . . Dn ∈ Div(Y ). Then

(f ∗D1, . . . , f
∗Dn) = deg(f) · (D1, . . . , Dn).

Proof. See [25, 2,II.6]

If Z ⊂ X is a subvariety of dimension s and D1, . . . , Ds are divisors on X,
then we can define the intersection number (D1, . . . , Ds·Z) := (D1|Z , . . . , Ds|Z).
Moreover, we denote by (Dn) the self intersection of the divisor D, n times.
The most important case is when Z is a curve. Moreover, we define the degree
of a subvariety with respect to a divisor:

Definition 1.8. Let X be a projective variety, let i : Z → X be a subvariety
of dimension s, and let D ∈ Div(X). The degree of Z with respect to D is
defined to be

degD(Z) = (i∗(D), . . . , i∗(D)︸ ︷︷ ︸
s times

) = (i∗(D)s).

In terms of intersection numbers, we have the following geometric Riemann-
Roch Theorem for Abelian varieties:

Theorem 1.9 (Riemann-Roch for Abelian varieties). Let A be an Abelian
variety of dimension n, let D be a divisor on A and let χ(D) := χ(OA(D))
be its Euler characteristic. Then

χ(D) =
(Dn)

n!
χ(D)2 = deg φOA(D)

Proof. See [25, p.140]

1.3 Abelian subvarieties and the endomorphism

algebra.

Let f : A → B be a homomorphism. By pulling back line bundles, we
get a homomorphism f∨ : B∨ → A∨. In particular, if A = B, for every
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endomorphism of A we obtain an endomorphism of A∨. Assume that A
has a polarization L and let f ∈ End(A). We define an (anti)involution of
EndQ(A), called the Rosati involution:

† : EndQ(A)→ EndQ(A)

f 7→ f † := φ−1
L f

∨φL.

In fact, R = EndQ(A) is a semisimple finite-dimensional algebra over Q.
Moreover, a finite-dimensional Q-algebraR is simple if and only ifR 'Mn(∆)
where n ≥ 1 and ∆ is a finite-dimensional division Q-algebra.

There exists a result of Albert classifying the possibilities for ∆. See [35,
8.5.4].

In the next section, we will study the degree of an endomorphism. First,
we need the following:

Definition 1.10. An Abelian subvariety X of an Abelian variety A is a closed
irreducible subvariety of A that is also an algebraic group by inheriting the
group structure of A. Over C, if A = Cn/Λ, an Abelian subvariety is given by
a vector subspace W ≤ Cn such that W ∩ Λ is a lattice in W ; the subgroup
X = W/W ∩ Λ is thus an Abelian subvariety of Cn/Λ. If L is an ample line
bundle on A, then the restriction L|X is ample on X. Thus, every Abelian
subvariety of an Abelian variety with a polarization inherits the structure of
a polarized Abelian variety.

Definition 1.11. An Abelian variety is simple if it does not contain an
Abelian subvariety distinct from itself and zero.

To every Abelian subvariety X of (A,L) we can canonically associate an
Abelian subvariety called the Abelian complement of X in A with respect to
the polarization L. This is an Abelian subvariety of A such that its intersec-
tion with X is finite.

Theorem 1.12 (Poincaré’s Complete Reducibility Theorem). Let X be an
Abelian subvariety of A, and let Y denote the Abelian complement of X. Then
the addition map X × Y → A is an isogeny whose kernel is isomorphic to
X∩Y . Moreover, this shows that A is isogenous to a product Xm1

1 ×· · ·×Xms
s ,

where the Xi are simple Abelian varieties not isogenous to each other.

Proof. See [3, 5.3.7].

As a consequence, dimX + dimY = dimA. Moreover, we have a descrip-
tion of endomorphisms of Abelian varieties, in terms of simple algebras.

Corollary 1.13. For A simple, the ring EndQ(A) is a division ring. For
any Abelian variety A, if A = Xn1

1 × · · · ×Xnr
r with Xi simple and pairwise
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non-isogenous, then

EndQ(A) =
r⊕
i=1

HomQ(Xni
i , X

ni
i ) =

r⊕
i=1

Mni
(EndQ(Xi))

where EndQ(Xi) is a division ring.

Remark 1.14. Let X be an Abelian subvariety of the principally polarized
Abelian variety (A,L), and let Y the Abelian complement of X with respect
to L. If n = dimX ≤ dimY = m and the type of X is (d1, . . . , dn) then
for Y the type is (1, . . . , 1, d1, . . . , dm) where the number of 1’s is m − n. It
follows that χ(L|X) = χ(L|Y ), are both equal to the product d1 · · · dm.

Moreover, let X1, X2 be Abelian varieties with polarizations L1,L2 of
degrees d1, d2, respectively. Then p∗1L1 ⊗ p∗2L2 is a polarization on X1 × X2

of degree d1d2. In the next section, we will generalize this fact.

To simplify our study, we define the following:

Definition 1.15. Let (A,L) be a polarized Abelian variety and let S be an
Abelian subvariety of A of dimension d. We define the reduced degree of S to
be

degr(S) := χ(L|S) =
(L|S ′d)
d!

,

where (L|S ′d) is the intersection number S · Ld.

For simplicity of the calculations, we consider the Euler characteristic of
the line bundle associated to the restricted line bundle. We recall that from
Riemann-Roch Theorem, for a divisor D on A, its Euler χ(D) is the square
root of deg φOA(D).

1.4 Degree of an endomorphism and complex

multiplication.

In this section, we briefly review some useful results on the degrees of en-
domorphisms of Abelian varieties. We are especially interested in the en-
domorphisms of the self-product of an Abelian variety, which are related to
semisimple algebras and norms. For this theory, we consult [35].

The following results are the simplest cases. However, they are illustrative
enough to be considered.

Proposition 1.16. Let A be an Abelian variety of dimension g. For every
positive integer n, the degree of multiplication [n]X : X → X by an integer is
n2g.



1.4. DEGREE AND COMPLEX MULTIPLICATION 13

Proof. [20, Proposition 1.5.17]

Proposition 1.17. Let X be an Abelian variety of dimension g. If α ∈
Mn(Z) then the induced endomorphism [α]X : Xn → Xn has degree det(α)2g.

Proof. If det(α) = 0 then it is readily seen that [α]X has an infinite kernel,
so by convention we have that its degree is zero. Now assume det(α) 6= 0.
Let {v1, . . . , vn} be the ordered basis of Zn in which α is written. By the
theory of elementary divisors, there exist a symplectic basis of X which in-
duces an ordered basis {f1, . . . , fn} for Zn and a sequence of nonzero in-
tegers (m1, . . . ,mn) such that α(vi) = mifi and S, T ∈ GLn(Z) be the
matrices with α = SBT , where B = diag(m1, . . . ,mn) be the diagonal
matrix with coefficients mi is the rational representation of [α]X . Then
[S]X , [T ]X are automorphism of Xn and [B]X : Xn → Xn is given by
(x1, . . . , xn) 7→ (m1x1, . . . ,mnxn), has degree (m1 · · ·mn)2g = det(α)2g.

This result is particularly useful for the endomorphisms of a general ellip-
tic curve E. In fact, Kani in [18, Cor. 65] proved that deg([α]E) = det(α)2

when g = 1 and n = 2, using an explicit description of the degrees. This
description can be obtained by using an explicit isomorphism between the
Néron-Severi group of E2 and the group Z2 ⊕ End(E). Guerra in [11] used
this idea to find the characterization of elliptic curves of bounded degree in
an Abelian variety.

We will generalize Proposition 1.17 for an elliptic curve with complex
multiplication and n = 1. Let NmC/Q be the norm defined as the determinant
of a matrix, as follows

NmC/Q(a+ bi) =

∣∣∣∣∣∣∣∣
a −b

b a

∣∣∣∣∣∣∣∣ .
Proposition 1.18. Let E be an elliptic curve over C with complex multipli-
cation by the ring of integers RK

∼= End(E) of a quadratic imaginary field
K. For all α ∈ RK the endomorphism [α] : E → E has degree |NmK/Q(α)|

Proof. [32, Cor. 1.5]

Let k be a field and X an Abelian variety defined over k. For m an integer,
let Xm denote the group of m-torsion points of X. Let p be a prime number
different from the characteristic of k. Let Tp(X) denote the projective limit
of the groups Xpl with respect to the map

Xpl+1 → Xpl ,

induced by multiplication by p. That is,

Tp(X) = lim←−Xpl ,
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called the p-adic Tate module of X over the p-adic integers Zp.

Theorem 1.19. Let f be an endomorphism of an Abelian variety X of di-
mension g, and Tp(f) the induced endomorphism of Tp(X) (p 6= char k).
Then

deg f = detTp(f),

hence
deg(n · 1X − f) = P (n),

where P (t) is the characteristic polynomial, det(t − Tp(f)) of Tp(f). The
polynomial P is monic of degree 2g, has integral coefficients, and P (f) = 0.

Proof. [25, Theorem IV.4]

The function f → det(Tp(f)) extends uniquely to a norm Nm of degree 2g
on the semisimple Qp-algebra Qp⊗Z End(X), where Qp is the field of fraction
of Zp.

In general, we can relate the degree of a homomorphism with some induced
determinant using that the algebra of endomorphisms of an Abelian variety
is a semisimple algebra. The construction is a little bit trickier for non-
commutative division algebras than for the commutative case, because it is
not possible to define the determinant a priori. For a detailed construction,
see [35, 8.5] or [25, IV].

LetR be a simple finite dimensional Q-algebra with center Z, thenR 'Mr(∆)
for ∆ a finite dimensional division ring over Q and we let m denote the Schur
index of ∆.

First, we define the reduced norm for a finite dimensional simple Q−algebra
R 'Mr(∆) to Q. Let Z be the center of ∆ and choose an extension field F of
Z, such that there is an isomorphism ι : F ⊗Z R→Mrm(F ) of F−algebras.
Then for a α ∈ R let NrdR/Z(α) the determinant of the image of 1⊗α under
the isomorphism ι.

We define the norm from Z to Q as follows: let σ1, . . . , σt be the distinct
embeddings of Z into C. For α ∈ Z then NrZ/R(α) :=

∏t
i=1 σi(α).

Finally, we define the reduced norm from R to Q by the composition
NrdR/Q(·) := NrZ/Q(◦) NrR/Z(·).

The decomposition of the abelian variety A = Xn1
1 × · · · × Xnr

r with Xi

simple and pairwise non-isogenous, allows us to decompose the division ring

EndQ(A) = R1 × · · · ×Rr,

where Ri =Mni
(EndQ(Xi)) and NrdRi/Q(·) is the reduced norm from Ri to

Q as above, for every 1 ≤ i ≤ r.

Corollary 1.20. Let f be an endomorphism of A as above, then

deg(f) =
r∏
j=1

NrdRi/Q(fj)
sj =

r∏
j=1

det(fj)
sj ,
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where f = (f1, . . . , fr) and some sj ≥ 1 with 1 ≤ j ≤ r.

Corollary 1.21. Let X be a simple Abelian variety of dimension g, Z the
center of the algebra R = EndQ(X), [Z : Q] = e, [EndQ(X) : Z] = d2, then
ed divides 2g. Moreover, for A = Xn, let f be an endomorphism of A. Then

deg(f) = NrdR/Q(f)2g/ed.

Note that for an Abelian variety of dimension g such that EndQ(X) = Q
we recover Proposition 1.17.

Proposition 1.22. Let X be a simple principally polarized Abelian variety
with endomorphism algebra EndQ(X) and let n be a positive integer. If α ∈
Mn(K) then [α]X : Xn → Xn has degree |NmK/Q(det(α))|.

Proof. See [9, 7]
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Chapter 2

The Grassmannian and the
Stiefel manifold

In this section, we will introduce the Grassmannian. We use [31] and [13] as
references. We will describe some properties and results that will be useful
in what follows. While a projective space gives a geometric structure to the
set of one-dimensional subspaces of a vector space, a Grassmann variety does
this for the set of n−dimensional subspaces, for n fixed.

The Grassmannian may be viewed from differential and algebraic pers-
pectives and appears in multiples contexts. Additionally, there are several
ways to develop this object. In particular, we are interested in its construction
from the Stiefel variety, which will appear naturally in our study of Abelian
subvarieties.

Let K be an algebraically closed field, V a g−dimensional vector space
over K.

Definition 2.1. Let n be a positive integer such that n < g. The Grassman-
nian Gr(n, V ) is defined to be the set of n−dimensional linear subspaces of
V . That is,

Gr(n, V ) := {W ⊂ V : W is a linear subspace, dimW = n}.

We will sometimes write Gr(n,Kg) instead.

Let us assume that some basis has been chosen in the vector space V . Let
W be an n−dimensional linear subspace of V and let us choose an arbitrary
basis v1, . . . , vn of the subspace. The vector vi has coordinates vi1, . . . , vig
(i = 1, . . . , n) in the chosen basis of the space V , which can be arranged in
the form of a matrix M of order g × n. Then, given W ∈ Gr(n, V ) we may
represent it by a set of n column vectors in Kg spanning W , that is by a g×n

17
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matrix

[W ] :=


v11 · · · v1n

...
...

vg1 · · · vgn

 ∈Mg×n(K).

Definition 2.2. We define the (non-compact) Stiefel variety as

St(n,Kg) := {M ∈Mg×n(K) : rank(M) = n} .

Note that St(n,Kg) is an open subset ofMg×n(K) as the preimage of the
open set K \ {0} under the continuous map M 7→ det(M tM). Clearly any
such matrix represents an element of Gr(n,Kg) and any two such a matrices
A,A′ represent the same element of Gr(n,Kg) if and only if Aσ = A′ for
some σ ∈ GL(n,K). Then, there is a right action of the general linear group
GL(n,K) on St(n,Kg).

Moreover, there is a natural projection

p : St(n,Kg)→ Gr(n,Kg)

from the Stiefel variety St(n,Kg) to the Grassmannian of n−dimensional
subspaces in Kg which sends a matrix with maximal rank to the subspace
spanned by the columns of the matrix and Gr(n,Kg) can be identified with
the set of orbits St(n,Kg)/GL(n,K). For more details on this construction,
we recommend [31, 10].

Since the number of columns of a matrix M is equal to n, a minor of
order n is uniquely defined by the indices of its rows. Let I = {i1, . . . , in} ⊂
{1, . . . , g} with i1 < · · · < in. We denote by WI the n× n submatrix of [W ]
formed with the ith rows, for i ∈ I. The determinant of these matrices are
called the Plücker coordinates of the n-dimensional subspace W ⊂ V . Let us
denote by N =

(
g
n

)
the number of all the combinations of such indices.

We assign to a subspace W the vector (det(WI))I . The condition of linear
independence of the vectors vi implies that the rank of the matrix M is equal
to n, so at least one of its minors of order n is nonzero. These coordinates
characterize the subspace:

Theorem 2.3. The Plücker coordinates of a subspace W ⊂ V uniquely de-
termine the subspace.

Proof. [31, Theorem 10.2]

These minors cannot take arbitrary values. Therefore, it is possible to
describe the relations satisfied by the Plücker coordinates for an arbitrary
subspace of dimension n on Kg, although it may not be straightforward to
calculate them.
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Theorem 2.4. For every n-dimensional subspace W of a g-dimensional
space V and for any two sets (j1, . . . , jn−1) and (k1, . . . , kn+1) of indices taking
the values 1, . . . , g, such that j1 < · · · < jn and k1 < · · · < kn, the following
relationships hold:

n+1∑
`=1

(−1)` det(Wj1,...,jn−1,k`) det(Wk1,...,k̂`,...kn+1
) = 0,

where j1, . . . , ĵ`, . . . jn+1 denotes the sequence j1, . . . , jn+1 with the term j`
omitted. These are called the Plücker relations.

Proof. [31, 10.4].

The relations are homogeneous of degree 2 with respect to the numbers
WI . Moreover, they define a projective variety in PNK called the Grassmannian
variety, where N =

(
g
n

)
− 1. In fact, we can define the embedding known as

the Plücker map or Plücker embedding, given by

P : Gr(n,Kg)→ PNK ,
〈v1, . . . , vn〉 7→ [(det(WI))I ],

where I = {i1, . . . , in} with 1 ≤ i1 < · · · < in ≤ g.
When dim(V ) = 4, and n = 2, for example, the above reduces to a single

equation. Denoting the coordinates of P5
K by a12, a13, a14, a23, a24, a34, the

image of Gr(2, V ) under the Plücker map is defined by

a12a34 − a13a24 + a23a14 = 0.

In general, as we saw in the theorem above, many more equations are needed
to define the Plücker embedding of a Grassmannian in projective space. De-
spite that we can say more about the Grassmannian:

Theorem 2.5. Gr(n, V ) is a non-singular variety of dimension n(g − n).

Proof. [13, Part I.6]

Proposition 2.6. Let G(n, V ) be the Grassmann variety parametrizing sub-
spaces of dimension n of a vector space V of dimension g. Then its degree
δ(n, g) with respect to the Plücker embedding is given by

δ(n, g) =
(n(g − n))!

∏
1≤k≤n−1 k!∏

1≤k≤n(g − k)!
.

Proof. [15, Corollary 0.3]
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Chapter 3

Topics in Diophantine
Geometry

In this section, we briefly introduce some general results from Diophantine
geometry. The relevance of this approach lies in the fact that our objective
can be translated to the study of a norm in a division algebra, as we saw in
Section 1.4. In the particular case of a number field, it reduces to the study
of heights in projective space.

For the general theory of heights in Diophantine geometry, we consult
[26], [19] and [22].

3.1 Height in projective space.

First, we need to introduce and fix some notation and definitions due to the
existence of several definitions of height functions, without mentioning the
exponential and logarithmic version of each one of them.

There is a natural way to measure the size of a rational point a/b written
in lowest terms, as the maximum between |a| and |b|. To move to projective
space, we define the classical or naive height, which is defined in terms of
ordinary absolute value on homogeneous coordinates. Namely, the height of
a point P ∈ PmQ is defined by writing P = [x0 : · · · : xm] with x0, . . . , xm ∈ Z
and gcd(x0, . . . , xm) = 1 and setting

H(P ) = max{|x0|, . . . , |xm|}.

Let t a positive real number. It is easy to see that there are only finitely many
points P ∈ PmQ with height H(P ) ≤ t by a simple calculation. Although this
fact is simple, it is nevertheless important.

This notion of height can be generalized to number fields. Let K be a
number field of degree d over Q. If two absolute values define the same
topology, they are called equivalent. A place v is an equivalence class of
non-trivial absolute values.

Let L be an extension of K and v a place of K. For a place v of L, we
write v|u if the restriction to K of any representative of v is a representative

21
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of u. We say that v extends u.

We write Kv for the extension field of K which is the completion of K
with respect to v. We recall that the places of Q are indexed by the prime
number and ∞ and their associated completions are the p-adic numbers and
the real numbers, respectively.

Then Kv is a local field and a finite extension of Qu. For the local degree
at the place v we write dv = [Kv : Qu]. We also write Qv for the closure of Q
in Kv. Moreover, we have ∑

v|u

dv = d = [K : Q]

(see [5, 1.3.2]).

Proposition 3.1. Let L/K be a finite-dimensional Galois extension with
Galois group G = Gal(L/K) and let | · |w0, | · |w be absolute values on L
extending | · |v . Then there is an element σ ∈ G with |x|w = |σ(x)|w0 for
x ∈ L. The completions Lw and Lw0 are isomorphic over Kv. However, they
need not be isomorphic over L.

Proof. [5, 1.3.5].

For α ∈ K we define the norm as

NK/Q(α) =
∏
v|u

NKv/Qu(α),

where the sum and product are over the set of all places v of K such that
v|u. See [5, 1.3.7].

If u is a place of Q then at each place v of K such that v|u we define

‖x‖v := |NKv/Qu(x)|dvu for x ∈ K.

Let MK be the set of all non-trivial inequivalent absolute values on K
such that the set

{| · |v ∈MK : |x|v 6= 1}

is finite for any x ∈ K \ {0}. Thus MK contains an archimedean absolute
value for each embedding of K into R or C and a p−adic absolute value | · |p
for each prime ideal in the ring of integers of K. We identify the elements of
MK with the corresponding places. For each non-zero rational number x, we
have ∏

v∈MK

|x|v = 1,

This is known as the product formula.
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Definition 3.2. In this context, the height of a point P = [x0 : · · · : xm] ∈
PmK is defined by

HK(P ) =
∏
v∈MK

max{‖x0‖v, . . . , ‖xm‖v}.

We call HK the multiplicative height of P .

Lemma 3.3. Let K be a number field and let P ∈ PmK be a point.

1. The height HK(P ) is independent of the choice of homogeneous coordi-
nates for P .

2. HK(P ) ≥ 1 for all P ∈ PmK.

3. Let K ′ be a finite extension of K. Then

HK′(P ) = HK(P )[K′:K].

4. When K = Q, the multiplicative height HQ(P ) = H(P ) is the naive
height.

Proof. See [5, Chap. 1].

Theorem 3.4 (Northcott). Given t ∈ R≥0, there are only finitely many
P ∈ PmK with HK(P ) ≤ t.

Proof. See [26].

The set of K−rational points on PmK of height bounded by t, and asymp-
totics for its cardinality were found by Schanuel [28] in 1979. He obtained the
estimate CK,mt

m+1 for some constant depending only on m and on classical
invariants of K: the discriminant, class number, regulator and roots of unity
contained in K.

Theorem 3.5 (Schanuel). Let K be a number field of degree d over Q, then

#{P ∈ PmQ : HK(P ) ≤ t} = CK,mt
m+1 +O(tm+1−1/d).

The constant CK,m is given explicitly by

CK,m =
hKRK/wK
ζK(m+ 1)

(
2r1(2π)r2√

∆K

)m+1

(m+ 1)r1+r2−1

where

• ∆K is the absolute value of the discriminant DiscK of K, hK is the
number of ideal classes of K.
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• RK is the regulator of K.

• wK is the order of the group of unity in K.

• r1, r2 are the number of real and complex embbedings, respectively, of Q
to K, that is [K : Q] = r1 + 2r2.

• ζK is the Dedekind zeta function.

Proof. See [28, Theorem 1].

We recall that the O-notation means that we can approximate the number
of points by calculating CK,mt

m+1 and the error will be bounded from above
by a positive constant muliple of tm+1−1/d as t goes to infinity.

In the special case K = Q we have that ∆Q = r1 = RQ = hK = 1, wK = 2,
r2 = 0 and ζK is the Riemann zeta function. By the theorem,

#{P ∈ PmQ : H(P ) ≤ t} =
2m

ζ(m+ 1)
tm+1 +O(tm).

Since

ζ(m+ 1) = 1 + 2−(m+1) + 3−(m+1) + · · · =
∞∑
n=1

1

nm+1
,

then

#{P ∈ PmQ : H(P ) ≤ t} ≤ 2mtm+1 +O(tm).

Also, we will be interested in the quadratic case, that is d = 2. Despite the
fact that we have an estimate, the constant CK,m can be difficult to calculate.
Fortunately, in some cases we can give a uniform constant, which avoids the
terminology of algebraic number theory.

For instance, the constant can be rewritten as

CK,m = Ress=1(ζK)

(
2r1(2π)r2√

∆K

)m
(m+ 1)r1+r2−1

ζK(m+ 1)
,

where Ress=1(ζK) is the residue of ζK at s = 1. Then we can apply some
inequalities from number theory, for example [21, Theorem 1]

Ress=1(ζK) ≤ e log(∆K)

2
.

However, Schmidt in [30] gives some explicit bounds, which may be more
interesting in our context. Let K be a number field of degree d over Q, we
denote by d(P ) the degree of the extension of Q by adjoining the quotients
xi/xj, for 0 ≤ i, j ≤ n, xj 6= 0, where P = [x0 : · · · : xm]. Schmidt proved:

Z(K, d,m, t) := #{P ∈ Pm(K) : d(P ) = d, H(P ) ≤ t} ≤ c1t
d(d+m).
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Theorem 3.6. We have

Z(K, d,m, t) ≤ c2(K, d,m)td+m

c3(K,m)tm+1 ≤ Z(K, d,m, t) when t1(K, d,m) < t,

c4(K, d)td+1 ≤ Z(K, d,m, t) when t2(K, d) < t.

with c2.c3, c4 some positive constants and for some numbers t1(K, d,m), t2(K, d,m).
For K = Q we have the explicit lower bounds

1

4
tm+1 ≤ Z(Q, 1,m, t) when 1 ≤ t,

6−d(d+1)td+1 ≤ Z(Q, d,m, t) when 2 ≤ t.

Proof. [30, Theorem, p.170]

Theorem 3.7. Let K be a number field of degree d over Q, then

#{P ∈ PmK : d(P ) ≤ d, HK(P ) ≤ t} ≤ c1t
d(m+d),

with c1 = c1(m, d) = 2(2d+m)(d+m+10).

Proof. [30, Theorem, p.170]

Now, we will show some technical results that we will need in the next
chapter.

Proposition 3.8. Let φ : PnK → PmK be a rational map of degree η defined
over Q. Let Z ⊂ PnK be the closed subvariety of points where φ is not defined.
Then

1. HK(φ(P )) ≤ CHK(P )η, for all P ∈ PnQ̄, for some constant C.

2. Let X be a subvariety contained in PnK\Z, then HK(φ(P )) = C ′HK(P )η,
for all P ∈ X(Q̄) for some C ′.

The second statement does not hold in general on the whole of PnK \ Z.

Proof. See [14, Theorem B.2.5] which is written in logarithmic notation.

Corollary 3.9. Let τ : PnK → PmK be a linear map defined over Q, given
by (L0, . . . , Lm). Let Z ⊂ PnK be the linear subspace where the L0, . . . , Lm
simultaneously vanish, and let X ⊂ PnK be a closed subvariety with X∩Z = ∅.
Then

HK(τ(P )) = Cτ,XHK(P ), for all P ∈ X(Q̄).

With these arithmetic relations between heights and rational maps, we
can state relations from a Diophantine point of view.
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Proposition 3.10. Let X ↪→ PnK be a projective variety of degree δ (with
respect to the universal bundle) and dimension ρ. Then

N(X, t) := #{P ∈ X(Q) : H(P ) ≤ t} ≤ CXδN(PρQ, t).

Proof. Let Z a linear subspace over Q of dimension n−ρ−1 and disjoint from
X, and let π : PnQ \Z → PρQ be the corresponding linear projection. Consider
a linear automorphism σ ∈ PGL(ρ,Q) such that σ(Z) is the standard linear
subspace Z0 defined by the vanishing of the last n− ρ− 1 coordinates.

Now, we can consider the projection π′ := π ◦ σ−1 : PnQ \ Z0 → PρQ. It
is independent of X, hence all P ∈ PnQ satisfy H(π′(P )) ≤ CXH(P ), with
a constant CX from the previous corollary which is independent of P . The
original projection, π = π′ ◦ σ, thus sends

{P ∈ X(Q) : H(P ) ≤ t}

at most δ : 1 to the set

{P ∈ PρQ : H(σ′ · P ) ≤ CX · t}

where σ′ ∈ PGL(ρ,Q) is a certain element (induced by σ−1). But the last
set is in bijection Q←→ σ′Q with

{P ∈ PρQ : H(P ) ≤ CX · t} = CX#{P ∈ PρQ : H(P ) ≤ t}.

3.2 Heights on Grassmannians.

Although, it is possible to count the number of rational points on the Grass-
mannian with bounded height using the proposition above, there are other
choices for the height which can give us a different estimation using the fact
that the Grassmannian is a Fano variety. See [29].

Let M denote the set of absolute values on Q extending MQ.

Definition 3.11. For x ∈ Qg+1
and u ∈M , we set

Hu(x) :=

maxj |xj|u if u is non-archimedean,(∑n
j=0 |xj|2u

)1/2

if u is archimedean

Let F ⊂ Q be a number field. Then, for x ∈ F g+1 and w ∈MF , we define

Hw(x) := Hu(x)[Fw:Qp]/[F :Q],

where p ∈MQ and u ∈M are such that w|p and u|w.
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Now we define the Arakelov height for P ∈ PgQ(F ) with representative

x ∈ F g+1 by

hAr(P ) :=
∑
w∈MF

logHw(x)

and the multiplicative Arakelov height by HAr(P ) := exp(hAr(P )).

Let W be an n−dimensional subspace of Qg
. The nth exterior power

∧nW is a one-dimensional subspace of ∧nQg
. Therefore, we may view W

as a point PW of the projective space P(∧nQg
). The latter may be identified

with projective space of dimension
(
g
n

)
− 1 by using standard coordinates.

Definition 3.12. hAr(W ) := hAr(PW ) is called the Arakelov height of W .

Let A be a matrix in St(n,Qg
). Then the Arakelov height hAr(A) of A is

defined as the Arakelov height of the subspace of Qn
spanned by the columns

of A.

We can give a more explicit definition for hAr(A). We already know that
the point in PNQ , where N =

(
g
n

)
− 1, corresponding to A is given by the co-

ordinates det(AI), where I ranges over all subsets of {1, . . . , g} of cardinality
n. Let F ⊂ Q be a number field containing all entries of A and set

Hu(A) :=

{
maxI | det(AI)|u if u is non-archimedean,

(
∑

I | det(AI)|2)
1/2

if u is archimedean

Now, for w ∈MF , we set for an g × n matrix of rank n

Hw(A) = Hu(A)[Fw:Qp]/[F :Q],

where p ∈MQ and u ∈M are such that w|p and u|w. Then

hAr(A) =
∑
w∈MF

logHw(A).

It is clear that hAr(AG) = hAr(A) for any matrix G ∈ GL(n,Q).

Proposition 3.13. Let u ∈M be an archimedean place. Then

Hu(A) := | det(A∗A)|1/2u

where A∗ = A
t

is the conjugate transpose.

Proof. This follows from the Binet formula

det(A∗A) =
∑
I

| det(AI)|2.
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The Picard group Pic(Gr(n,Kg)) is isomorphic to Z and it is generated by
the line bundle L = P∗O(1), where P is the Plücker map. The anticanonical
bundle is ω−1 = L⊗g. Then Gr(n,Kg) is Fano and allows one to define
an anticanonical height function H = Hω−1 on Gr(n,Kg)(Q) the set of Q−
rational points.

Let B ∈ Gr(n,Kg). The covolume of the lattice ΛB =< {b1, . . . , bn} > is
given by

covol(ΛB) =
√

det(〈bi, bj〉)i,j =
√

det(BtB),

where B = (b1 . . . bn) is the matrix whose columns are the vectors bi. Then
we define H(B) = covol(ΛB)g. Schmidt [29] has shown that:

Proposition 3.14. For any 1 ≤ n ≤ g − 1

#{B ∈ Gr(n, g)(Q) : H(B) ≤ t} = cn,gt
g +O(tg−max{ 1

n
, 1
(g−n)

}),

where

cn,g =
1

g

(
g

n

)
V (g)V (g − 1) · · ·V (g − n+ 1)

V (1)V (2) . . . V (n)

ζ(2) · · · ζ(n)

ζ(g) · · · ζ(g − n+ 1)

and V (m) denotes the volume of the unit ball in the Euclidean space Rm, for
any m ∈ N.

Thunder in [33] has shown a generalization of the Schmidt’s asymptotic
formula, where the subspaces of Qm are replaced by d-dimensional subspaces
of Kn, where K is an algebraic number field of degree d over Q.

Proposition 3.15. For any 1 ≤ n ≤ g − 1

#{B ∈ Gr(n, g)(K) : H(B) ≤ |∆|n/2t} = a(n, g)tg +O(tg−max{ 1
dn
, 1
d(g−n)

}),

where a(n, g) is a positive constant.

Proof. [33, Theorem 1]



Chapter 4

Counting Abelian Subvarieties

As we said in the previous chapter, the aim of this work is to study the
behavior of the number of Abelian subvarieties for a polarized Abelian variety
of a given dimension and bounded (reduced) degree.

In a succession of papers, Guerra has investigated the number of elliptic
curves on a polarized Abelian variety A by their degrees, for example in [10],
[11] and [12]. He denotes by NA(t) the number of elliptic curves in A with
degree bounded by t. This problem was studied by Bolza and Poincaré [27]
in dimension two, and by Tamme [34] and Kani for Jacobian varieties [16].

The reason to define this number for arbitrary Abelian varieties is due to
the following classical result proved by Birkenhake and Lange:

Theorem 4.1. For any positive integer e there are only finitely many Abelian
subvarieties of A of exponent less than or equal to e.

Proof. [4, 4.1]

The theorem above implies that NA(t) is finite, since the exponent divides
the degree of an Abelian subvariety.

Definition 4.2. Given a polarized Abelian variety (A,L), let us denote by

NA(t, n) = #{S is an abelian subvariety of A : dimS = n, χ(L|S) ≤ t},

the number of Abelian subvarieties of A with dimension n > 1 and reduced
degree at most t.

This function has some pleasant properties. It is clear that NA(t, n) is an
increasing function with respect to t. Moreover, we have the following:

Proposition 4.3. For a principally polarized Abelian variety,

NA(t, n) = NA(t, g − n),

since an Abelian subvariety and its Abelian complement have the same reduced
degree.

29
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Proof. This is a consequence of Remark 1.14.

For a polarized Abelian variety of dimension g in the moduli space Ag and
integers t and n, we associate the counting function of Abelian subvarieties
of dimension n and reduced degree bounded by t by the following function

N : Ag × N2 → N
(A, t, n) 7→ NA(t, n).

We would like to know where the function N achieves its maximum in the
moduli space Ag. We have good reason to suspect that the maximum is
achieved for a self product of elliptic curves Eg. Unfortunately, we have been
unable to prove this in a general case. We hope to develop this in the future
in order to get a complete answer to this problem.

In section 4.1 we briefly show how Guerra attacked the problem.

In the second section, we will show some reductions to the problem of de-
termining bounds for NA(t, n), then we will study the asymptotic behavior of
the number of Abelian subvarieties of a principally polarized Abelian variety.
Moreover, we can give an upper bound for NA(t, n).

In the following, we will concentrate on the expected maximum case. From
the self product of elliptic curves, we will develop a construction of some as-
sociated variety whose rational points correspond to its Abelian subvarieties
with bounded degree. Auffarth developed a similar idea in his doctoral the-
sis, where he studied some homogeneous forms on the Néron-Severi group.
Instead of following that path, we will study the algebra of endomorphisms
of Eg.

As we saw in the previous chapter, in the study of k−linear subspaces of
a g−dimensional linear space, we defined the Grassmannian. In our context,
we show the relation between the Grassmannian variety Gr(n,Kg) and the
Abelian subvarieties of Eg to characterize the Abelian subvarieties of reduced
degree in terms of endomorphisms of the initial elliptic curve. Then we use
some classical results from Diophantine theory in order to find an estimate
for the asymptotic behavior of NA(t, n).

4.1 Guerra’s Results.

In this section, we will see the principal results obtained by Guerra, counting
elliptic curves and Abelian subvarieties.

For a polarized complex Abelian variety A Guerra studied the function
NA(t) counting the number of elliptic curves in A with degree bounded by t.
Then for n = 1, NA(t) := NA(

√
t, 1).
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4.1.1 Elliptic curves of bounded degree in a polarized
Abelian variety.

The next result refers to the self product A = Ek of an elliptic curve, where
k is greater than 2, endowed with a split polarization

L = m1Θ1 + · · ·+mkΘk,

where Θi denotes the pullback to A of the principal polarization on the ith
factor and the coefficients mi are positive integers. First, we need to define
the following:

• let m be the minimum of the coefficients mi.

• let d be the minimum degree of a non-trivial isogeny E → E.

• let δ be the (negative) discriminant of the degree form on the endomor-
phism group End(E), when the elliptic curve has complex multiplica-
tion.

Theorem 4.4. There is an asymptotic estimate

NEk(t) = Ctr +O(ti),

where r = k if the curve admits no complex multiplication, and r = 2k − 1 if
the curve has complex multiplication, the constant C being given by

2k/(k + 1)

(
√
d)k−1mk

for r = k,
(2π)k−1/k

(
√
−δ)k−1m2k−1

for r = 2k − 1,

and the exponent i being k − 1 for r = k, 2k − 3 + 2e for r = 2k − 1, where
e = 33/104 = 0.317 . . .

Proof. See [11, 1.1]

To get this result, Guerra studied the collection of elliptic curves in an
Abelian variety A, denote by EC(A). He considers the product S×F , where
S is an Abelian variety of any dimension and F is an elliptic curve. He
described the subcollection of elliptic curves which are not entirely contained
in S×{0} or {0}×F . This set is bijectively parametrized by a certain set of
parameter data, which is related to the Néron-Severi group. In terms of this
data, he characterized the degree of an elliptic curve in S × F with respect
to a split polarization.

Then he applied this parametrization to the self product Eg of an elliptic
curve. In this particular case, an estimate of the counting function NA(t)
can be obtained from an asymptotic study of the degree form f 7→ deg(f) on
the group of endomorphisms of the elliptic curve. This counting problem is
related to the number of lattice points in a bounded region in the real plane,
which has been extensively studied in Number Theory.
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More precisely, let S be an Abelian variety, let F be an elliptic curve, and
consider the product Abelian variety A = S×F . We denote, for an arbitrary
Abelian variety, by EC(A) the collection of homology classes γ = [C] in
H2(A,Z) corresponding to elliptic curves C in A.

Denote by Sh := S × {0} and by Fv := {0} × F the horizontal and the
vertical factors in A.

If C is an elliptic curve in A, different from Fv, then D = pr1(C) is an
elliptic curve in S, corresponding to an element γ = [C] in the Néron-Severi
group NS(D × F ). This group is described by an isomorphism

Z2 ⊕ Hom(D,F )
∼−→ NS(D × F ).

Then, he defined the set which parametrizes the set of elliptic curves in
S × F by

D(S × F ) =
{

(u, v; g) ∈ Z2 × Hom′(F, S) : (u, v; g) is primitive,

uv = deg(g), and u+ v > 0
}
,

where (u, v; g) is primitive in the module Z2 × Hom(F, S). He showed [11,
5.1] that there is a bijective correspondence between D(S × F ) and EC(S ×
F ) \

(
EC(Sh) ∪ {[Fv]}

)
induced by the correspondence C defined above.

Now, consider S = E1 × · · · × Ek a product of elliptic curves, endowed
with a split polarization

ΘS = m1Θ1 + · · ·+mkΘk,

where Θi denotes the pullback to A of the principal polarization on the ith
factor and the coefficientsmi are positive integers. Then we have the following
description of the degree function on D(S × F ):

Theorem 4.5. The degree function D(S × F )→ Z is given by

degC(u, v; g) = uD(g) ·Θ + nv.

In the particular case S = E1 × · · · × Ek, one has the expression

degC(u, v; g) =
m1 deg(h1) + · · ·+mk deg(hk)

v
+ nv

where the homomorphism g : F → S is given by a sequence h1, . . . , hk of
homomorphisms hi : F → Ei.

Proof. [11, Theorem 5.2]

Let A = Ek, with k ≥ 2, be the kth self product of an elliptic curve
E, endowed with a split polarization L = m1Θ1 + · · · + mkΘk, where Θi

denotes the pullback to A of the principal polarization on the ith factor and
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the coefficients mi are positive integers. Now, let (Ek−1)h := Ek−1 × {0}
and Ev := {(0, . . . , 0)} × E. Let m be the minimum among the coefficients
m1, . . . ,mk. Using the bijection given above, Guerra studied the number
NEk(t). He obtained

#
{

(u, v; g) ∈ D(Ek) : degC(u, v; g) ≤ t
}
≤ #

{
(v;h1, . . . , hk) : 1 ≤ v ≤ t

m
, deg(hi) ≤ v

t

m

}
≤
∑

1≤v≤ t
m

Φ

(
vt

m

)k−1

,

where Φ(t) is the function which counts endomorphisms of E having degree
bounded by t, where

ΦEk(t) =
∑

1≤v≤ t
m

Φ

(
vt

m

)k−1

.

Then Guerra reduced the problem to the study of Φ.

Lemma 4.6. There is an asymptotic estimate

ΦEk(t) = Ctr +O(ti)

with the same constant C and the same exponents r and i as in Theorem 4.4.

Finally, he used that

NEk(t) ≤ NEk−1(t) + 1 + ΦEk(t)

to get the asymptotic bound.

4.1.2 Abelian subvarieties of bounded degree.

Recently, Guerra generalized his result in the following sense: Denote by the
symbol ASA the collection of all Abelian subvarieties of A. For every positive
integer or real number t, he defined

NA(t) := #{S ∈ ASA : χ(L|S) ≤ t},

which counts the number of Abelian subvarieties S in A such that the Euler
characteristic χ(L|S) is bounded above by t, for the induced polarization L|S.
He makes explicit the relation between the rate of growth of the counting
function NA(t) and the complete decomposition of A up to isogeny into a
product of simple Abelian varieties.

Remark 4.7. Note that NA(t) considers the number of Abelian subvarieties
with reduced degree χ(L|S) bounded by t. Guerra considers the degree for
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the elliptic curves and the reduced degree to count the number of Abelian
subvarieties.

In order to get the asymptotic estimation of those Abelian subvarieties
with degree bounded by t, it is sufficient to consider NA(

√
t), given that

deg(φL|S) = χ(L|S)2 ≤ t if and only if degr(S) = χ(L|S) ≤
√
t.

Assume that the complete decomposition of A is given by an isogeny

A ∼ Bk1
1 × · · · ×Bkq

q ,

where B1, . . . , Bq are simple Abelian varieties, mutually non-isogenous, and
where k1, . . . , kq are positive integers. Define the integers:

• k, the maximum among the multiplicities kj , and

• h the maximum rank of an endomorphism group End(Bj).

In terms of this data, in [12] Guerra proved the following:

Theorem 4.8. There is an asymptotic estimate NBk(t) = O(tq(kh+2)(k−1)).

Corollary 4.9. Let E be an elliptic curve and g a positive integer. There is
an asymptotic estimate NEg(t) = O(t(g+2)(g−1)).

The strategy used to obtain these results is adjusting the method of his
previous papers to the general situation as follows: Let (A,Θ) and (A′,Θ′) be
polarized Abelian varieties, with A simple. Let n be the dimension of A and
consider the product A × A′ with the natural projections p, p′ and endowed
the split polarization L = p∗Θ + p′∗Θ′.

In order to reduce the problem, he found the following inequality

NA×A′(t) ≤ NA(t)NA×A′/p(t2),

where

NA×A′/p(t) := #{S ∈ ASA×A′ : p|S : S → A is an isogeny and χ(L|S) ≤ t}.

Then Guerra found an asymptotic estimation to the cardinality of this
set in terms of the rank h of homomorphism from A to A′. Finally, given
an asymptotic estimation NA′(t) = O(tr) Guerra proved that NA×A′(t) =
O(tr+2(h+1)).

4.2 Reductions of the problem.

In this section, we will exhibit a few reductions of the problem in order to be
able to estimate the number of Abelian subvarieties of a given decomposable
Abelian variety.
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4.2.1 Behavior under isogenies.

Let A and B be Abelian varieties, and let φ : B → A be an isogeny of degree
d. Let L be a polarization on A and consider on B the pullback polarization
φ∗(L). There is a one to one correspondence between the Abelian subvarieties
of A and Abelian subvarieties of B.

Proposition 4.10. Let A and B be Abelian varieties as above, then

NA(t, n) ≤ NB(dt, n) and NB(t, n) ≤ NA(t, n).

Proof. Given an Abelian subvariety S ⊂ A the corresponding S∗ in B is the
connected component of 0 in the pre-image φ−1(S). The restricted isogeny
S∗ → S has degree dS a divisor of d. With respect to the polarization, one
has χ((φ∗L)|S∗) = dSχ(L|S). So there is the chain of inequalities,

χ(L|S) ≤ χ((φ∗L)|S∗) ≤ dχ(L|S).

It follows that the functions counting Abelian subvarieties in A and in B are
related by the inequalities NA(t, n) ≤ NB(dt, n) and NB(t, n) ≤ NA(t, n).

In addition to the Poincaré Complete Reducibility Theorem 1.12, the fol-
lowing classical result concerning isogenies will give us necessary information
to simplify our problem.

Proposition 4.11. Every polarized Abelian variety is isogenous to a princi-
pally polarized Abelian variety.

Proof. See [6, 6.17]

Remark 4.12. As a consequence of this and Poincaré’s Complete Reducibil-
ity Theorem, we can reduce the study of the asymptotic behavior of the
number of Abelian subvarieties to a product of simple principally polarized
Abelian varieties.

4.2.2 Simple Abelian varieties.

Let A be an Abelian variety. By the Poincaré Complete Reducibility Theo-
rem and Proposition 4.11, there exist simple principally polarized Abelian
varieties (Xi,Li) and integers ni such that A is isogenous to the product
Xn1

1 × · · · × Xnr
r which is endowed with a polarization Θ = � θi, where

θi = π∗i (Li) and πi is the projection to the i-th factor.
From now on, we reduce the problem to A = Xn1

1 × · · · ×Xnr
r where each

Xi is simple and principally polarized. Additionally, we can reduce the study
of Abelian subvarieties of dimension n to the particular case when dimXi ≤ n
for 1 ≤ i ≤ r, given that we are assuming Xi simple.
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Therefore, we have the following equality:

Proposition 4.13. Let (A,L) = (Xn1
1 × · · · × Xnr

r ,� θi) be a principally
polarized Abelian variety as above and t, n positive integers.Then

NA(t, n) ≤
∑

(m1,...,mr)∑r
i=1mi dimXi=n

mi≤ni

−
r∏
i=1

NX
ni
i

(t,mi dimXi)).

Proof. Let Y be an Abelian subvariety of A of dimension n and degree d ≤ t.
Then we can find some integers mi such that

Y ∼ Xm1
1 × · · · ×Xmr

r ,

with 0 ≤ mi ≤ ni for every i and
∑r

i=1 mi dimXi = n. Then, the factor
Xmi
i is an Abelian subvariety of Xni

i whose reduced degree respect to Li is
denoted by ti for some integers ti for every 1 ≤ i ≤ r. Thus, Y will have
reduced degree t1 . . . tr = d, in particular ti ≤ t.

Remark 4.14. Let (A,L) be a polarized Abelian variety. From the Poincaré
Reducibility Theorem, there exist Xi simple and pairwise non-isogenous such
that

f : (Xn1
1 × · · · ×Xnr

r , f
∗L)→ (A,L)

is an isogeny of degree d and where f ∗L = L�n1
1 × · · · × L�nr

r and Li = L|Xi
.

Now, from Proposition 4.11, there exists an isogeny of degree d′ of polarized
Abelian varieties

h : X̃1
n1 × · · · × X̃r

nr → Xn1
1 × · · · ×Xnr

r ,

such that h∗(f ∗L) ≡ (L′)p with L′ a principal polarization and some integer
p. Then, there exists an isogeny

γ : X̃1
n1 × · · · × X̃r

nr → A,

of degree d′ such that γ∗L ≡ (L′)q for some integer q.
If X ⊂ A is an Abelian subvariety of reduced degree t, that is χ(L|X) = t,

then
χ(γ∗L|γ−1(X)0) = deg γ|γ−1(X)0χ(L|X) ≤ d′χ(L|X).

Finally,

qdimX(L′|γ−1(X)0)
dimX

(dimX)!
=

(γ∗L|γ−1(X)0)
dimX

(dimX)!

=χ(γ∗L|γ−1(X)0)

≤d′χ(L|X).
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In consequence,
qdimXχ(L′|γ−1(X)0) ≤ d′χ(L|X),

the reduced degree of γ−1(X)0 with respect to L′ is less or equal to

d′

qdimX
t ≤ d′t.

In terms of the counting function,

NA(t, n) ≤ NX̃1
n1×···×X̃r

nr (d′t, n),

where NX̃1
n1×···×X̃r

nr is counting with respect to the principal polarization L′.
Now, we can reduce the problem to the self-product of a simple principally

polarized Abelian variety.
In particular, we will develop the study for A = Eg an elliptic curve,

which is the expected maximum case for the function NA(t, n).

4.3 Abelian subvarieties on Eg.

Let E be an elliptic curve and g a positive integer. We denote by R the
ring of endomorphisms End(E) and by K = End(E) ⊗Z Q the algebra of
Q−endomorphisms.We consider the self product Eg with projections and the
inclusions πi : Eg → E and ιi : E → Eg, respectively. Let us denote by Θ
the divisor

∑
θi, where θi = π∗i (0).

Let S be an Abelian subvariety of Eg of dimension n. By the Poincaré
Reducibility Theorem, this subvariety is isogenous to En and can be obtained
as the image of some homomorphism in Hom(En, Eg) defined by

fS : En → Eg

(x1, . . . , xn) 7→
(
α11x1 + · · ·+ α1nxn, . . . , αg1x1 + · · ·+ αgnxn

)
.

In consequence, fS can be identified with a matrixMS := (αij) inMg×n(R).
Moreover, the rank of MS must be n, in order to obtain an isogeny between
En and the image of fS. In fact, we have the following result.

Lemma 4.15. Every matrix in St(n,Kg) determines an Abelian subvariety
of Eg of dimension n. Moreover, M,M ′ ∈ St(n,Kg) determine the same
Abelian subvariety if and only if MT = M ′ for some T ∈ GL(n,K).

Proof. Let M be a matrix in St(n,Kg), then we can multiply by an element
h of R in order to get a matrix in St(n,Rg).

Moreover, the matrix hM determines an Abelian subvariety of Eg as the
image of the homomorphism from En to Eg given by

(x1 . . . xn) 7→ hM(x1 . . . xn)t.
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Since elliptic curves are divisible groups, this image does not depend on h
and so each element of St(n,Kg) determines an Abelian subvariety of Eg of
dimension n.

Additionally, let M =
(
αij
)
,M ′ =

(
βij
)

be two different matrices in
St(n,Kg) such that they determine the same Abelian subvariety S. Therefore,
by the Poincaré Reducibility Theorem, there exist an isogeny σ from En to
itself such that

(
αij
)
σ(x1 . . . xn)t =

(
βij
)
(x1 . . . xn)t, then σ can be thought as

the non-singular n×n−matrix T with entries in K, such that
(
αij
)
T =

(
βij
)
.

The converse is obvious, given that M and M ′ have the same image.

Now we will study St(n,Kg) in order to obtain information about the
Abelian subvarieties of Eg using this result.

We recall that the number of columns of a matrix M ∈ St(n,Kg) is equal
to n, a minor of order n is uniquely determined by the indices of the rows of
M . Let I = {i1, . . . , in} ⊂ {1, . . . , g} with i1 < · · · < in. We denote by MI

the n× n submatrix of M formed with the ith rows, for i ∈ I. Let us denote
by J = {I = {i1, . . . , in} ⊂ {1, . . . , g} : i1 < · · · < in} and by #J = N =

(
g
n

)
,

as in the second chapter.
We define the function

ψ : St(n,Kg)→ PN−1
K ,

M 7→
[(

det(MI)
)
I∈J

]
.

This function characterizes the matrices by their minors. Moreover, from
the general fact that the Plücker coordinates of a subspace L ⊂ V uniquely
determine the subspace, we have:

Lemma 4.16. Let M,M ′ ∈ St(n,Kg), then ψ(M) = ψ(M ′) if and only if
MT = M ′ for some T ∈ GL(n,K).

Proof. As we saw in the previous chapter, ψ is the Plücker embedding, given
by the Plücker coordinates.

On the other hand, there exists a right action β of GL(n,K) on St(n,Kg)
given by β(M,T ) = MT and since the determinant of the product is the prod-
uct of determinants, we get that ψ(MT ) = det(T )ψ(M). As a consequence,
we have the following commutative diagram

St(n,Kg) PN−1
K

St(n,Kg)/GL(n,Kg) Gr(n,Kg)

pr

ψ

∼=

p

Indeed, the image of ψ corresponds to the Grassmannian variety, given that
ψ(M) can be seen as span(M), where span(M) is the subspace generated by
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the columns of M , or alternatively, as the wedge product of the columns of
M .

We note that this result implies that we can relate the Abelian subvarieties
with the image of ψ of the associated matrix.

Summarizing, we have the following result.

Proposition 4.17. There exists a correspondence between Abelian subvarie-
ties of Eg of dimension n and the K-rational points of Gr(n,Kg), given by

S → ψ(MS),

where MS is a matrix in St(n,Kg) as above and K = End(E)⊗Z Q.

Proof. We already showed that for an Abelian subvariety S we can find some
matrix MS, such that the image by ψ is a rational point in the Grassmannian
and we proved that this correspondence is well-defined.

For the converse, we take a point in the Grassmannian Gr(m,Kg) and
a representative M in St(m,Rg), then the homomorphism from En to Eg

induced by M defines an Abelian subvariety of Eg of dimension n since the
rank of M is maximal.

Now, from this perspective the problem of estimating the number of
Abelian subvarieties can be reduced to finding the rational points of bounded
height in the Grassmannian variety Gr(n,Kg).

Proposition 4.18. Let E be an elliptic curve with K = End(E) ⊗Z Q and
g a positive integer. For S an Abelian subvariety of (Eg,Θ) of dimension n,
we have that

degr(S) =
1

deg(fS)

∑
i1<···<in

|NmK/Q(detMSi1,...,in
)|,

where MS ∈ St(n,Kg) is the matrix of a homomorphism fS associated to S.

Proof. From the correspondence above, for S an Abelian subvariety, there is
a homomorphism fS : En → Eg whose image is the Abelian subvariety S.
For every ordered sequence 1 ≤ i1 < · · · < in ≤ g of n positive integers, let’s
consider the homomorphism from En to itself induced by fS, given by

(x1, . . . , xn) 7→ (πi1(f(x1, . . . , xn)), . . . , πin(f(x1, . . . , xn)))

and let

MSi1,...,in
:=


αi11 . . . αi1n

...
. . .

...

αin1 . . . αinn

 ∈Mn×n(R),
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be the induced matrix of this homomorphism. Using Proposition 1.17, we
compute the self-intersection

(f ∗SΘ)n =

(
f ∗S

g∑
i=1

θi

)n

=

(
f ∗S

g∑
i=1

π∗i (0)

)n

=

(
g∑
i=1

(πi ◦ fS)∗(0)

)n

=

(
g∑
i=1

f ∗Sπ
∗
i (0)

)n

=
∑

i1+···+ig=n

(
n

i1, . . . , ig

)
f ∗Sπ

∗
1(0)i1 · · · · · f ∗Sπ∗g(0)ig ,

where the last equality is obtained by applying the multinomial theorem. The
sum is taken over all combinations of nonnegative integer indices i1, . . . , ig,
such that the sum of all of them is n and(

n

i1, . . . , ig

)
=

n!

i1! . . . ig!
,

denotes the multinomial coefficient.
Since the codimension of f ∗Sπ

∗
i (0) is equal to 1 and f ∗Sπ

∗
i (0) is algebraically

equivalent to a multiple of an Abelian subvariety, for every 1 ≤ i ≤ g, we
have that f ∗Sπ

∗
i (0)2 = 0. Then every ik is at most 1. Thus, for every ordered

sequence 1 ≤ j1 < · · · < jn ≤ g of n positive integers and the last line is
rewritten as

(f ∗SΘ)n =
∑

1≤j1<···<jn≤g

n!f ∗Sπ
∗
j1

(0) · · · f ∗Sπ∗jn(0).

Since πjfS = (αj1, . . . , αjn), then

(πjfS)∗(0) = {(x1, . . . , xn) ∈ En : αj1x1 + · · ·+ αjnxn = 0}.

After that, we have the intersection number

f ∗Sπ
∗
j1

(0) · · · f ∗Sπ∗jn(0) = # ker(MSj1,...,jn
) = deg(MSj1,...,jn

) = |NmK/Q(det(MSj1,...,jn
))|,

where the last equality comes from Proposition 1.22. Therefore,

(f ∗SΘ)n =
∑

1≤j1<···<jn≤g

n!f ∗Sπ
∗
j1

(0) · · · f ∗Sπ∗jn(0)

= n!
∑

1≤j1<···<jn≤g

deg
(
MSj1,...,jn

)
,
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and so

(f ∗SΘ)n = n!
∑

1≤j1<···<jn≤g

|NmK/Q(detMSj1,...,jn
)|.

On the other hand,

(f ∗SΘ)n = deg(fS)(Θ|S)n = n! deg(fS) degr(S).

Finally,

degr(S) =
1

deg(fS)

∑
1≤j1<···<jn≤g

|NmK/Q(detMSj1,...,jn
)|.

Corollary 4.19. Let E be an elliptic curve with K = End(E) ⊗Z Q and g
a positive integer. Let S be an Abelian subvariety of Eg of dimension n that
is identified with the matrix MS := (αij) in Mg×n(K). Then deg(fS) divides
HAr(ψ(MS))2 =

∑
i1<···<in |NmK/Q(detMSi1,...,in

)|.

As we saw above, every Abelian subvariety of dimension n will be isoge-
nous to En. Now, for a fixed Abelian subvariety, we want to know what is
the minimum degree that a representative can have.

Definition 4.20. For S be an Abelian subvariety of Eg of dimension n isoge-
nous to En, we define

dE(S) = min{deg f : En 7→ S : f ∈ End(E)}.

We need to study the morphism in terms of the matrices associated.

Proposition 4.21. With the assumptions as above, if R = End(E) is a
principal ideal domain (PID), then the minimum possible degree dE(S) is
equal to 1.

Proof. Let MS be the matrix associated to fS, then rank(MS) = n. By the
Smith Normal Form [23, Theorem 6.6], we can find matrices T ∈ Mg×g(R)
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and P ∈Mn×n(R) invertible over R such that

B = T−1MSP
−1 =



β1 0 · · · 0 · · · 0

0 β2 · · · 0 · · · 0

0 0
. . . 0 · · · 0

0 0 · · · βr · · · 0

0 0 0 · · · 0

0 0 · · · 0 · · · 0



∈Mg×n(R).

where the diagonal elements βi can be computed (up to multiplication by a
unit) as

βi =
di(MS)

di−1(MS)

where di(A) are equal to the greatest common divisor of the determinants of
all i × i minors of the matrix MS and d0(A) := 1 and the matrix TMSP is
zero elsewhere.

Given that T and P are invertible,

rank(B) = rank(MS) = n.

These matrices T and P can be considered as bijections that mix coordi-
nates, from Eg → Eg and En → En, respectively.

Moreover, the variety S is the image of the morphism associated to B,

S = im(B) = {(β1x1, · · · , βnxn, 0, · · · , 0) : xi ∈ E}
= {(y1, · · · , yn, 0, · · · , 0) : yi ∈ E}.

The last equality holds since elliptic curves are divisible groups.

Remark 4.22. Recall that for K = Q, from Proposition 1.17, we have that

|NmK/Q(detMSj1,...,jn
)| = | detMSj1,...,jn

|2.

and for K a quadratic number field,

|NmK/Q(detMSj1,...,jn
)| = | detMSj1,...,jn

detMSj1,...,jn
|.

Corollary 4.23. If E is an elliptic curve such that End(E) is a principal
ideal domain, K = EndQ(E) and [K : Q] = d, then the following inequalities
holds

HK(ψ(MS)) ≤ HAr(ψ(MS)) ≤ degr(S) = H2
Ar(ψ(MS)) ≤ NH2

K(ψ(MS)).
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Proof. Let fS : Eg → S be an isomorphism (which exists by Proposition
4.21). From Proposition 4.18

degr(S) =
1

deg(fS)

∑
i1<···<in

|NmK/Q(detMSi1,...,in
)| = 1

deg(fS)
H2
Ar(ψ(MS)).

Then
HAr(ψ(MS)) ≤ degr(S) = H2

Ar(ψ(MS)).

Moreover, for the first inequality

HK(ψ(MS)) = max
I
{|NmK/Q(det(MSI

))|} ≤
√∑

I

|NmK/Q(det(BI))|2 = HAr(ψ(MS))

and for the last one

H2
Ar(ψ(MS)) =

∑
I∈J

|NmK/Q(det(MSI
))|2 ≤ N max

I
{|NmK/Q(det(MSI

))|2} = NH2
K(ψ(MS)).

Identify Gr(n,Kg) as a subvariety of PN−1 for N =
(
g
n

)
. We define the

following set

Gr(n,Kg, t) = {P = [x0 : · · · : xN ] ∈ Gr(n,Kg) : HK(P ) ≤ t} .

Proposition 4.24. Let E be an elliptic curve such that [EndQ(E) : Q] = d
and End(E) is a principal ideal domain. The number of Abelian subvarieties
of dimension n of (Eg,Θ) with reduced degree less than or equal to t is bounded
by the number of rational points of Gr (n,Kg, t).

Proof. By the proposition above, if NH
2/d
K (ψ(MS)) ≤ t, then degr(S) ≤ t.

Therefore HK(ψ(MS)) ≤
(
t

N

)d/2
≤ t. On the other hand, if degr(S) is

bounded by t from the Corollary 4.23

HK(ψ(MS)) ≤ HAr(ψ(MS)) ≤ degr(S) ≤ t

Since there exists a correspondence between Abelian subvarieties of re-
duced degree bounded by t and rational points of Gr(n,Kg, t) given by

S → ψ(MS),

and the number of subvarieties is bounded for the number of rational points
in the Grassmannian variety such that HK(x) ≤ t.

As a consequence of this result, we obtain an alternative proof to the clas-
sical finiteness result 4.1 by using Northcott’s Theorem 3.4 for the maximum
expected case (Eg,Θ):
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Corollary 4.25. For any positive integer t there are only finitely many
Abelian subvarieties of (Eg,Θ) of degree less or equal to t.

Moreover, we can exhibit some explicit expressions for the asymptotic
estimate in both cases using the tools from Diophantine geometry that we
showed in Chapter 3.

Theorem 4.26. Let g be a positive integer and E elliptic curve such that
End(E) is a principal ideal domain and [EndQ(E) : Q] = d. There is an
asymptotic estimate for the number of Abelian subvarieties of (Eg,Θ) of di-
mension n and reduced degree bounded by t:

NEg(t, n) = δ(n, g)CK,n(g−n)t
(n(g−n)+1) +O

(
tn(g−n)−1/d

)
,

The constant CK,N is given explicitly by

CK,N =
hKRK/wK

ζK(n(g − n) + 1)

(
2r1(2π)r2√

∆K

)n(g−n)+1

(n(g − n) + 1)r1+r2−1

where ∆K is the absolute value of the discriminant of K, hK is the number of
ideal classes of K, RK is the regulator of K, wK is the order of the group of
unity in K, ri is the number of v in the set of archimedean absolute values of
K, the normalized to extend the ordinary absolute value on Q where i = Nv,
the degree of the completion Kv over R, ζK is the Dedekind zeta function.

Proof. From Proposition 4.24

NEg(t, n) ≤ # {P ∈ Gr(n,Qg) : HK(P ) ≤ t} .

The Grassmannian Gr(n,Qg) is a projective variety of dimension n(g − n)

and degree δ(n, g) =
(n(g−n))!

∏
1≤k≤n−1 k!∏

1≤k≤n(g−k)!
from Proposition 2.6. In consequence,

by Proposition 3.10

NEg(t, n) ≤ δ(n, g)#
{
P ∈ Pn(g−n)(Q) : HK(P ) ≤ t

}
.

By Theorem 3.5 we conclude that

NEg(t, n) ≤ δ(n, g)Ctn(g−n)+1 +O
(
tn(g−n)−1/d

)
,

where the constant C := CK,n(g−n) is given explicitly in Theorem 3.5, for

K = Q the constant is C = 2n(g−n)

ζ(n(g−n)+1)
.

Note that NEg(t, n) and NEg(t, g−n) have the same asymptotic estimate.
This reflects the fact that complementary Abelian subvarieties of a principally
Abelian variety have the same degree.

With this perspective in mind, we can give explicit upper and lower
bounds, as a consequence of Theorem 3.7 and 3.6.
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Theorem 4.27. Let E be an elliptic curve and g a positive integer, such
that End(E) is a principal ideal domain and [EndQ(E) : Q] = d. There is an
upper bound for the number of Abelian subvarieties of Eg of dimension n and
reduced degree bounded by t:

NEg(t, n) ≤ c1t
d(n(g−n)+d),

with c1 = c1(n(g − n), d) = 2(2d+n(g−n))(d+n(g−n)+10).

Theorem 4.28. We have explicit lower bounds:
For general elliptic curves

1

4
t2 ≤ NEg(t, n),

when 1 ≤ t and for elliptic curves with complex multiplication

1

62
t2 +

1

66
t3 ≤ NEg(t, n)

when 2 ≤ t.

Proof. From Corollary 4.23 we obtain

HK(Ψ(MS)) ≤ degr(S).

As a consequence, we have the following inequalities

#{P ∈ P1(K) : d(P ) ≤ d, HK(P ) ≤ t} ≤ NEg(t, 1) ≤ NEg(t, n),

for every n.

For the first inequality, using Theorem 3.6, with m = 1

1

4
t2 ≤ Z(K, d, 1, t) = #{P ∈ P1(K) : d(P ) = d, HK(P ) ≤ t}.

The second one is obtained by taking the sum

1

62
t2+

1

66
t3 ≤ Z(Q, 1, 1, t)+Z(Q, 2, 1, t) = #{P ∈ P1(K) : d(P ) ≤ 2, HK(P ) ≤ t}.

As mentioned above, we can apply different results of Diophantine theory
depending on the height considered. Due to Corollary 4.23, we could relate
the reduced degree with the multiplicative height and the Arakelov height.
Now we obtain an alternative estimation using the second one:
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Theorem 4.29. Let g be a positive integer and E elliptic curve such that
[EndQ(E) : Q] = d and End(E) is a principal ideal domain. The number of
Abelian subvarieties of dimension n of (Eg,Θ) with reduced degree less than
or equal to t is bounded by the number of rational points of Gr (n,Kg) with
Arakelov height bounded by t.

Moreover, there is an asymptotic estimate for the number of Abelian sub-
varieties of (Eg,Θ) of dimension n and reduced degree bounded by t:

NEg(t, n) = cn,gt
g +O(tg−max{ 1

dn
, 1
d(g−n)

}),

where cn,g is a positive constant.

Proof. We saw that

HAr(MS) ≤ degr(S) ≤
∑
I∈J

|NmK/Q(detMSI
)| = HAr(MS)2.

If degr(S) ≤ t, then HAr(MS) ≤ t. On the other hand, if HAr(MS) ≤
HAr(MS)2 ≤ t, then degr(S) ≤ t.

The rest of the result is direct from Proposition 4.17 and Proposition 3.15.
The constant cn,g = a(n, g)|∆|gn/2 with a(n, g) the constant from 3.15.

Now, it is interesting to compare the asymptotic estimates obtained from
the different heights. A simple calculation shows that the quadratic function
f(n) = n(g−n) + 1 achieves its maximum in g/2, getting that the maximum
on

NEg(t, bg/2c) = δ(bg/2c), g)CK,(bg/2c))2t
(b g2c)2+1 +O

(
t(b

g
2c)2−1/d

)
,

while it achieves its minimum at the extreme values n = 1 and n = g − 1,
that is f(1) = g. Therefore, the exponent in Theorem 4.26 in the best case

NEg(t, 1) = δ(1, g)CK,g−1t
g +O

(
t(g−1)−1/d

)
,

which is worse than the one obtained in Theorem 4.29

NEg(t, n) = cn,gt
g +O(tg−max{ 1

dn
, 1
d(g−n)

}).

Although, it does not depend on the dimension n of the Abelian subvariety,
NEg(t, n) and NEg(t, g − n) have the same asymptotic estimate, trivially.
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4.4 Examples and applications.

4.4.1 Number of elliptic curves of bounded degree.

Let us compare our results with the previous one. We will focus when the
dimension of the Abelian subvariety is one, i.e., we are counting the number
of elliptic curves with reduced degrees bounded by a number t. We resume
the estimation in the following tables.

Table 4.1: General elliptic curves

Using Result Theorem Asymptotic estimation of NEg(t, 1)

Guerra’s 4.4 Ct2g +O(t2g−2)

Multiplicative height 4.26 δ(1,g)2g−1

ζ(g)
tg +O(tg−1)

Arakelov height 4.29 c1,gt
g +O(tg−1)

We specialize in the complex multiplication case:

Table 4.2: Elliptic curves with complex multiplication

Using Result Theorem Asymptotic estimation of NEg(t, 1)

Guerra’s 4.4 Ct2(2g−1) +O(t2(2g−3+33/52))

Multiplicative height 4.26 δ(1,g)2g−1

ζ(g)
tg +O(tg−2)

Arakelov height 4.29 c1,gt
g +O(tg−1/2)

In the case n = 1, we obtain the same order on t for both estimations. In
general, for any dimension n, since the function is h(n) = n(g − n) + 1− g is
positive for 1 ≤ n ≤ g − 1, our estimation using Arakelov height is sharper
than the result for the multiplicative height,

Even though, in either comparison, the estimation using the multiplicative
height is worse than the Theorem 4.29, using it we obtain that for general
elliptic curves

1

4
t2 ≤ NEg(t, 1) ≤ c1t

g,



48 CHAPTER 4. COUNTING ABELIAN SUBVARIETIES

and for elliptic curves with complex multiplication such that End(E) is a
principal ideal domain

1

62
t2 +

1

66
t3 ≤ NEg(t, 1) ≤ c1t

2g+2

when 2 ≤ t. So far, we do not have an explicit bound. This shows that both
heights have interesting consequences.

4.4.2 Abelian Surfaces on E4.

Let E be an elliptic curve, such that [EndQ(E) : Q] = d with End(E) and is
a principal ideal domain. We consider the self product E4.

From the complementary property of Abelian subvarieties we have

NE4(t, 1) = NE4(t, 3),

in other words, the estimation of elliptic curves with reduced degree bounded
by t is equal to the estimation of Abelian subvarieties of dimension 3 with
bounded reduced degree. We are left to estimate the number of Abelian
subvarieties of dimension 2 with a bounded reduced degree. For that, we are
going to use Proposition 4.17.

Note that, in this case, the Grassmannian reduces to a single equation

Gr(2, K4) = {[x0 : x1 : x2 : x3 : x4 : x5] ∈ P5 : x0x5 − x1x4 + x2x3 = 0}.

Proposition 4.30. The number of Abelian subvarieties of dimension 2 of
(E4,Θ) with reduced degree less or equal to t is bounded by the number of
Q-rational points of Gr (2,Q4, t).

Moreover, there is an asymptotic estimate given by

NE4(t, 2) = c2,4t
4 +O(t7/2)

if E is a general elliptic curve, and by

NE4(t, 2) = c2,4t
4 +O(t15/4)

if E is an elliptic curve with complex multiplication, where c2,4 is the constant
in Theorem 4.29.

Now, we can compare our result with Corollary 4.9 explicitly using the
asymptotic estimate in Fano varieties, from Theorem 4.29

NE4(t) =
3∑

n=1

NE4(t, n) = O(t4).

Clearly this estimation is lower than NE4(t) = O(t18) in Corollary 4.9.
Additionally, we can give the explicit bound.
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Proposition 4.31. Let E be an elliptic curve such that End(E) is a princi-
pal ideal domain. The number of Abelian surfaces of E4 and reduced degree
bounded by t is bounded by

1

4
t2 ≤ NE4(t, 2) ≤ 290t5,

for a general elliptic curve, and

6−2t2 + 6−6t3 ≤ NE4(t, 2) ≤ 2128t12

for an elliptic curve with complex multiplication and t ≥ 2.

Then, for E4 we have a complete description of the number of Abelian
subvarieties.

4.4.3 Comparison on the number of Abelian subvarie-
ties.

We have already compared our results on dimension one, and now we will
study for larger dimensions of Abelian subvarieties.

Note that the total number of Abelian subvarieties on Eg with reduced
degree bounded by t is given by

NEg(t) =

g−1∑
n=1

NEg(t, n).

Since
NEg(t, n) = δ(n, g)CK,n(g−n)t

(n(g−n)+1) +O
(
tn(g−n)−1/d

)
,

has a maximum value at n =
⌊g

2

⌋
, then

NEg(t) = O(tb
g
2c

2
+1).

Clearly, the estimation is lower than the estimation given by Guerra in Corol-
lary 4.9 whose order is O(t(g+2)(g−1)). Furthermore, if we proceed with the
estimation with the Arakelov height for a general elliptic curve, we improve
both of them

NEg(t) =

g−1∑
n=1

NEg(t, n) = O(tg).

4.5 Final comments.

The questions one can immediately ask are if the bound is sharp and in which
cases, or for what kind of elliptic curves achieve that bound. Although the
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Arakelov height gives us a better asymptotic estimation, Schmidt’s approach
provides explicit bounds [30]. Moreover, in the literature, many more asymp-
totic estimations improve the constant and the order of the error.

On the other hand, the results in Chapter 4 are strongly related to the
fact that the dimension of E is 1 and the codimension of f ∗Sπ

∗
ij

(0) is equal to
1. Then the self-intersection can be calculated by

(f ∗SΘ)n =

(
f ∗S

g∑
i=1

θi

)n

=
∑

0≤i1,...,in
i1+···+in=n

(
n

i1, . . . , in

)
f ∗Sπ

∗
i1

(0)i1 · · · · · f ∗Sπ∗in(0)in ,

in consequence

(f ∗SΘ)n =
∑
i1,...,in

n!f ∗Sπ
∗
i1

(0) · · · f ∗Sπ∗in(0).

The last equality can not be emulated for Ag with A of dimension greater
than 1. In general, we will have more terms and∑

i1,...,in

n!f ∗Sπ
∗
i1

(0) · · · f ∗Sπ∗in(0) ≤ (f ∗SΘ)n.

From a moduli point of view, for a polarized Abelian variety of dimension
g in the moduli space Ag and integers t and n, we have been unable to prove
that

N : Ag × N2 → N
(A, t, n) 7→ NA(t, n)

achieves its maximum in the moduli space Ag for a self product of elliptic
curves Eg. We hope to develop this in the future to get a complete an-
swer to this problem. One way could be to bound the terms different from
f ∗Sπ

∗
i1

(0) · · · f ∗Sπ∗in(0), with some techniques used by Guerra.
Additionally, from the multiplicative property of the degree, that is, for

A = Ar11 × · · · × A
rk
k with the Abelian varieties Ai simple and pairwise non-

isogenous. If α ∈ EndQ(A) and (α1, . . . , αk) with αi ∈ EndQ(Arii ), then

deg(α) =
k∏
i=1

deg(αi),

we can reduce the study to B = Ar. In this case, a principally polarized
Abelian variety with End(A) an order oK in K, a totally real number field of
degree g over Q. Then

deg(α) = NrK/Q(det(α)),

and we can use the same strategy for an elliptic curve, to bound f ∗Sπ
∗
i1

(0) · · · f ∗Sπ∗in(0).
Another interesting point of view comes from the relation with Fano va-

rieties. We want to study Abelian varieties and moduli spaces using the
machinery of this theory.
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tori and abelian varieties] Cours Spécialisés [Specialized Courses], 6.
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[34] Tamme, G. Teilkörper höheren Geschlechts eines algebraischen Funktio-
nenkörpers. (German) Arch. Math. (Basel) 23 (1972), 257–259.

[35] Voight, J. Quaternion algebras. Graduate Texts in Mathematics, 288.
Springer, Cham, (2021).


	Abelian Varieties
	Preliminaries.
	Divisors and Intersection Numbers.
	Endomorphism algebra
	Degree and complex multiplication

	The Grassmannian
	Topics in Diophantine Geometry
	Height in projective space.
	Heights on Grassmannians.

	Counting Abelian Subvarieties
	Guerra's Results.
	Elliptic curves of bounded degree.
	Abelian subvarieties of bounded degree.

	Reductions of the problem.
	Behavior under isogenies.
	Simple Abelian varieties.

	Abelian subvarieties on Eg.
	Examples and applications.
	Number of elliptic curves of bounded degree.
	Abelian Surfaces on E4.
	Comparison on the number of Abelian subvarieties.

	Final comments.


