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Abstract

Let W be an affine Weyl group of type A, with corresponding finite Weyl group
W;. In this thesis, we study certain family of Bruhat intervals by exploring the
relationship between the geometry of alcoves associated with the Coxeter complex
of W and Euclidean geometry.

First, we provide a characterization of lower intervals for each element of W in
terms of convex sets, completing the characterization given in [LLP23]. Next, we give a
geometric description of a family intervals [z, y] which allow us to associate a polygon
to its intervals. On the other hand, using the alcove geometry, we introduce a new
poset isomorphism between these intervals. Finally, by utilizing the combinatorial
information encoded in the polygon associated with each interval, we classify the
intervals satisfying mild restrictions up to poset isomorphism.
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Introduction

Motivation

The Bruhat orderings of Coxeter groups are mathematical objects that appear in
a wide variety of mathematical contexts, including algebraic combinatorics and ge-
ometric representation theory. In the geometric context (perhaps the most promi-
nent), if G is a simply connected semisimple algebraic group over an algebraically
closed field, with a Borel subgroup B and W the associated Weyl group, one has the
Bruhat decomposition of the generalized flag variety:

G/B= | | BuB/B,

weW

where the Schubert cells BwB/B in this decomposition are governed by the Bruhat
order on W.

It is well known that every Coxeter group ordered by the Bruhat order is a graded
poset. Furthermore, there are infinitely many ranked posets of length 3 that appear
in Bruhat orders on infinite Coxeter groups (see e.g. [BB05]).

On the other hand, Bjérner [Bj684a], asked whether only finitely many posets
of each fixed length are Bruhat intervals. Dyer [Dye91] answered Bjorner’s question
affirmatively, which naturally leads to the following problem: “The classification of
Bruhat intervals of each fixed length, modulo isomorphism”.

While solutions are known for certain intervals — such as those of length 2 or
length 3 — Hultman [Hul03] solved the classification problem for finite Weyl groups.
The author found 24 distinct classes of intervals of length < 4 and 36 classes of
intervals of length < 5 in the symmetric group Ss.

An alternative viewpoint on the classification problem involves studying the au-
tomorphisms of Bruhat ordering. First explored by van den Hombergh [vdH74] for
any irreducible Coxeter system (W, S) and later independently rediscovered by Wa-
terhouse [Wat89], this approach naturally leads to questions about the isomorphism
of Bruhat intervals. In [LP23], an explicit result was presented for the first time
that uses “alcove geometry” to explore the structure of intervals [id, y| in affine Weyl
groups of type gg. Although this was not the central focus of the paper, it provided



a strong starting point for research on how alcove geometry might be used to study
intervals.

The idée-force of this thesis is that, at least for affine Weyl groups and with
some modest restrictions on the intervals, this approach could provide a simple and
elegant answer. We prove this in the Ay case and conjecture that something similar
happens to all affine Weyl groups.

Visualizing Bruhat intervals

Y
-
A
(a) The dominant chamber and (b) The six zones and St(x).
Conv(Wyy).
'y y
@ x
A A
(c) Conv(Wyy) \ St(x). (d) Alcoves in [z, y].

Figure 1: Let sg,s; and sy be the simple reflections of W. The elements are x =
§15250515250515251S50 and Y = 51525051525051525051525051525051525052515052515052

A basic observation of this thesis is how to construct, using Euclidean geometry,
all Bruhat intervals in the affine Weyl group W of type As. Given that our main



theorem is for dominant elements, i.e., elements in the dominant chamber ', the
light-blue region in Figure 1a (note that the red alcove is the identity), we will restrict
our attention to those elements.

The algorithm is as follows. Choose the center of an alcove y as in Figure 1la.
Consider the hexagon constructed as the convex hull of this point’s orbit under the
Weyl group Wy = S; (this group is generated by the reflections through the black
lines).

Choose the center of another alcove x as in Figure 1b. There are two equilateral
triangles, denoted by < and >, with the following properties:

e Jis a left-facing triangle centered at the bottom-right vertex of the red triangle,
and its boundary contains the center of x.

e > is a right-facing triangle centered at the bottom-left vertex of the red triangle,
and its boundary also contains the center of x.

Consider the star defined by the union of these two triangles.

Figure 1c shows the intersection of the hexagon in Figure 1a and the complement
(of the interior) of the star in Figure 1b. Finally, in Figure 1d, we see the interval
[z, y]: it is the set of alcoves whose center belongs to Figure 1c.

Piecewise translations

Consider an interval [z,y]. Let gray[z,y] be the set of alcoves in [z, y] that are also
in the gray zone.

Consider a vector v that satisfies the following three conditions:

e The sets x + v and y + v are alcoves.

e The set gray|z,y] + v is completely contained in the gray zone.

e The sets gray[x + v,y + v]| and gray|x, y] have the same cardinality.

If these conditions are satisfied, we define the translation of the interval |x,y] by v.
It is defined as a piecewise translation zone by zone. If you are, say, in the yellow
zone, as this zone is inside the gray zone rotated counter-clockwise by 27/3, then in
the yellow zone one has to translate every alcove by the vector v/, which is the vector
v rotated counter-clockwise by 27/3, see Figure 2. We can obtain the translation
vector in each zone by applying reflections to the vector associated with an adjacent
zone. For example, the vector used for translation in the blue zone is obtained by
reflecting the vector v’ (the translation vector in the yellow zone) across the line
that contains the bottom edge of the red triangle. Whenever a vector v satisfies the
above conditions, the resulting translation defines a poset isomorphism from [z, y]
to [z + v,y + v].



Figure 2: Visualization of the map [z,y] — [z + v,y + v] = [2/,y/]. Where z =
515250515052, Y = $15250515250515251505251, and v = 5W1 + ws.

Main result

We recall that every Coxeter system (¥, S) has a well-understood group G of auto-
morphisms that preserve the Bruhat order [BB05, Cor. 2.3.6], which we refer to as
the group of generic automorphisms of (W, S). This group is generated by the map
x +— 2~ and the automorphisms induced by the symmetries of the Dynkin diagram.

When the interval [z, y] is geometrically very “thin”, we say that the interval [z, y]
is non-rigid (for the precise meaning, see Definition 3.1.17). In that case, there might
be a lot of additional isomorphisms. Being non-rigid is quite rare!. The following is
the main result of the thesis.

Theorem A (Main result). If x,2',y,y" are dominant alcoves in Zg, all the isomor-
phisms of posets between rigid intervals [z,y]| and [2',y'] are given by translations by
a vector composed with a generic automorphism.

We remark that an analogous but simpler version of this theorem is that of lower

Tndeed, let D<,, be the set of dominant alcoves having length lesser or equal than n € N. Let
A<, be the subset of D<,, X D<,, consisting of the pair of elements (x,y) such that [z,y] is non
empty. One can prove that as n — oo, the subset of A<, of pair of elements (z,y) such that [z, y]
is non-rigid, divided by the cardinality of A<, goes to zero.

4



intervals, i.e., when x = 2/ = id. In this case, there is no possible translation by a
vector because no vector satisfies the third bullet. In that case we prove the same
result but for all elements in W. In other words, if u, v are arbitrary elements of W,
then [id, u] ~ [id, v] if and only if v belongs to the G-orbit of u. The proof of this
result, given in Proposition 3.3.1, is notably simpler than that of the main theorem.

Outline of Chapters

Chapter 1 is divided into two sections. In Section 1.1, we present the necessary
background, notation, and conventions that will be used throughout this thesis.
Section 1.2 introduces some definitions, notation and basic properties of the affine
Weyl group of type As. Additionally, we describe the construction of the Coxeter
complex and define the X ©-partition.

Chapter 2 focuses on understanding intervals in geometric terms. In Section 2.1,
we provide a geometric description of lower intervals [id, y|, characterizing them as
collections of elements whose alcoves lie within the convex hull C, of a finite set. Sec-
tion 2.2 is dedicated to establishing a geometric characterization of the intervals [z, y]
for x,y € D, leading to the definition of the polygon Pgn, , associated with [z, y].
Finally, in Section 2.3, we introduce the order-preserving map 7, between intervals
and determine conditions on Pgn, , that ensure the maps 7, define isomorphisms.

Chapter 3 consists of three sections. In Section 3.1, we examine the normalized
lengths of the sides of Pgn, , and demonstrate that these lengths impose constraints
on poset isomorphisms between rigid intervals. Section 3.2 establishes the invariance
of Pgn, , and presents our main result (Theorem A). Finally, in Section 3.3, we show
that all isomorphisms between lower intervals are induced by G (Theorem 3.3.1).



Chapter 1

Preliminaries

1.1 Basic notions in Coxeter systems

In this section, we recall some basic notions about Coxeter systems. We mainly
follow [BB05, Chapter 2] for notation and terminology with some minor differences.

Let (W, S) be a Coxeter system with length ¢ and Bruhat order <. We denote
l(u,w) = l(w) —L(u). A Bruhat interval is a set [z,y] = {z € W | z < z <y}, with
x,y € W. Given an element x € W, the upper interval of x is the set

>r={zeW |z <z}

and the lower interval of x is the set [id, x].

If u, z € W, we say that z covers u, and we denote it by u <z, if u < z and there
is no element z’ such that u < 2’ < z. If z,y € W, we say that z € [z,y] is an atom
(resp. coatom) of the interval [z, y] if x <z (resp. z <y).

We recall the fundamental property of the Bruhat ordering

Proposition 1.1.1. [Hum90, Proposition 5.9] Let w < v in W and s € S be such
that su > u and sv < v. Then the interval is stable under left multiplication.

Let z,y € W, with x < y. The length counting sequence LC(z,y) of the interval
[z, y] is the finite sequence

LC(r,y) = (g, J%, .. Ji,) € N

given by " :={z € [z, y] [ £(x, 2) = i}].

Proposition 1.1.2 ([BB05] pp. 35). The interval [x,y] is a graded poset, with the
rank function given by the length function z — ((z, z).



Proposition 1.1.3. Let ¢: [z,y] — [2/,y] be an isomorphism of posets. Then, ¢ is
an isomorphism of graded posets. In other words, it preserves the rank function or,
in formulas, {(x, z) = L(e(x), p(z)). In particular, LC(x,y) = LC(2', y).

Proof. 1t is clear that if z covers u then ¢(z) covers p(u). If z € [x,y] is such that
l(x,z) = k, by [BB05, Lemma 2.2.6] there is a chain x = zp <2 <+ <2, = 2, 80
applying ¢ we obtain a chain ¢(z) = ¢(20)<p(21)<- - -<p(2) = ¢(z). By Proposition
1.1.2 this implies that ¢(p(z), p(2)) = k. O

An interval [z,y] in W is dihedral if it is isomorphic to an interval of a dihedral
Coxeter group. For each y € W, we define D(y) := {z € [id, y| | [z, y] is dihedral}.

Proposition 1.1.4 ([Dye87, Theorem 7.25]). Let x,y € W with ¢(x,y) > 1. The
following statements are equivalent:

1. [x,y] has two atoms;
2. [z,y] has two coatoms;

3. [x,y] is dihedral.

The following lemma is immediate from Propositions 1.1.4 and 1.1.3.

Lemma 1.1.5. Let ¢: [x,y] — [/, y'] be an isomorphism of posets. If [u,v] C [z, ]
is dihedral, then ¢([u,v]) is dihedral.

Definition 1.1.6. Given y € W, we define the sets

Lly) ={zeW|zay}
Uly) ={zeWlyaz}

of lower covers of y and upper covers of y respectively.

Definition 1.1.7. An interval [z,y] is non-degenerate if U(z),L(y) C [x,y]. Other-
wise, it is called degenerate.

Lemma 1.1.8. Lety € W and s € S be such that y < sy. Then.
[id, sy] = [id, y] U sid, y],
where sid, y] = {sz | z < y}.

Proof. First, we prove the inclusion D. By hypothesis, it is clear that [id, y] C [id, sy],
so it remains to prove that s[id,y| C [id, sy]. Let z € s[id,y], so z = sw for some
w € [id, y].



o If sw < w. Since w < y and y < sy, we have that z = sw < w < y < sy.

o If w < sw. Since y < sy, it follows that z = sw < sy

In both cases, we obtain that z < sy, so we conclude that s[id,y] C [id, sy]. Now
we prove the inclusion C. Let z € [id, sy|, we will to prove that either z € [id, y] or
z € slid, y]. We analyze two cases:

o If sz < z. Applying Lemma 1.1.1 to u = sz and v = sy, we obtain that z < y.

o If 2 < sz. Applying Lemma 1.1.1 to u = z and v = sy, we obtain that sz < y.
This implies that z € sid, y]

Thus, we conclude that either z € [id, y] U s[id, y|, as desired. O

1.2 The affine Weyl group of type A, and alcoves

From this point forward, W denotes the affine Weyl group of type A,. As a Coxeter
system it has generators S = {so, s1, s2}. For simplicity, we will often denote s, $1, 59
by 0, 1, 2 respectively. We will use “label mod 3” notation. For example, 1456 stands
for s151528¢.

A reflection of W is an element belonging to the set

T = U 28271,

The finite subgroup Wy := (s1, s9) < W is the Weyl group of type As. It is isomorphic
to the dihedral group of order 6. The longest element of Wy is denoted by wy =
S$152S51.

The Dynkin diagram of W has six symmetries (it can be seen as an equilateral
triangle). Each one of them induces an automorphism of W. Let §: S — S be the
map 6(i) = i + 1, i.e. the map given by d(sg) = s1,0(s1) = S2, and d(s2) = sq.
Similarly, we consider o: S — S the map that fixes sy and permutes s; and s;. The
automorphisms of W induced by § and o will be denoted by the same symbols. The
subgroup (6, o) of Aut(W) generated by ¢ and ¢ is isomorphic to the dihedral group
of order 6. Let ¢: W — W be the inversion group anti-automorphism that sends
x — -1, We define G as the subgroup of the symmetric group of W generated by
0,0, and ¢. The order of G is 12.

Lemma 1.2.1 ([Hum90, Proposition 8.8]). Suppose g € G. The map z — g(z)
induces an isomorphism of posets [x,y] = [g(x), g(y)].



Let (E, (—,—)) be the real Euclidean plane and let ® C E be the root system of
type As, with simple roots {a1, as} spanning the root lattice Z®, and fundamental
weights {1, w9} spanning the weight lattice A. The elements of A are called weights.
A dominant weight is a weight that has non-negative coefficients when written as a
linear combination of fundamental weights. Let @ = {ay, an, a3 + as} be the set of
positive roots. For each @ € ® and k € Z consider the affine line

Hor ={veE]|(xv)=Ek}

Let s, be the orthogonal reflection through H, ;. We denote by # the collection
of all affine lines H, y, with a € ¢,k € Z.

Definition 1.2.2. The set 4 of alcoves of A, is the set of connected components of

E-|JH

He#t

The fundamental alcove is the following open subset of E

Aq={veEFE|-1<(a,v) <0, foralla € ®*} € A.

Let us recall a classical result.

Proposition 1.2.3 ([Bou68, Chapitre VI, §2, n°3.]). Let A be the set of alcoves.
The map w — A, = w - Aiq gives a one-to-one correspondence between W and A.

The red triangle in Figure 1.1a is the fundamental alcove Aiq of ;{2. Each little
triangle in the figure is an alcove. Via Proposition 1.2.3, we identify Aiq with the
identity id € W. The colors on the edges of the triangles represent the following
reflections: blue is sq, green is s, and red is ss.

We define the function cen: W — E, which maps an element z € W to the center
of its alcove A,. When discussing the vertices, sides, faces, or area of an element
2z € W, we refer to the corresponding property on the closure of its alcove, A.. To
avoid cumbersome notation, for z € W and a point v € E in the plane, we write
v € z as a shortcut for v € A,. Since the left action of W on A is simply transitive,
the equality A, = A, implies that x = y. In particular, cen(z) = cen(y) implies that
x =y. An element z € W can be seen as a bijection z: F — F, and its restriction
Z]cen(wy: cen(W) — z(cen(W)) = cen(W) is a bijection. For any weight A € A, it is
not hard to see that cen(W) + A = cen(W). Indeed, it is enough to check this for
A = w; (by symmetry, this implies the case A = ws), and one can check this directly
in Figure 1.1a.

We say that two alcoves A, B have the same orientation if A can be obtained
from B by a translation. If A has the same orientation as Ay, we say it is up-
oriented; otherwise, we say down-oriented. The orientation of an element z € W is
the orientation of its alcove A,.
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(a) Coxeter complex of . (b) Set of (affine) lines #.

Figure 1.1

Lemma 1.2.4. Let z € W.

o IfU(2) is odd, then z is down-oriented.

o [fl(z) is even, then z is up-oriented.

Proof. 1t is standard that for z € W, the length ¢(z) measures the minimal number
of hyperplanes of the form H,j that one must cross to go from the identity alcove
to the alcove A,. Each crossing changes the orientation, allowing one to conclude by
induction on ¢(z). O

Notation 1.2.5. For z € W and a vector v € A, we denote by z + v the unique
element in W with center cen(z) + v. In other words, cen(z + v) = cen(z) + v.

1.2.1 The XO-partition of A,

In this section, we follow [BLP23| and [LP23] with slight modifications to their
original notation.

Definition 1.2.6. Let y = (1,79, ,7%) be any expression of y (not necessarily
reduced). If 1 < i < k, we say that there is a braid triplet in position i if r;_; =
riv1 # ;. We define the distance between a braid triplet in position ¢ and a braid
triplet in position j > ¢ to be the number j —¢ — 1.

10



Lemma 1.2.7 ([LP23, Lemma 1.1]). An ezpression of an element in W without
adjacent simple reflections is reduced if and only if the distance between any two
braid triplets is odd.

For n € Z>,, consider the element x,, := 123---n. By Lemma 1.2.7, the expres-
sion (1,2,...,n) is reduced, as there are no braid triplets, so ¢(x,) = n. Recall the
group G from Section 1.2. Let us define

X0 = fg(x,) [nisodd, g € G} and X" := {g(x,) |n is even, g € G},

and we denote X = X°dd 1w X where W is the disjoint union.
For m,n € Z>(, we define
f(m,n) =1234---2m+1)2m+2)2m+1)---(2m —2n+1) (1.1)

Since (2m + 1)(2m + 2)(2m + 1) is the unique braid triplet, Lemma 1.2.7 implies
that the expression in (1.1) is reduced. In particular, we have that ¢(8(m,n)) =
2m 4+ 2n + 3. We define

© = {g(@(m,n)) | m,n>0,g € G}.

The elements in this set are precisely those elements in W having two elements
in both their left and right descent sets. In particular, for any 6(m,n) there exists a
unique S,,, € S such that

O(m,n) < 6(m,n)Sm .

To simplify formulas, we will use the notation 6%(m,n) = 6(m,n)s,, . On the other
hand, sq is the only simple reflection not included in the left descent set of 6(m,n).
We define,

©° = {g(0°(m,n)) | m,n>0,9 € G},
*0°% = {g(sof’(m,n)) | m,n > 0,9 € G}.
Note that £(0°(m,n)) = 2m + 2n + 4 and €(s¢6°(m,n)) = 2m + 2n + 5.

Example 1.2.8. Consider (m,n) = (2,4). In this case, we have 2m + 2 = 6 and
2m — 2n — 1 = —5. The corresponding element #(2,4) is then given by

0(2,4) = 123456543210(—1)(—2)(—3)(—4)(=5)
— 1201202 1021021021,
N ——

4 3 8

It follows that ¢(6(2,4)) =4+ 8+ 3 = 15.

11
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Figure 1.2: From lightest (white) to darkest gray: X,©0° °0° and ©. The red
triangle is Ajq.

Remark 1.2.9. The element §(m,n) can also be defined as the unique element in the
affine Weyl group, such that Ay, ) = Aw, +mw@i +nw,. Thus, for m,m’,n,n" >0
and v = (m'—m)w;+(n'—n)wy € A, we have §(m,n)+v = 6(m’,n’). This last equa-
tion implies that 6°(m,n) + v = 6°(m’,n’), because cen(6*(m,n)) = cen(f(m,n)) +
p/3.

Remark 1.2.10. For k, k' > 0 and v = (k' — k)ww; € A, we have X9, + v = Xgv and
Xop+1 U = Xop/41.

Remark 1.2.11. The elements in X" W ©° have even length, while the elements in
X°dd O w0 have odd length.

The XO-partition of W is the decomposition W\ {id} = X w©OwWO°w*O°. This
decomposition is illustrated in Figure 1.2.

Definition 1.2.12. We say that an element x € W is dominant if its alcove has a
non-empty intersection with the dominant chamber (the light blue region in Figure
la). Equivalently, x is dominant if it belongs to the set D = {f(m,n),0°(m,n) |
m,n > 0}.

Remark 1.2.13. For any y € W\ {id}, there is an element g € (d, o) such that
g(y) € {0<m7 n)? Soe(m, n)> 98(m> n)7 Soes(m, n)a Xk | m,n >0, k> 1}
Such a g is not necessarily unique for a fixed y. For example, o(6(3,4)) = 6(4, 3).

Using the equation ¢(x,) = n and Remark 1.2.10, we obtain the following lemma.

Lemma 1.2.14. [fx,y € {x, | n is odd}, then cen(y) — cen(z) = ({(x,y)/2)w;.
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1.2.2 Upper and lower covers

In this section, we provide a complete list for the sets of lower covers of every element

1.2.13 and the fact
s of upper covers of
every dominant element. In [BLP23, Lemma 2.2|, there is a proof of the fifth case of
the following lemma. One can prove the other cases similarly, so we omit this long

of W (the cases not considered in the list follow from Remark
that L(gy) = gL(y) for g € G) and a complete list for the set

and tedious proof.

Lemma 1.2.15. Let m,n and k be positive integers with m >
have:

'{Qs(m —1,n),0°(m,n —1),5(sof(m,n — 1)),
62(sof(m —1,n))}
{X2m+27 95(m - 1a 0>7 52(309(7’)1 - 17 O))}

{6(m,n),0(m —1,n+1),0(m+1,n—1),
d(s00%(m,n — 1)), 6%(s00*(m — 1,n))}

{Xom+3,0(m,0),0(m —1,1),5%(se0*(m — 1,0))}

{0(m,n), so0°*(m — 1,n), so0°*(m,n — 1)
§(0(m —1,n+1)),82(0(m+1,n—1))}

{9(m 0), s00*(m — 1,0),6(0(m — 1,1)),

(X2m+3)}
{6°(m,n), sef(m — 1,n+1),500(m + 1,n — 1),
sob(m, n),0(6°(m — 1,n + 1)), 6*(6°(m + L,n — 1))}
{6°(m, 0), 506(m, 0), sob(m — 1, 1),

2k ), P8 — 1,1))}
{X2k 1, ( kg ) )7 (X2k 1) 52(9( ))}
| (s 5 0¢a0), S04, ), 82(6°( 254, 0)))

Although Lemma 1.2.15 assumes m > n, the remaining cases follow from the

n, and k > 2. We

ify = 9<m’n>’
ify = 9(m7 0)7
ify = es(mvn);
if y = 0°(m,0),

ny = Sﬂe(mv n)u
ny = SOQ(mu O);
ny = 3093<m7 n)7

if y = s00°(m,0).
if y = Xox,

Zf Yy = X2k+1 .

facts that L(oy) = oL(y) and that o swaps the values of m and n.

An immediate consequence of Lemma 1.2.15 is the following.

Lemma 1.2.16. Lety € W.

1. If y € ©\ {0(0,0)}, then |L(y)| € {3,4}.
2. Ify € ©%\ {6°(0,0), 500(0,0)}, then |L(y)| € {4,5}.
3. If y € *°0°\ {s506°(0,0)}, then |L(y)| € {5,6}.
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The following lemma is a less obvious consequence of Lemma 1.2.15.
Lemma 1.2.17. Let x € W, we have:

1. If v € ©, then | U(z)| = 6.

2. If v € ©°, then |U(z)| = 5.

3. If v € °©°, then | U(x)| = 4.

Proof. Let m,n be non-negative integers. Using Lemma 1.2.15 and the fact that
x <y if and only if gx < gy for each g € G, we obtain

({0°(m,n),0*(m+1,n—1),0°(m—1,n+1),
sof(m,n),d(sef(m — 1,n +1)),8%(sef(m + 1,n — 1))} if z = 6(m,n),

{e(m + 17 n)a e(ma n+ 1)7 Soes(mv n)a

U(x) = 6(so0°(m — 1,n + 1)), 6%(s00°(m + 1,n — 1))} if & = 6%(m, n),
{s00(m,n + 1), s00(m + 1,n),
5(0%(m,n +1)),0%(0*(m + 1,n))} if x = s90°(m,n).

\

Thus, the lemma holds for elements in {0(m,n),0°(m,n), so0°(m,n) | m,n > 0}.
For the remaining cases (m = 0,n > 0 or m > 0,n = 0), similar formulas for the
set U(z) can also be derived. Finally, by applying the fact U(gz) = g U(z) for each
g € G, the result follows. O]

Proposition 1.2.18. Let z,y € W\ (X U {id}). If [x,y] is non-degenerate, then
the poset invariants LC(x,y) and {(x,y) determine the parts of the X©O-partition
containing x and y.

Proof. We may assume that y ¢ {6(0,0),6°(0,0), so0(0,0), s00°(0,0)}, since in each
of these cases the possible interval [x,y] is degenerate.

Since the interval [z, y] is non-degenerate, the set of the atoms of [z, y] is U(x), and
the set of coatoms of [z, y] is L(y). This implies that " = [U(z)[ and fy; ) = [L(y)].
By Lemma 1.2.17 and the fact that f{"Y = |U(x)|, this the quantity determines the
part of the X©-partition containing . By Remark 1.2.11, this determines whether
¢(z) is odd or even. Now we can determine the X ©-partition containing y. There are
two cases: If £(z) and ¢(z,y) have the same parity, then ¢(y) is even, so by Remark
1.2.11 we have y € ©° and we are done. If /(x) and ¢(z, y) have different parity, then
((y) is odd so by Remark 1.2.11 we have y € © U*©*. By Lemma 1.2.16 and the
fact that fZ’;{y)_l = |L(y)|, we can distinguish if y € © or y € *©°. O

Corollary 1.2.19. Let [x,y],[2',y'] be non-degenerate intervals and let x,x' y,y'
be dominant elements. If [x,y] and [2',y'] are isomorphic as posets, then x and z'
belong to the same part of the X©O-partition, and similarly, y and y' belong to the
same part of the XO-partition. In particular, there are A\, u € A such that xt+ X\ =
andy+pu=1y'".
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Proof. The first part follows from Proposition 1.2.18. The second part follows from
Remark 1.2.9. ]
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Chapter 2

The alcove geometry of Bruhat
intervals

2.1 The geometry of lower intervals

In this section we generalize the geometric descriptions of lower intervals given in
[LP23, BLP23]. Applying these results, we give formulas for the cardinalities of all
lower intervals.

2.1.1 Basic notions in planar convex geometry and a con-
vention

A convex bounded polygon P is the convex hull of a finite set of points in the plane.
If such a set is minimal, we call it the set of vertices of P, and we denote it by V(P).
An edge of P is a closed segment obtained from the intersection of a closed half-plane
and P. Given a polygon P, we say that two vertices a, b are adjacent if ab is an edge
of P. For any subset Y of the plane, we denote its convex hull by Conv(Y).

To avoid cumbersome notation and when the context is clear, we will usually not
distinguish between elements of W and the center of their respective alcoves. We will
give a series of examples of this. For A C W, we define Conv(A) := Conv(cen(A)).
Similarly, if V(P) = cen(A), we write V(P) = A. If z,y € W, we denote by
Sgm(z,y) the line segment in the plane with end points cen(x) and cen(y), or in
other words, Sgm(z,y) = Conv({cen(z),cen(y)}). If x € W and v € E, we denote
by Sgm(x,v) or Sgm(v,x) the line segment in the plane with endpoints cen(x) and
v. Similar conventions are used for the inner product (—, —), so for instance, (v, x)
means (v, cen(x)) where v € E and x € W. If z,y,z € W, we write z € Sgm(z,y)
instead of cen(z) € Sgm(x,y). More generally, if Y C E and x € W, sometimes we
write € Y instead of cen(z) € Y. Finally, we denote d(a,b) := | Sgm(a, b)|, where
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a,b can be points of E or elements of W, or combinations of these.

2.1.2 Geometric description of lower intervals

Proposition 2.1.1. For any y € W there is a bounded convex polygon C, such that
id,y] = {x € W | cen(z) € C,}.

Proof. The proof is divided into cases. The case y = id, follows immediately by
considering the polygon Cyq := Conv({id}). If s € S, then the polygon C, :=
Conv({id, s}) (s € S) satisfies the proposition. We now assume that y ¢ {id} U S.
Consider the following two statements.

o If y is dominant, the hexagon C, with vertex set W -y satisfies the proposition.

e Let k > 2 and y = x;. The quadrilateral Cx, with vertex set

{leslxka5251Xk>3152slxk}
satisfies the proposition.
The proof of the first bullet for y = #(m,n) is done in [LP23, Lemma 1.4]. The
remaining case of the first bullet, i.e., y = 6°(m,n) and the second bullet, i.e., x,

have proofs similar to that of [LP23, Lemma 1.4], so we omit them. We now focus
on the case y € *O°.

For m and n non-negative integers, let y = so0°(m,n). Define z := 6°(m,n). By
Lemma 1.1.8, we have [id, y| = [id, z] U s¢[id, z]. As z belongs to the cases treated in
the first bullet above, this is equivalent to

[id,y] = {z € W | cen(z) € C, U 50C,}.
Claim 2.1.2. 5qC, = C, — p, where p = w; + ws.
Proof. We have

V(C,) = {z, 512, 822, 51522, $2512, S152812}, and
V(s0C,) = {502, S0812, S0S22, S051522, S0S2512, S0S152512 }- (2.2
By definition sy = s,_; and one can easily check that s, = s;s251 (for example,
check what both elements do to the alcove Ajq). This implies that for any x € W,

we have spr = 515951 — p. This last equation implies the claim as spz = 5152512 — p,
S0812 = 81822 — P, S0S22 = S2512 — P, etc. ]

Claim 2.1.3. cen }(C, U 50C,) = cen ' (Conv({z, 512, $22, S92, S0517, S0522}))
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Proof. By Equation (2.1) and as s, = s15251, we have that two edges of the hexagon
C, are parallel to the vector p and the same applies to the hexagon s,C,.

Let a = s12,b = s1802,¢ = $22,d = $2812, so that a, b, c,d are four of the six
vertices of C, and the segments Sgm(a, b) and Sgm(c, d) are the edges of C, parallel
to p. By Claim 2.1.2; we have that a — p,b—p,c—p,d—p € V(soC,). Note that it is
possible for a — p (resp. ¢ — p) to either lie on Sgm(a, b) (resp. Sgm(c, d)) or not. To
clarify in which case we are, we will now provide a necessary and sufficient condition
to determine if @ — p (resp. ¢ — p) lies on Sgm(a, b) (resp. Sgm(c, d)).

As s,0 = s15251, we have that b = s,pa and d = s,oc. This implies that
| Sgm(a,b)| = 2d(a, H,0) (resp. | Sgm(c, d)| = 2d(c, H,p)). Then a — p € Sgm(a, b) if
and only if 2d(a, H,0) > ||p|| i.e. d(a, H,0) > 3 |p]|-
|(a,p)|
) el -
Thus, a — p € Sgm(a, b) if and only if |(a, p)| > @. Since p = w; + w9 and, as we

On the other hand, the distance between a and H, ¢ is given by d(a, H,o) =

have that ||e;||* = Z and the angle between w; and @, is I, we conclude ||p|| = v/2.
Hence, a — p € Sgm(a, b) if and only if |(a, p)| > 1.
One can check that y € D if and only if (cen(y),a) > 0 for all @ € {ay,as}

Additionally, since a = s1z and p = sjaq, we have that |(a,p)| > 1 if and only if
(cen(z),az) > 1. We can rewrite the above condition as follows:

a—p € Sgm(a,b) if and only if (cen(z),as) >1 (2.3)
Similarly we have that

c—p € Sgm(c,d) if and only if (cen(z),a;) > 1. (2.4)

We split the rest of the proof into three cases. Recall that by definition z =
0%(m,n).

1. Let us assume that m,n > 1 (see Figure 2.1). In this case, one can check that
(cen(z), 1) > 1 and (cen(z),as) > 1. To see this, it is enough to calculate
these inequalities with m = n = 1, which is straightforward. Indeed by Remark
1.2.9, we have cen(6(1,1)) = cen(wy) + 3p (recall that wy = s15251 denotes
the longest element in Wy). By Equation (2.3) and Equation (2.4), we have
a—p € Sgm(a,b) and c—p € Sgm(c, d). This implies that b € Sgm(a—p,b—p)
and d € Sgm(c — p,d — p). In other words, we have

Sgm(a,b) U Sgm(a — p,b — p) = Sgm(a,b — p)
Sgm(c, d) U Sgm(c — p,d — p) = Sgm(c,d — p).

Furthermore, as z = 6°(m,n) with m,n > 1, one can see that z — p € D, so
z — p € C,. We also have that s152812 € 50C,, because s159512 — p € V(50C,).
So we have {z —p,a—p,c—p} C C, and {b,d, 5152812} C 50C,. From this two
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inclusions, together with Equation (2.1), Equation (2.2), Claim (2.1.2) and the
fact that Sgm(a, b), Sgm(c, d) are parallel to p, we conclude that C, U soC, is a
hexagon with vertices {z, s9z,a,c,b — p,d — p}. Therefore, we have

C. U soC, = Conv({z, s12, $22, S02, S0512, S0522}), (2.5)

so the claim follows.

IS

VAVAVAVAVA
VAVAVAVAVAVAVAV: /AVAVAVAVAVAVA

Figure 2.1: C, and s¢C,, for z = 6°(m,n).

2. In this case we assume m = 0 and n > 1 or the symmetric case n = 0 and
m > 1, see Figure 2.2a for an illustration. Let us prove the case z = 6°(m, 0)
with m > 1, the other one being symmetric. We have (cen(z), ;) > 1 and
0 < (cen(z),as) < 1. By Equation (2.4), we have that ¢ — p € Sgm(c,d), so
d € Sgm(c— p,d — p). However, by Equation (2.3), we have a — p ¢ Sgm(a, b).
Thus, Equation (2.5) does not hold, although the strict inclusion C still holds
in this case. The difference between the set in the right and the set in the left
of Equation (2.5) is a “small” equilateral triangle T', with two vertices of T
being a — p and b. It is easy to see that T' contains no center of alcoves other
than a — p and b, as a — p and b are the centers of two alcoves (call them A
and B), the closures A and B share an edge, and T C AU B. This proves the
claim for n = 0 and m > 1.

3. Let us assume m = n = 0, see Figure 2.2b. We have that 0 < (cen(z), ;) <1
and 0 < (cen(z),as) < 1. This case is similar to the previous one. However,
instead of obtaining just one equilateral triangle, we now obtain two: one with
a — p and b as two of its vertices and the other with ¢ — p and d as two of its
vertices. [
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(a) C, and soC,, for z = 6°(m,0). (b) C, and s0C,, for z = 6°(0,0).

Figure 2.2

Back to the proof of the proposition, we conclude that the hexagon C,, for y =
so0°(m, n) has vertex set {z, s12, S22, S0z, S0S12, SoS22 }, where z = 0%(m, n).

The case y = sof(m, n) can be proved in the same way as the case y = s06°(m, n),
simply replacing z = 6°(m,n) with z = (m,n) in the proof, so we omit the details.
Finally, consider y and g as in Remark 1.2.13, then x = gy belongs to one of the
cases above. Since g acts as an isometry, for any set Y, we have that g Conv(Y') =
Conv(gY). So C, := g~ 'C, satisfies the proposition. O

Corollary 2.1.4. Lety € W, g € (6,0), and k > 1 then we have

SWp oty ify € 0'D,
V(Cy) = < {y, $iy, $1+i8:Ys S24+i8:Y, SiS14i8iY, SiSaisiy}  if y € 8'soD,
9{Xk, S1Xk, S251X, S15251Xy, } if y = gxp.

Where D = {8(m,n),0°(m,n) | m,n > 0} and C, is the bounded convex polytope of
Proposition 2.1.1 .

Corollary 2.1.4 gives a geometric characterization of the Bruhat order in W. The
Bruhat order relation x < y is equivalent to the geometric statement cen(z) € C,,.

Corollary 2.1.5. Let y € W. Then x <y if and only if x € C,, where

Conv (8% (s, $2)0~'y) ify € 6'D,
Cy = § Conv({y, sy, S14i5:Y, S24i5:Y, SiS1445:Y, Sis24i5y})  if y € 6's0D,
Conv(g{Xx, S1Xx, S251Xx, 515251Xx }) if Yy = gXp.
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We give formulas of |[id,y]|, for every y € W. They are not hard to obtain
from the geometric description above. For m,n > 0 and 4,5 € {0,1}, we denote
0(m,n,i,7) = (50)°0(m,n)(smn) and L(m,n,i,j) = |[id, 0(m,n,i,)]|.

Proposition 2.1.6. For all m,n € Z>y and i,j € {0,1}.
L(m,n,i,j) = 3m*+ 3n* + 12mn + 9m + 9n + 6 + (i + 5)(6m + 6n + 6) + 4ij.

Forn > 1, we have |[id, x2,)| = 3n? + n and |[id, X2,41]| = 3n? + 5n.

Most of these formulas already appear in [LP23, Lemma 1.5] and [BLP23, Equa-
tions 2.10, 2.11, and 2.12]. As far as we know, the formula for L(m,n,1,0) is new.

2.1.3 Lower dihedral subintervals

Let y be dominant. In this section, we give a geometric description of the set D (y) =
{z € [id,y] | [#,y] is dihedral}. The discussion of “upper” dihedral subintervals is
more complex, so it has been postponed to Section 2.2.4.

First, we define Dggnm (y) := {2 € W | 2 € Sgm(y, s1y) U Sgm(y, s2y) }-
Notation 2.1.7. We call an element y € W left-dominant if y € D and y € Rp

or y lives in the left half-space determined by the line Rp. We define similarly
right-dominant.

For the next definition, we suppose that y is left-dominant. In other words,
y=~0(m,n) or y =6°(m,n) with m >n > 0. Let Wsq s, ={w e Wy | l{(w) > 2}y.

(Wso .y 8 {Xom, Xomi1,0(m — 1,0)} if y = 60(m,0),
W227f:y W {95<m —1n— 1)7 9<m7n - 1)7
O(m —1,n),s10(m,n —1),50(m —1,n)} if y =60(m,n),
Drest(y) = W 1y W {Xam 2, S1X2m+3, 0(m, 0),
05(m —1,n),s:0(m —1,n)} if y = 6°(m,0),

Wso ry W{0(m,n),0°(m,n—1),6°(m —1,n),s0(m,n),
[ 520(m,n),s:0(m — 1,n+1),510(m+1,n—1)} if y = 60°(m,n).

The proof of the following lemma is a case-by-case verification.

Lemma 2.1.8. We have {(z,y) < 3, for all z € Dyest(y).

Proposition 2.1.9. If y is left-dominant then D(y) = Degm(y) ¥ Drest(y). If y is
right-dominant then D(y) = Dggm(y) & 0(Drest (V))-
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Proof. We start with a technical claim.

Claim 2.1.10. Ify € D, we have an inclusion of sets L(y) C D U {s1y, S2y}.

Proof. Without loss of generality, we assume that y is left-dominant. If y = 6(0,0),
the claim is obvious. Otherwise, Lemma 1.2.15 gives the list of elements of L(y).

o If y € {8(m,n) | m >n > 0} the claim follows from the equalities

s10(m,n) = 6*(spf(m — 1,n))
so0(m,n) = d(sef(m,n — 1)).

o If y € {#*(m,n) | m >n > 0} the claim follows from the equalities

510°(m, n) = 6%(so0°(m — 1,n))
$90°(m,n) = 0(s00°(m,n — 1)).

o If y € {#(m,0) | m > 0} the claim follows from the equalities

510(m, 0) = §*(s0f(m — 1,0))

329(m, O) = Xom+2-

o If y € {6#°(m,0) | m > 0} the claim follows from the equalities

510%(m, 0) = 6*(so0*(m — 1,0))

82(98 (m, O) = Xom+3- ]

We will now prove the proposition for a left-dominant element, the argument for
a right-dominant element being symmetric. Let z € D(y) be such that ¢(z,y) > 1.
By Proposition 1.1.4, the interval [z, y| contains exactly two coatoms. If ¢ is a coatom
of [z,y], then ¢ € L(y) C D U {s1y, sa2y}.

Let us label the elements of L(y) by ¢, ¢a,...,¢c,. By Proposition 1.1.4, and
Corollary 2.1.5 there are two different indexes 4, j in {1,...,k}, such that cen(z) €
C., NC,; and cen(z) ¢ Ce,, for any t ¢ {i,j}. So, if we define

we have that

D(y) = L(y) U (U Ai,j) : (2.6)



Claim 2.1.11. Let y left-dominant. If ¢ € L(y), then we have

Conv(W; - ¢) ifce D,

Conv({c,y — ai, s2(y — 1), $182Y, S251Y, S15251Y})  if ¢ = s1y,
Conv({c,y — ag, s1(y — o), $182Y, S251Y, S15251Y})  if ¢ = soy and ¢ € X,
Conv{e, s182Y, $18251Y, S251Y } if c =Sy and c € X.

Proof. By Claim 2.1.10, we have that ¢ € DU {syy, sey}. If ¢ € D, the result follows
directly from Corollary 2.1.5. It remains the case when ¢ € {s1y, s2y}.

First, assume that ¢ = syy. By Corollary 2.1.5, we have that
C. = Conv{e, s9¢, S982C, S$189C, S28082C, S25152C}.

The result follows from the identities so = s,_1 = 515251 — p and seaq = p (for
example, we observe that sps2c = $1528152¢ — p = S951¢ — p = Sy — p = S3(y — a1)).

Now, assume that ¢ = sgy. Since y is left dominant, we have either ¢ € dsqD
or ¢ € {Xomi2,Xamr3}. The first case is analogous to the case ¢ = s1y. Therefore,
it remains to consider that case ¢ € {Xon12,Xom13}, which follows directly from
Corollary 2.1.5. O

Returning to the proof of the proposition, let us first prove the case y = 6(5,2)
(we will later prove that this case is generic for (m,n)). In this case |L(y)| =
k = 4. In Figures 2.3a, 2.3b and 2.3c, we have drawn the hexagons C. for all
¢ € L(y) = {c1,c2,c3,¢4}. Also, in Figure 2.3c, the purple hexagon corresponds to
the intersection C., N C.,. In Figure 2.3d, the orange alcoves represent the elements
of Drest(¥). A quick inspection shows that:

i cen(z) € Ay, if and only if z € Sgm(y, s2y) \ {c1, c2}-
ii cen(z) € Az, if and only if z € Sgm(y, s1y) \ {cs, ¢4}

iii In the remaining cases, we have:
Avg=A{2, 2,2}, Az =1z}, Aoa={2}, Az ={z,2, 2]

Therefore, using Equation (2.6) we have proved in this case that z € D(y) if and
only if 2 € Degm (Y) W Drest (V).

We claim that a general 6(m,n) is essentially the same argument. Claim 2.1.10
tell us that L(O(m,n)) = {s1y, s2y,0°(m — 1,n),0°(m,n — 1)}. This means that
¢1:=60°(m—1,n) and ¢4 := 0°(m,n — 1) are the two alcoves sharing an edge with y
different from 6°(m,n), ¢y := soy and c3 := s;y. We will still have that zy (resp. zg)
is the alcove below ¢ (resp. ¢4). We have that z; is the only alcove sharing an edge
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(c) The hexagons Cg,, Cc,, and their in- (d) In orange, the eight elements of
tersection. Drest(Y)-

Figure 2.3: Polygons C, for z € L(6(5,2)).

with both z, and zg, the alcove z7 is the one below cs, etc. All of this implies that
the calculations of A; ; give the exact same results as in i, ii, iii above.

The proof of the case 6*(m,n) follows similar lines. We do not write it in detail
as it is not very different from the case just treated. O
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2.2 The geometry of Bruhat intervals in :45;

The running assumption in this section is that z,y are dominant elements satisfying
x < y. We will describe geometrically the intervals [z, y] for these elements.

2.2.1 Description of >«

For w € Wy, we define F,, as the convex closed unbounded subset of £ depicted in
Figure 2.4. Each zone will be either called by its label or by its color.

/NONININININININININN
VVVVVVVVVVV

/N /N /N
Figure 2.4: The six zones F,,. The red alcove, Aiq is part of Fig.

Some zones are contiguous to others and delimited by unbounded rays. There
are 6 of these rays. Fach of them is contained in a line of #. The corresponding
affine reflections of these lines are s,, 1, ¢, S2, 51, S0, and s,, —1. For convenience, we
denote them by 71,719,713, 74,75, and rg respectively. We use “label mod 6” notation,
so for example r1; = r5. Note that ro = r5 = so. We also relabel the zones by
Fi, ..., Fs (again “label mod 6” notation) in a “clockwise” way starting from Fi4, in
other words, F is gray, F5 is orange, Fj is pink, F} is green, Fj is yellow, and Fj is
blue. From Figure 2.4, it is immediate that r;---r;(D) C F;;; for i > 1.

Definition 2.2.1. [Construction of §t(x)] See Figure 2.5a for an example of the
construction that follows. Let x € D C W. Define z := cen(x) € F and ;1 := r;x;
for all 1 < i < 6. As noted above, z; € F;. The segment 7;7;;; divides the ray
corresponding to r; into two distinct parts: bounded and unbounded. A unique point
u; 41 satisfying that z;u; 12,1 is an equilateral triangle, lies in the ray’s unbounded
part.
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Note that z7; = 1 because 14---7; = id (this is clear from Figure 2.4 since
re- -1 fixes Ajq). For convenience, we use label mod 6 also for x; and u;. The
union of the segments z;u; 1 and w; 12,1, for 1 <7 < 6, forms a closed loop which
is the boundary of a (non-convex) bounded 12-sided polygon which we denote by
St(z). It is easy to see that St(x) is a 6-pointed star with acute inner angles /3
and obtuse outer angles 27/3.

We relabel the z;’s in the following way: For w € Wy, there is a unique ¢ mod 6
such that F,, = F}, so we write z,, := x;. Let us denote by IVS, := {z,, | w € W}
and EVS, := {u; | 1 < i < 6} the sets of inner and exterior vertices of St¢(z)
respectively.

Proposition 2.2.2. If x is dominant
>x={zeW |cen(z) & St°(x)},
where St°(x) denotes the interior of the star-shaped polygon St(x).

Before we prove this proposition, we need some preliminary lemmas. For the rest
of this section, we fix an element z € D.

Consider the following regions (see Figure 2.5b)

H, I:Fl\{UGEl—lg (’U7OZQ> <O},
Hy = I35, Hy := F,
H4 I:F4\{'U€E|—1§ (’U,Oél) <O}

For 1 < j < 4, the set H; \ 0(St(x)) has two connected components, one in the
interior of the star and one in the exterior of the star. Let us call A ji-“ and H5* the
connected components in the interior and in the exterior, and HP" := H;NO(St(x)).
We emphasize that these sets depend on z, but we omit x from the notation. From
the description of St(x), one can deduce that for 1 < j < 3 the reflection r; € W
induces a bijection r;: H; — Hj,y such that r;(H;) = Hj,,, for x € {in, ex, bor}.

Let us denote the union of these sets H := Lﬂ?zl H;. Letve H;. Ifi=1, we
define v(1) = v € Hy. If not, we define v(1) = ryry---1r;qv € Hy. For 2 < k <4 we
define v(k) :=r;_1---rory(v(1)) € Hy.

The following lemma is immediate.
Lemma 2.2.3. We have H;(1) = Hy for every 1 < j <4 and * € {in,ex, bor}.
Lemma 2.2.4. Let z € W. If z € H, then z(1) € V(C,).

Proof. We split the proof into four cases.
e Case z € H,. By Corollary 2.1.4, we have z(1) = z € V(C,).
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(a) The star S£(0(2,1)). (b) Regions H!", Hf* 1 < i < 4.

Figure 2.5: Tllustration of $¢(z) and the regions H!", HE* for x = 0(2,1), 1 <i < 4.
The teal-colored alcove corresponds to x. In the figure on the right, the complement
of H is colored lighter than in the figure on the left, and the four exterior regions
H are depicted with darker colors than their corresponding interior regions H.™.

e Case z € Hy. There are two possibilities:

o 6z € soD. Then z € §?syD. By Corollary 2.1.4, we have z(1) = 5950522 €
V(C,).

oz € X. Then z = 0%y, for some k£ > 2. By Corollary 2.1.4, we have
Z(l) = 8285095922 = 5(818281Xk) & V(Cz)

e Case z € H3. By Corollary 2.1.4, we have z(1) = s3s02 € V(C.).
e Case z € Hy. The proof is similar to the second case. O

Definition 2.2.5. Let w € Wy. Let Cone”(ay, o) be the positive cone generated
by w(ap) and w(az). In formulas, Cone”(ay, as) := {aw(ay) +bw(ag) | a,b € R}
For simplicity, we write Cone(ay, ap) := Cone(ay, o).

Lemma 2.2.6. Let z € W. If z € H, then
C.NHyNcen(W) = (z(l) — Cone(ay, 0[2)) N Hy Ncen(W).

Proof. Let X" C E (resp. X¢, X% C FE) be the strip of the plane starting at
the identity and going northeast (resp. east, southeast) intersected with H; (resp.
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Hy, Hy). In formulas,
X ={veH |-1<(v,aq)<0)},
X¢={veHy|—-1<(v,p) <0},
X*={veHy|—-1<(v,a5) <0}.

Let Y™ C H; and Y* C H, be the strips directly to the left of X and X*°
respectively. In formulas,

Y ={ve H |0< (v,aq) <1},
Y ={ve Hy| -2 < (v,az) < —1}.

By Corollary 2.1.4 and case-by-case inspection, if z € H\ (X" UX UX*UYUY™),
then C, is a hexagon with only one vertex in H; (for instance, the blue hexagon in
Figure 2.6). If z € X¢, then C, is a quadrilateral with only one vertex in H; (for
instance, the yellow quadrilateral in Figure 2.6). In both cases, we have

C,NH, = (z(l) — Cone(ay, ag)) N Hy, (2.7)

so the lemma follows.

AV
AVAVAVA
AVAVAVAV

VAVAVAYAVAV NSV
A\WAVAVAVAN' /AT ZZANAVA
A\WAVAVAV. VA= 7AVAVAVAV

Figure 2.6: 0C, for z ¢ X™ U X**UY ™ UY*.

It remains to prove the case z € X" U X* U Y™ UY*®. Suppose that z is as
in Figures 2.7a or 2.7b. By Corollary 2.1.4 and case-by-case inspection, Equation
(2.7) does not hold, although the strict inclusion C always holds in this case. The
difference between the two sets in this strict inclusion (denoted by Dif,) is a right
triangle minus its hypotenuse. The set Dif, contains no center of alcoves (although
along its hypotenuse, there are either one or two elements of cen(W).) This proves
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the lemma for the elements z appearing in Figures 2.7a and 2.7b. Let us argue why

this is enough to prove the lemma.

In Figure 2.7a, we see a yellow quadrilateral corresponding to a specific element
z € X*. If one chooses a different element z in X*¢ then Corollary 2.1.4 gives a
quadrilateral C, with the same inner angles as the yellow quadrilateral. In this case,
z(1) also belongs to X™. Modulo a translation of the plane, the right triangle Dif,
depends only on the parity of ¢(z). If the parity of ¢(z) is different from the one
considered in Figure 2.7a, the area of Dif, is much smaller (it is one-sixth of the area
of an alcove) than in the case depicted there. In both cases, Dif, Ncen(W) = (). The
remaining three cases, z € X" U Y™ U Y are similar. This concludes the proof of

the Lemma.
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(a) 2 € X" U X5, (b) z € Y U Y™

Figure 2.7: Other examples of 0C,.

A similar result holds if we replace H; with o(H).

Lemma 2.2.7. Let z € Fiq. Then C, N Fq Ncen(W) = (z — Cone(ay, ag)) N Fg N
cen(W).

As Fiq = Hy Uo(H,), the case z € H; No(H;) is proved by using Lemma 2.2.6
with z(1) = z and the version of Lemma 2.2.6 where H; is replaced by o(H;).
The remaining cases to consider are z = x,, or z = 0(X,).

These cases are proved in a similar way as in the part of the proof of Lemma
2.2.6 following Figure 2.7. The reason for this is that, although a different z is
considered, the set C, remains essentially the same as depicted in Figure 2.7a and
the arguments apply in the same way. In other words (see Figure 2.7a) the difference
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between (z — Cone(ay, a2)) N Fq and C,N F}q is a right triangle minus its hypotenuse
included in A, that contains no element of cen(W).

Corollary 2.2.8. Let z,2' € Fiq. Then z € C, if and only if (w1, cen(z") —cen(z)) >
0 and (wy, cen(z’) — cen(z)) > 0.

Proof. By Lemma 2.2.7, z € C, if and only if cen(z) = cen(z') — tjaq — taas, for
some t1,ty € Ry if and only if for ¢ € {1, 2}

(@i, cen(2) — cen(z)) = (w;, iy + taan) =t; > 0.

Lemma 2.2.9. Let z be dominant and w € Wy. We have,

C.NF,Ncen(W) = (wz — Cone” (o, an)) N F, N cen(W).

Proof. If each element of V(C,) belongs to a different zone, then it is clear that
C.,NE, = (wz — Cone"(ay, ag)) N F,, and we are done. This happens if z € D + p.
The complement by this set in D is composed of two strips, and by symmetry we
can restrict to the case z € {#(0,n),0°(0,n)|n € N}. For the case z = 6(0,n) see
Figure 2.7b, and use a similar argument as in the part of the proof of Lemma 2.2.6
following Figure 2.6. The case z = 6°(0,n) is similar. O

The next lemma is an analogue of Lemma 2.2.9 for z € {x; | k > 3}.

Lemma 2.2.10. For k > 4, we have that

(wxy — Cone”(ayq, p)) N F, Ncen(W) if w ¢ {sa, 5152},

Cx, NE,Neen(W) =
. cen(WW) {(wszxk — Cone"™(ay, p)) N Fy Neen(W)  if w € {s2, 5152}

Proof. By Corollary 2.1.4, we have V(Cx,) = {Xx, 51Xk, S251Xk, S15251Xx}. Recall
that s1 = 54,0, 52 = Sa,,0 and s15251 = 5,9. Note that
s1Xk € Fy,,  Sos1Xk € Fy 508y, S15251X) € Fiys,- (2.8)

Moreover, we have the following

( k) - - 22(:10517
$981(Xk) = Ss1(Xp) — 2o,
251(Xx) ( k) 20¥2 (2.9)
515251(Xy) = Sl(Xk) + 2tzay,
515251(Xk) = Sp0(Xk) = x5 — 2tp.

for some ty,%s,t3,t € R>o.
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We will first prove the equation in the second case, i.e. w € {sg,s152}. From
Equations (2.8), it follows that there is no vertex on F,. Also, we have that the
zones adjacent to Fy, are Fiq and Fj,s,. By Equation (2.8), the vertices of Cy, in
Fq and Fy,, are x; and s;$281Xy, respectively. By Equation (2.9), we have that
515981Xk = Xg — 2tp, SO

Cx, N Fs, = (x5 — Cone(ay, p)) N F,,

and after intersecting both sides with cen(W) this concludes the proof of the lemma
in the case w = 8.

The adjacent zones to Fy,, are Fy, and Fj ,,s,. By Equation (2.8), the vertices
of C, in Fy, and Fj,s,s, are s1x; and sas1Xy, respectively. By Equation (2.9), we
have that ses1xp = $1Xp — 2tas and s1(x;) = X — 277001, SO

Cx, N Fsys, = (1%, — Cone(—aq, az)) N Fy s,
= (s1xx — Cone®™ (ay, p)) N Fys,,

and after intersecting both sides with cen(1W) this concludes the proof of the lemma
in the case w = s;5s.

The result for the remaining cases follows similarly, with the caveat that for
F,s, and Fy s the equation is not true before intersecting with cen(WW). As in
several previous arguments, a small triangle (without intersection with cen(W)) is the
difference between the left-hand side and the right-hand side that after intersecting
with cen(W') disappears. For brevity, we omit further details. ]

The following lemma is the analog of Equation (2.7) for the set F'\ $t(z) in place
of the set C,. It follows directly from the definition of $7(z), and we will omit its
proof. Unlike Equation (2.7), an equality holds in each possible case.

Lemma 2.2.11. We have H, \ $t(z)° = Hy N (z + Cone(ay, aq)). In particular, if
z €W and z € Hy, then z ¢ St(x)° if and only if x € z — Cone(ay, az).

Proof of Proposition 2.2.2. Let us first prove the proposition for z € W with cen(z) €
H; for some 1 < i < 4. By Corollary 2.1.5, z < z if and only if x € C,. Note that
r € Hy. By Lemma 2.2.6, z € C, if and only if z € 2(1) — Cone(ay, ). By
Lemma 2.2.11, z € 2(1) — Cone(ay, ag) if and only if z(1) ¢ St(x)° if and only if
z(1) € HU Hy*". By Lemma 2.2.3, z(1) € H{*U HP" if and only if 2 € HXU HP"
if and only if z ¢ S¢(x). This proves the proposition for z € H.

If one replaces everywhere in the argument H by o(G) (swap s; and sy, v and
ov, etc.) we obtain a proof for the proposition for z € W such that z € oH. The
only elements z € W such that z ¢ H U oH are id and so. However id, sy ¢ (> ).
The proposition is proved. O
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2.2.2 Elements that differ by a multiple of simple root in Fig

Lemma 2.2.12. Let 2, 2" € Fiq such that cen(2')—cen(z) € Rsoq; for somei € {1,2}
and A, N Ay #0. Then z < 2’ and {(z,2") = 1.

Proof. By hypothesis we have that z € 2/ — Cone(ay, ap). By Lemma 2.2.7, z € C,.
By Corollary 2.1.5, this implies that z < 2’. It remains to prove that ¢(z, z') = 1.

Let us suppose that 2’ is down-oriented. In this case we have that cen(z’) —

cen(z) = go; and z, 2’ share an edge. It is a known fact from Coxeter complexes
that if two elements z, 2’ share a face, then there is s € S such that zs = 2’. Since

z < 2/, we have that ((z,2') = 1.

Let us suppose that 2’ is up-oriented. In this case, A, and A, intersect in a
vertex and

cen(z) = cen(z') — ;Qi' (2.10)

Now we study all the possibilities for z and z’. In each case, we verify that ¢(z,2') =1
by using the formulas for the length of the elements of W provided in Section 1.2.1.

o 2/ = 6°(m,n), for integers m,n > 0. In this case we have that ¢(z') = 2m +
2n + 4. Then Equation (2.10) implies that either z = 6(m — 1,n + 1) or
z = 0(m+ 1,n —1). In either case we have that ¢(z) = 2m + 2n + 3, so
0(z,2") = 1.

o 2/ = x9, or o(xg) for k > 2. By symmetry, we can assume z’ = Xoi. In this
case we have ((2') = 2k. Since cen(2’) — 2as € Fq, we have that ¢ = 1, so

z=0(k—2,0). Thus ¢(z2) =2(k—2)+3=2k—1and ¢(z,2") = 1.

e 2/ = 0°(m,0) or 2/ = 6°(0,n). By symmetry we consider only the first case.
In this case we have £(2') = 2m + 4. Equation (2.10) implies that either
z =6(m—1,1) or z = Xgpy3. In both cases we have ((z) = 2m + 3, so
0(z,7)=1. O

Lemma 2.2.13. Let x,y € Fig andt € R>0. Ifl(z,y) > 4 and z = y — ta; € Fiq,
then t > 2. Similarly, ((x,z) > 4 and z = x + tay, then t > 2.

Proof. We will prove only the first statement, the second is analog. Let us define
C={ueW]|ue Sgm(y,z)}. Lemma 2.2.7 implies that Sgm(y, z) C [z,y], and
also each pair of elements of W in Sgm(y, z) are comparable. This implies that
C' C [z,y], and each pair of elements in C' are comparable.

We will enumerate the elements of C' as follows: we define ug := z. Since z
is the end-point of Sgm(y, z), we define u; as the unique element in C' such that
ﬂ_ul N ﬂ_uO # (). For k > 1, if uy, is defined and u;, # y, then we define wuy; as the
unique element in C'\ {uy_1} such that A,,,, N A, # 0. We define n € N such
that u,, = y.
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By Lemma 2.2.12 we have that C' is a maximal chain in [z, y]. In other words,
we have n = {(z,y) and
Z2=UgAdur <...duy =Y.

For 1 < k <n, if ug_; is up-oriented then u; is down-oriented and uy_; = uy — %ai.
If wj_; is down-oriented then wy, is up-oriented and wuz_q = u, — 2¢y. This implies

3
the following facts.
o If up_ 1 =uy — %ai then up = ugq — %ai.

—2

sa; then vy = ugqy — Loy

o If Uk—1 = Uk 3

By hypothesis n > 4. From the facts above, we have uy = 2z 4+ 2a;, so the lemma
follows. u

Remark 2.2.14. We note the following simple generalization, which we do not prove
here as it is not required for this thesis. If z, 2’ € Fjq are such that cen(z’) —cen(z) =
ra; for some r > 0 and ¢ € {1,2}, then ¢(z,2') = |r| + [r].

2.2.3 Types of intervals and the polygon Pgn,

Recall that, at the beginning of Section 2.2, we are assuming that z and y are
dominant elements. As [z,y] = [id, y] N (> z), Corollary 2.1.5 and Proposition 2.2.2
give the following geometric description of the interval

[z,y] = {z € W |cen(z) € C, \ $t°(x)}
=cen (G, \ St°(x))

This description was illustrated in Figure 1 of the introduction. Figure 2.8 illustrates
the next two definitions.

Definition 2.2.15. We define the polygon Par;’, as the parallelogram with opposite
vertices {cen(z,),wcen(y)} and edges parallel to wa; and way. In the degenerate
case, i.e. when cen(z,) and wcen(y) differ by a multiple of wa; or was, we de-
note Pary, := Sgm(cen(z, ), w cen(y)) and still call it a parallelogram. We denote

Par, , = Parf’y.

Definition 2.2.16. For each w € Wy, we define the following convex bounded

polygon
Pgn;', = Pary NF,.

As before, we denote Pgn, , = Pgnfy.
Remark 2.2.17. 1. It is not hard to see that each element of V(Pary ) is either

the center or a vertex of an alcove.

33



2. Vertices of Pgn, , adjacent to cen(x) can be either a vertex or the center of an
alcove.

3. Vertices of Pgn, , adjacent to cen(y) can be the midpoint of an edge, the center,
or a vertex of an alcove.
Remark 2.2.18. In some cases, w cen(y) is not contained in F,,, so it is not a vertex
of Pgny’ .
Lemma 2.2.19. cen™'(Pgny ) = cen™ ' (F, N C, \ $t°(x)).

Proof. The lemma follows by proving F,,N(C,\8¢°(x)) Neen(W) = Pgny N cen(W).
Note that F,, \ $t°(z) = F,, N (z,, + Cone” (a1, as)). Thus we obtain
F,n (Cy\ St°(z)) Neen(W) = (F, \ $t°(z)) N Cy N cen(W)
=F,N (a:w + Cone® (o, 042)) N e, Ncen(W)
= (Fw NC, Ncen(W ) N (:Ew + Cone"(ay, ag))
= (F, N (wy — Cone” (ay, as)) Ncen(W))N
(a:w + Cone®(ay, ag))
= F, NPary, Ncen(W)

= Pgn}, Ncen(W).
The fourth equality is given in Lemma 2.2.9. The fifth and sixth equalities follow by
definition of Par;, and Pgn;’ , respectively. O
Therefore, we have
[z, y] = H—J cen”'(Pgny ). (2.11)

”LUGWf
In other words, [z,y] is completely determined by the six polygons Pgny,. We can

now state an important definition, although we will not use it until Section 2.3.

Definition 2.2.20. We call [z,y] a parallelogram interval (resp. pentagon interval,
hezagon interval) if Pgn, , is a parallelogram (resp. pentagon, hexagon). If the area
of Pgn, , is zero, i.e. Pgn,  is a line segment, we also say that [z, y] is a parallelogram
interval.

We will now describe Pgn;, in terms of Pgn, . The polygons Pgn;’, have equal or
smaller area than Pgn, . We will shortly see that one can obtain them by subtracting
a particular set S;¥ from Pgn,  before applying w. Before proving this, we need
some definitions.

Consider the strips in the plane:

Sl = {cen(x) +tay +t'ay € Par, , |t € [0,1),t' € R},
Se¥ = {cen(x) +tay +t'oay € Par,, [t €[0,1),t € R}.

34



AV
AV
(a) The polygons Pgn;’, . (b) The parallelograms
Par;gy, Parj!, Par;?/t and Parj!’2°!.
Figure 2.8: Polygons and parallelograms associated with the interval
[6(2,0)s,0(5,2)].
Furthermore, for w € Wy, we define
0 if w = 1id, 0 ifw=id,
S¥y if w = sy, o ifw=s,
So¥ = ™ ] ! and v, = ! ) !
Sy if w=so, ay if w = s,
Se¥ U SeY  otherwise, p  otherwise.
We have the following equalities.
cen(x,,) = wcen(zx) + wv,, = ween(x + v,) € F,. (2.12)

The first equality follows from the definitions of z,, and v,, (it is indeed the reason
to define v,, as so). The second equality is a tautology, using Notation 1.2.5.

Proposition 2.2.21. For w € Wy, we have
Pgny, = w(Par, ,\ S;¥) N F, = w(Pgn, , \ Sp¥) N F,.

Ty

Proof. Since Pgn,’, = Par;, N I, to prove the first equality, it is sufficient to prove
that
Pary = w(Par,, \ S3¥). (2.13)

By definition, Par, , is completely determined by its opposite vertices cen(z,,) and
wcen(y). It is easy to check that the set Par, , \ Si¥ is a parallelogram with opposite
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vertices cen(x)+v,, and cen(y), and edges parallel to oy and ap. Then w(Par, , \ S5Y)
is a parallelogram with opposite vertices w(cen(z)+wv,,) and w(cen(y)). By Equation
(2.12), we have w(cen(x) + v,) = cen(z,), so w(Par,, \ S;,¥) and Pary have the
same opposite vertices and edges parallel to wa; and was and thus we have proved
Equation (2.13).

For the second equality, we have

w(Pgn, ,\ Sy¥) N F, = w((Par., N Fa) \ S3¥) N Fy,
= w((Par,, \ Sy,¥) N Fa) N F,
= w(Par, , \ S5Y) Nw(Fa) N Fy
= Par)), NF,

The last equality follows from the fact that F,, C w(Fiq). O

2.2.4 The geometry of maximal dihedral subintervals

This section is a continuation of Section 2.1.3 where we described geometrically the
sets D"(y) == D(y) = {w € W | [w,y] is dihedral} for y dominant. Here u stands
for “upper”.

Definition 2.2.22. Let © € D and {u;}1<,<¢ = EVS, be the exterior vertices of
St(z). We define

D' (z) == {w € W | [x,w] is dihedral}
D! (x) = {z> x|z € Sgm(uy,us) U Sgm(uy, ug)}.

sgm
Let D}y <o(x) = {2z € W\ D, (2) | # < z and £(z, z) < 2}, we define

CDZ

rest

( ) — Cbiest,SQ(l‘) if x = Q(m, ’I’L),
Dl <o(@)W{O(m+1,n+1)} if 2 =0(m,n)s.

In these definitions, the symbol [ stands for “lower”.

The following is the analog of Proposition 2.1.9 for D}, (x).

Proposition 2.2.23. Let x € D. Then D'(x) = DL, (v) W D! (7).

sgm

Sketch of proof. We will assume that z € {6(m,n),0°(m,n) | m,n > 0}. The re-
maining cases corresponding to x € {#(m,0),0%(m,0),0(0,m),6°(0,m) | m > 0} are
similar so we will not explain them.
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Let 2 € D!(x) be such that ¢(z,2) > 1. By Proposition 1.1.4, the interval [z, 2]
contains exactly two atoms. By Lemma 1.2.17, we have that

{0°(m,n),0°(m+1,n—1),0°(m—1,n+1),
s0f(m,n),d(sef(m — 1,n+1)),6%(sef(m + 1,n — 1))} if z = 6(m, n),

{9(777, + 17”)7 e(mu n+ 1)7 Soes(mu n)a
8(s00%(m — 1,m+1)),6%(sef0*(m + 1,n — 1))} if x =60°(m,n).

U(z) =

It is evident that if a is an atom of [z, z], then a € U(z). We will now proceed by
outlining the main ideas of the proof:

The inclusion C.

1. Show that U(z) C C,4,. This observation implies that [z, 2+ p] is not dihedral.

2. Define the sets
A=D (2)wD!

sgm rest (Qf ) and

D¥(z) = (St°(z + p) \ (St°(z) UA)) N F,.
3. For b € D'(z), show that |U(x) NG| > 3.

4. Let w € Wy \ {id} and let b € D*(x). By Lemma 2.2.4, we know that
b(1) € V(G,). Since b(1) € D'(z), it follows that [z,b(1)] is not dihedral.
Consequently, [z,b] is also not dihedral. This proves that if b € Uyew, D" (z),
then b & D'(x). Equivalently, as Uyew, D" (x) is the complement of A in
St°(x + p) we have that D'(z) C DLy, (z) W Dl (z).

The inclusion D. We consider two cases

1. Suppose that z € D! (x).

rest
o If /(x,z) =1, then [z, 2] is dihedral.

o If /(x,z) = 2 then [z, z] is also dihedral because any interval of length 2
contains exactly two atoms.

e In the case where z = 6(m+ 1,n+1). The atoms of [z, z] are (m +1,n)
and O(m,n +1).

2. Suppose that z € D! (z).

sgm

e If z € Sgm(uy, u3). The of atoms of [z, z] are

{0°(m+1,n—1),0%(sef(m + 1,n — 1))} if x =60(m,n),
{0(m +1,n),8%(se0%(m + 1,n — 1))} if z = 60%(m,n).
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o If 2 € Sgm(us, ug). The atoms of [z, 2| are

{0°(m —1,n+1),0(sof(m —1,n+1))} if 2 =6(m,n),
{0(m,n+1),5(so0°(m —1,n+ 1))} if v =0°(m,n).

In both cases [z, 2] has two atoms, which implies that z € D!(z).

2.3 Translations

In this section, z,y € W and A € A are assumed to be dominant unless otherwise
stated. We will also assume that x < y. We study an important class of morphisms
of the partially ordered sets [z,y] — [r + A,y + A] given by “translations” in the
Euclidean plane by the weight A. These play a major role in the main theorem of
this thesis. The type of the interval (Definition 2.2.20) tells us exactly which of these
translations are isomorphisms of partially ordered sets (Proposition 2.3.32).

2.3.1 Basic facts about translations

Let i € {1,2}, we define the translation by the i-th fundamental weight 7,: W — W
as follows: if z € W there is a unique w € W; such that z € F,, so we set
7;(z) = z + ww; (see Notation 1.2.5) where w; is the i-th fundamental weight. For
\ = aw, + by dominant weight, i.e., a,b > 0, we define 7 := 7 o 7%.

Lemma 2.3.1. For w € Wy and ¢ € {1,2}, we have 7,(F,) C F,. Furthermore,
T)\<Fw) C Fw.

Proof. For any w € Wy, the set F, is a convex and unbounded polygon with two or
three edges. The two unbounded edges of F,, are rays in the direction of ww; and
wwy. The first part follows. The second part is a direct consequence of the first. [

Lemma 2.3.2. Fori € {1,2}, the map 7; is injective.

Proof. Suppose 7;(u) = 7;(v) € F, for some w € Wy and u,v € W. By Lemma
2.3.1, we have u,v € F,, so the previous equality becomes u + ww; = v + ww;. This
implies cen(u) = cen(v), so u = v. O

Lemma 2.3.3. We have (z 4+ \),, =z + wA for all w € Wy.

Proof. By Equation (2.12), we have cen((x + \),,) = cen(z,,) + wA = cen(z,, + wA)
so the result follows. O
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Lemma 2.3.4. For all w € Wy, we have:
(i) Pary, +wA = Pary,, .\.
(ii) Pgny , +w C Pgnyyy .y

Proof. We prove both claims:

(i) By definition of Pary, and Lemma 2.3.3, Pary, +wA is the parallelogram with
opposite vertices w cen(y) + wA = wcen(y + \) and cen(z,) + wA = (x + )y
and sides parallel to wa; and way. By definition of Pary,, |,,, we conclude
Par, , +wA = Par)/ ., ..

(ii) Pgny, +wA = (Pary, N F,) +wA C (Pary, +wA) N F, = Pgny,y . This is
because Fy, +wA C F,, (Lemma 2.3.1.)

0
Lemma 2.3.5. Fori € {1,2}, we have 7;([x,y]) C [1(x), Ti(y)].

Proof. Let « < z < y and w € W; be such that z € F,. We need to prove
that © + w; < z + ww; < y + w;. By Equation (2.11), it is enough to show that

cen(z +ww;) € Pgny, .. .. Note that cen(z) € Pgny/, . By Lemma 2.3.4(ii),
cen(z + ww;) = cen(z) + ww; € Pgny/, +ww; C Penyy 0. O

Proposition 2.3.6. Let Pgn, , be a hexagon and jn € A be any weight. The equality
of sets Pgn, , +u =Pegn, . implies that p = 0.

Proof. Recall that every element of V(Pgn, ) different from cen(z) and cen(y) be-
longs to Rw; + oy or Rwy + as. The analogous statement holds for V(Pgn, oy Jm).
Let a,b be the two vertices of Pgn, , adjacent to cen(r) such that a € Rww; + a; and
b € Rowy + ay. Since a+pu,b+p € V(Pgn,,, . ,,) and both points are different from
cen(z + p1) and cen(y + u), we have:

e a+ € Rwy 4+ a; and b+ pu € Rwsy + as, or

e a+p € Rwsy+ayand b+ p € Rwy + ag.

Let us prove that the second case is impossible. Let ¢ € V(Pgn,,) be the other
vertex living in the affine line Rw; + a4, so ¢ = a + tw; for some ¢ > 0. Since
a+ p € Rws + g, we have that p ¢ Rewoy. Since ¢ + p is a vertex of Pen, iy
different from =+ p and y+ p, it belongs to Ry + s (it can not belong to Ry +
because p1 ¢ Rewy). Then c+p—(a+p) € Rows. This implies that c—a € Ry NRws,
so a = ¢, which is a contradiction. So, we can suppose the first case. The condition
a+ p € Rwy + aq holds only if © € Rw; and the condition b+ i € Rwy + ap holds
only if p € Rws so p = 0. [
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Proposition 2.3.7. Let p € A be any weight. If Pgn, , is a pentagon with two
adjacent vertices on Rxow; + «; for some i € {1,2}, then Pgn, , +pu = Pgn, ., .,
only if u € Row;.

Proof. Let 2,y € D be dominant elements, such that Pgn,, , is a hexagon with
vertices lying in Rws + . It is easy to prove, by comparing the interior angles
of both polygons, that if Pgn, , has two vertices lying on Rw; + «ay, then Pgn,,
cannot be a translation of Pgn, . Since this remains true for any choice of dominant
elements z’, vy, the result follows. H

Proposition 2.3.8. The following statements hold:
1. If Pgn, ,

2. If Pgn, , is a pentagon with two adjacent vertices on R>ow; + a; for some
i € {1,2}, then Pgn, , +\ = Pgn, ., . if and only if X € Rxow;.

is a parallelogram, then Pgn, , +A =Pgn, ..

8. If [x,y] is a hevagon interval, then Pgn, , +X = Pgn, .y, .\ only if A = 0.

Proof. 1. It is not hard to prove (using that cen(z),cen(y) € V(Pgn,,)) that
Pgn, , is a parallelogram if and only if Par, , = Pgn, ,. By Lemma 2.3.1, we
have Pgn, , +A C Fq. By Lemma 2.3.4(i), we have Pgn, , +A = Parg 1, s0

Pgnx+)\,y+)\ = Parx+)\,y+)\ NFq = (Pgnz,y +)\) N Fia = Pgnx,y +A.

2. The implication = is given by Proposition 2.3.7.

Let us prove the implication <. Without loss of generality we can assume that
1 = 1. Consider the following general result of planar geometry:

Let H be a closed half-plane of the plane E. For any subset X C E we use the
notation Xy := X N H. If v is a vector such that 0H + v = 0H, then for any
subset S C E we have Sy +v = (S 4 0v)g.

We apply this result to the special case where H = {u € E | (ag,u) >
—1}, v = A € Ryowy, and S = Par,, (note that 0H = Rw; + a; and
A+ 0H = 0H.) Thus, we have (Par,,)g + A = (Par,,+\)g. We have
(Paryy)n C Fi, so (Parg,)g = Pgn, ,. By combining these identities, we get
Pgn, , +A = (Par,, +A)g. By Lemma 2.3.4(i) and the fact that Fiq C H, we
have

Pgn, i = (Pargynyia)m N Fa
= (Pargy +A)g N Fiq
= (Pgn, , +A) N Fiq
= Pgn, , +A.
The last equality follows from Pgn, , C Fiq and Lemma 2.3.1.

3. This is a particular case of Proposition 2.3.6. O
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2.3.2 Translations preserving the cardinality of the Bruhat
interval

The goal of this section is to prove Propositions 2.3.25.

Notation 2.3.9. If A C E, we denote cA := cen(W) N A.

Let A C E. For any weight u € A, recall from Section 1.2 that cen(WW) =
cen(W)+p. This implies that cen(W)N(A+pu) = (cen(W)NA)+p, or in compressed
notation, ¢(A + u) = cA + p. Similarly, for z € W, we have z(cen(W)) = cen(W).
Thus, for any subset A C F, we have cen(W)NzA = z(cen(W)NA), or in compressed
notation, czA = zcA. We usually prefer the expression czA over zcA to emphasize
that we deal with a subset of cen(W).

Let z € W. As discussed in Section 1.2, z: F — FE is a bijection. In particular,
for any subset A C E, we have z|.a: cA — czA is a bijection, so |cA| = |czA|.
Similarly, for g € A and any subset A C E, we have |cA| = [cA + p]. Summarizing,
for any z € W, up € A and A C E we have the following identities:

c(A4+p)=cA+pu (2.14)
|cA| = |cA + pl. (2.15)

By Equation (2.11), we have

[z, y]] = > |cPgn¥,|. (2.16)
wEWf

Lemma 2.3.10. Let w € Wy, then |cPgny | < |cPgny,, .| for allw € Wg. So
[z, 9]l <[z + Xy + Al

Proof. By Equation (2.14) and Lemma 2.3.4(ii) we have

cPgny +wA CcPgn;’ 1y

By Equation (2.15) we have |cPgny, +wA| = [cPgny/, |, which allows us to conclude
|cPgny | < |cPgny, .\ | By Equation (2.16), this implies |[z,y]| < [[z + A,y +
All. O

Proposition 2.3.11. If Pgn, , +A = Pgn, .\, then Pgn)’ +wA = Pgny/ .\
for all w € Wy.

Proof. Case A. If Pgn, , is a hexagon, by Proposition 2.3.8 we have A = wA = 0
and the proposition follows.
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To prove the cases where Pgn,  is a pentagon or a parallelogram, we need much
more work. Let w € Wy. By Proposition 2.2.21, we have

Pgn? +wh = (w(Pgn, ,\ Su¥) N F,) + wA

— [w(Pen,,\ S5Y) + wA] A [Fy + wA

C w((Pgn,,, \ SLY) +A) N E, (2.17)

= w(Pgn, 5,0 \ S5 N E,

=Pgni’\yia-
The inclusion in the third line of (2.17) follows from Lemma 2.3.1. The fourth
equality is a consequence of the hypothesis and SETTA+HA = §%¥ 1 )\ (this last equality
easily follows from the definition of S%¥ and Lemma 2.3.4(i)). To finish the proof of

the proposition we need to prove the inverse inclusion Pgny’, .\ C Pgny, +wA, in
other words, we need to prove that

A= (w(Pgn,,\ Sp¥) +wA) N F, C (w(Pgn,, \ SLY) N F,) +wk = B.

Let p € A, then p = wp; +w\ € F, for some p; € Pgn, ,\ S5¥. Then p € B if and
only if wp; € F,,. So we need to prove that wp; € F,.

Claim 2.3.12. Let Pgn, , be a pentagon with two adjacent vertices on Rwwy + ;.

(Z) S1 (Pgnz,y \ Sgy) - Fsl :

(i) Let w € W\ {id,s1} and a € Z>o. If v € Pgn, ,\ S§¥ and w(v + aw,) € F,
then wv € F,.

Proof. (i) From Figure 2.4 we get
Fs, = s1{v € Fq | (a1,v) > 1}. (2.18)

Let b be the only vertex of Pgn, , adjacent to both cen(r) and cen(y). In
particular, (ai,b+ a;) > 1. From the definitions of S7¥ and Pgn, ,, every
element of Pen, , \ S5:¥ can be written as b+ ay + cay — dag, for some ¢, d > 0.
Hence Pgn, ,\ S5Y C {v € Fia | (1,v) > (a1,b+aq)}. The claim follows from
Equation (2.18).

(ii) We only prove the case w = sq; the other cases are similar, so we omit them.
By hypothesis v € Pgn, \ S5;¥. Let us prove the claim by contrapositive, so
let us suppose that sov & Fs,. Thus sev € s5(Fiq) \ Fs,. From Figure 2.4, we
note that so(Fiq) \ Fs, C {u € EF | =1 < (ag,u) < 1} and F,, C {u € F |
(ag,u) < —1}. In particular, —1 < (ag, S2v+awy), so sa(v+awy) ¢ F, (recall
that syww; = @y). This proves the claim. O

42



Case B. If Pgn, , is a pentagon, without loss of generality, assume that Pgn, ,
has two adjacent vertices in Rw; + . By Proposition 2.3.8, we have A = aw; for
some a € Z>o. We have two cases:

e w = s;. By Claim 2.3.12(i) we have s;p; € Fy, and the proposition follows.

o we Wi\ {id, si}. Note that w(p; + aw;) = p € F,, so by Claim 2.3.12(ii) we
have wp;, € F,, and the proposition follows.

Claim 2.3.13. Let Pgn, , be a parallelogram. We have w(Pgn, ,\ Sp¥) C F,.
Proof. The proof is similar to the first part of Claim 2.3.12, so we will omit it. [J

Case C. If Pgn, , is a parallelogram, Claim 2.3.13 gives wp, € F,, and the proposi-
tion follows. This finishes the proof of the proposition. n

Lemma 2.3.14. If Pgn, , +A = Pgn, .\, then |[z,y]] = [[z + A,y + A]|.

Proof. By Equation (2.16), Proposition 2.3.11, Equation (2.14), and again Equation
(2.16) we obtain the following sequence of equalities.

[z + Ay + A= Z lcPenyy sy |
wve

= 3 [e(Pgn, +w))

wve

= ) |ePgny,

wve
= |[z,y]| 0

Definition 2.3.15. Let v < y and 1 <4 < 2 and let v;"/(y) € V(Pgn,,) be the
vertex adjacent to cen(y) such that cen(y) —v;"Y(y) € Rsocy. Similarly, let v (z) €
V(Pgn, ,) be the vertex adjacent to cen(z) such that v;*(z) — cen(z) € Ruoay. If
the interval [z, y] is clear from the context, the superscript (—)*¥ will be omitted.

Lemma 2.3.16. Let {i,j} = {1,2}. We have that v;*(z) = vj“(y) implies the
equality

7Y (x) = cen(z) + (w;, cen(y) — cen(z))ay;.

v
Proof. Note that v = v;"”(z) = vj"/(y) is in the intersection between the affine lines
cen(z) + Re; and cen(y) + Ray. Thus, there is a; € R such that v = cen(z) + a;a; €
cen(y) + Reyj. This implies that (w;, cen(z) + a;0u) = (w;, cen(y)) so we obtain
a; = (w;, cen(y) — cen(x)). O
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Lemma 2.3.17. Let {i,j} = {1,2}. Ifv=v;"(z) = v;"(y), then
A = TP (43 = U;;+A,y+>\(y + ).
Proof. The equality v;"*(z) = v;¥(y) is equivalent to the inclusion
(z+Ra;) N (y + Ray) € Fia.
This inclusion and Lemma 2.3.1 imply that
A+ ((z+Ra) N (y + Rey)) = (x 4+ X+ Rey) N (y + A+ Ray) € Fa.

This in turn implies that o7 ™ (2 + \) = ’U;”J”\’y“(y +A)=v+ A O

Lemma 2.3.18. Let {i,j} = {1,2}.
(i) If v (x) ¢ OF.q, then

v; V() = vi¥(y) = cen(r) + (w;, cen(y) — cen(x))ay;.

(ii) If v7¥(x) € OFq, then

v7Y(x) = cen(x) + (1 + (ay, cen(x)))ay;.
Proof. (i) If v{*¥(x) ¢ OFi then vj"¥(x) = v;"’(y). The second equality follows
from Lemma 2.3.16.

(il) By definition of v;"Y(x), there is a; > 0 such that cen(x)+ a;a; = v{*(x). Since

v ¥(x) € OFiq, we have either v{*¥(z) is in Hy, _1, Ha,,—1, or H, 1. The second
case is impossible since a;, (a;, cen(x)), and (ay, a;) are positive. Similarly, the
third case is impossible since a;, (p, cen(x)), and (p, ;) are positive. Therefore

(o, cen(z) + a;0;) = —1, so we obtain a; = 1 + (ay, cen(z)). O

Lemma 2.3.19. Suppose Pgn,, , +A # Pgn, ., ,,\. Then|cPgn, | <[cPgn, ., |
and |[z,y]| < |fz+ Ay + All.

Proof. We start the proof by replacing the condition Pgn, , +A = Pgn,, .. with a
simpler statement. Let n; € Z>¢ be maximal such that cen(x) + n;a; € Pgnx’y and
m; € N maximal such that cen(z) + X +m;a; € Pgn, ., for i € {1,2}. Similarly,
let a; € R>( be maximal such that cen(z) + a;a; € Pgn, , and b; € R>o be maximal
such that cen(x) + A + by € Pgn,,, .y for i € {1,2}. Clearly, n; = [a;] and
m; = |b;]. By Lemma 2.3.4(ii), we have Pgn, , +A C Pgn,, .., which implies that

m; > n; and b; > a;. (2.19)

In particular, v (z) = cen(z) + a0y and v7 T (2 4 X) = cen(x + A) + by
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Claim 2.3.20. The condition a; = b; fori € {1,2} implies Pgn, , +X =Pgn, ..
Proof. Let us assume that a; = b; for i € {1,2}. There exist ¢; € R>¢ such that
{7y, 2+ a1ay, @ + azn, x + ayon + 1@, T + axan + e} = V(Pen, ),

where if one or two of the ¢;’s are zero, we are in the pentagon or parallelogram case.
As x + a4 + ¢;w; € y + Ry, by pairing this inclusion with w; we obtain

Gi = 5(@ — T, ;) — ;). (2.:20)

The set V(Pgn, ) is given by
{z+ N y+ N z+A+aia, 2+ N+ asan, o+ X+ ajaq + @y, @+ A+ asqs + o}

As the right-hand side of Equation (2.20) only depends on y —z = (y + A) — (z + A)
and a; = b;, we obtain that ¢; = ¢; and we conclude. O

Claim 2.3.21. Let 1 < i < 2 and suppose that n; = m;. If a; # b;, then v]"¥(z) €
OFq and v7 ™z + \) € OF .

Proof. Recall that v;¥(x) € V(Pgn,,) C Fiq.

e Suppose that v;Y(x) ¢ OF4. By Lemma 2.3.18(i) we have that v;"Y(x) =
v;¥(y). By Lemma 2.3.17 we have that v;"/(z) + A = oI (1)), so
a; = b;, a contradiction.

e Suppose that o7 (2 + ) € dFq. As v7¥(x) € OF,q, by Lemma 2.3.18(ii),
we have that b, —a; = (a;, A) € Z is the difference between two numbers having
the same floor, so a; = b;, a contradiction. O

Claim 2.3.22. Let 1 <1i < 2 and suppose that n; = m;. If a; # b; then vf+)"y+’\(x+
A) = cen(z) for some z € W. Furthermore cen(z) — A € V(Par, ) and cen(z) — X ¢
Pen, ,
Proof. By Claim 2.3.21, we have that v7¥(z) € 0Fq and v" ™" (& + \) ¢ 0Fy.
From Lemma 2.3.18(i), we obtain that

v =" 4\ = U;]-CJF/\’er)\(y + ).

This implies that v is a vertex of both Par,;,.x and Pgn, ) .\, because it is the
intersection of the lines x + A + Ray; and y + A + Rey;. Hence v — A € V(Par, )
because it is the intersection of the lines x + Ry and y + Ray;.

Now, recall that the floor of a; is n;, and v;"Y(z) = cen(x) + a;a;. By Remark

2.2.17, we have that a; is either n;, n; + % or n; + % Similarly b; is either m;, m; + %
2
or m; + 3.
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If a; = n;, since cen(W') = cen(W') + n;a; we have that cen(x) + a;a; € cen(W)nN
0F,q = (), a contradiction. So we conclude that a; # n;. From hypothesis and
Equation (2.19), it follows that a; < b;.

By hypothesis n; = m;, thus, a; < b; implies that a; = n; + % and b, = n; + %
This implies that clearly,

2
v—\=cen(r)+ (nZ + §) a; € V(Par,,). (2.21)

The point v;"Y(z) = cen(x)+a;a; € Fjq is a vertex of an alcove because v;"Y(x) €
OFq4. Since a; € N + g, we have that « is down-oriented. By Equation (2.21) we
have that v — A = cen(z,) for some up-oriented element z, € W. The claim follows
by taking z = z, + A, since

cen(z) = cen(z,) + A=v € Pgn, ., ..

Moreover, by Equation (2.21)
1
cen(z) — A =v"Y(x) + 30 ¢ Fq,

which implies that cen(z) — A ¢ Pgn, . O

Claim 2.3.23. If n, = m; for all i € {1,2}, then either a; = b; for all i € {1,2} or
‘ CPgnx+)\,y+)\ ’ - ‘ CPgnx,y | >1

Proof. Without loss of generality, we can suppose a; # b;. By Claim 2.3.22, we have
VI (2 4+ \) = cen(z) € Pgn, .\ for some z € W. Furthermore we have that
cen(z) — A ¢ Pgn, . Lemma 2.3.4(ii) states that Pgn, , +A C Pgn,,, .y, and this
inclusion is strict because cen(z) € Pgn, 1 \(Pgn,, +A). O

Now we can finish the proof of Lemma 2.3.19. By the previous claim, if n; = m;
for all i € {1,2}, we have two possibilities. The first one is that a; = b; for all
i € {1,2}. In this case by Claim 2.3.20 we have that Pgn, +A = Pgn, ., .\
and this contradicts the hypothesis. The second possibility, by Claim 2.3.23, we
have |cPgn, | < |cPgn, ,,.,]. By Lemma 2.3.10 we know that |[cPgn; | <
|cPgny’, .| for all w € Wy, Equation (2.16) implies that |[z,y]| < [[z + A,y + A],
which proves the lemma in this case.

It remains the case when there is 1 < iy < 2 such that n;, < m;,. Then cen(x) +
mi, i, & Pgn, , and the injective map cPgn,, — cPgn, ., given by z = 2 + A
is not surjective because cen(x) + A + m;,a;, has no preimage. This proves that
|cPgn, | < [cPgn,,,, |- By the same reasoning as before, we have |[z,y]| <
[z + Ay + Al O

Lemmas 2.3.14 and 2.3.19 are summarized as follows
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Lemma 2.3.24. |[z,y]| = |[x + A,y + A]| if and only if Pgn, , +A = Pgn .,y

The following Proposition is a direct consequence of Proposition 2.3.8, Lemma
2.3.10, and Lemma 2.3.24.

Proposition 2.3.25. The following statements hold:

1. If [z, y] is a parallelogram interval, then |[x,y]| = |[x + X\, y+ A]|, fori € {1,2}.

2. If [z,y] is a pentagon interval, then there is {ig, jo} € {1,2} such that for every
a € Z~q, the following holds

[z, 9]] = [z + awiy, y + awy, ]| and |[z, y]| < |[x + awjy, y + awwj, ]|
Moreover, Pgn, , is a pentagon with two adjacent vertices lying on R>owi, +a, .

3. If [z, y] is a hexagon interval, then |[x,y]| < |[1:(x), 7:(y)]|, for i € {1,2}.

2.3.3 Translations preserving the Bruhat order

The goal of this section is to prove Propositions 2.3.30 and 2.3.32.
Let z,2/ € W. For i € {1,2}, consider the following property

P2, 2): 2 <2 <= 7,(2) <7(2).
We say that the property P(z/, z) holds if P;(2',z) for all 1 <i < 2.
Lemma 2.3.26. The property P(2',z) holds for 2/ € W and z € D U soD.

Proof. Let z € D. Corollary 2.1.4, says that V(Cr,(.)) = {w7i(2) }wew,. We have:

Z <z = ZeC,NF,Ncen(W) (Corollary 2.1.5)
— 7' € (wz — Cone" (o, as)) N F,, Ncen(W) (Lemma 2.2.9)
— 7(2') € (wri(z) — Cone" (a1, as)) N F,, N cen(W)
— 7,(2') € Cpy(»y N Fy N cen(W) (Lemma 2.2.9)
— 7,(2') < 7i(2) (Corollary 2.1.5)

The case z € soD is proved in the same way, with the only difference being that
it requires an analog of Lemma 2.2.9 for these elements, where the same equation
holds but with wz replaced by wwgz. Since the proof of this analog follows the same
reasoning, we omit it. O

Lemma 2.3.27. Suppose that 7;: [x,y] — [1;(x), 7:(y)] is a bijection. The property
P,(',z) holds for z' € [z,y] and z € [z,y] N {Xy, 0(Xy) }nen-
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Proof. We prove the result only for z € [z,y] N {x,}nen, as the case z € [z,y] N
{o(xn) }nen follows analogously. To continue, we examine each translation individu-
ally.

Case i = 1. In this case, we observe that 71(2) € {x, | n > 3}.

Suppose that 2’ € F,, for w & {ss, s152}. We have:

7 <z < ZeC,NF,Ncen(W) (Corollary 2.1.5)
— 7' € (wz — Cone" (a1, p)) N F, Ncen(W) (Lemma 2.2.10)
— 71(7') € (wnz — Cone”(ay, p)) N F, Ncen(W)
— 7(¢) € Cp.NE, Necen(W) (Lemma 2.2.10)
— 7(2) <7(z) (Corollary 2.1.5)

Suppose that 2’ € F,, for w € {ss2,5152}. In the third equivalence below, we use
that Sotr1 — Wi.

Z <z = ZelC,NF,Ncen(W) (Corollary 2.1.5)
> 2’ € (wssz — Cone™(avy, p)) N F,, N cen(W) (Lemma 2.2.10)
— n() e (wSQle — Cone"*?(ay, p)) N F, Ncen(IW)
— 7(2") € C.NE,Ncen(W) (Lemma 2.2.10)
— 71() <7(z) (Corollary 2.1.5)

Case ¢ = 2. In this case, we note that 7(z) € D. By Lemma 2.3.5, and since
T is a bijection, we have that |[z,y]| = |[m2(z), 2(y)]|. By Proposition 2.3.25, the
polygon Pgn, , has no edge supported on R>ow; + a;. It is not hard to see that if
viY(x) ¢ OF, then v]"Y(r) = x,, for some m € N. Similarly, it is not hard to see
that if v7¥(z) € OF, then vi¥(z) = X, — sy for some m € N.

Claim 2.3.28. $t°(z) N V(C,) = {s2512, S152512}.

Proof. The proof of this claim is straightforward and will become clear to the reader
once we illustrate a single case (see Figure 2.9). Consider the case v € 0F.
The green, yellow, and purple alcoves are the only possible choices for z that live
in Pgn, , N{X,}nen. In this example, we chose z to be the green alcove. The aqua

quadrilateral is C,. In this case, sy$12 is the blue dot, and s;s2s12 is the red dot.
O

In a similar manner, it can be shown that

St(12(2)) N V(Cry(z)) = V(Cryz)) \ {72(2), T2(s12)}.

Since the proof is longer and tedious, it will be omitted.
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Figure 2.9: C, and 8t(z)

Returning to the proof of the lemma, by Claim 2.3.28, we know that {z, sz} &
St°(z). Let P, denote the parallelogram with opposite vertices {x,z} and edges
parallel to a; and as. Similarly, let Ps, ., denote the parallelogram with opposite
vertices {x,, s12} and edges parallel to a; and p. We have two cases:

o 2 € St(x) (for example, the purple or the yellow alcove in Figure 2.9). The
two parallelograms are degenerate and can be expressed by the formulas P, =
Sgm(z,z) and Py, = Sgm(zs,, s12). By Corollary 2.1.5 we have that [z, z] =
{u € [z,z] |u € P, W Py,,}. Furthermore, since

To(Sgm(z, x) U (Sgm(x,, s12)) = Sgm(z, z) W (Sgm(zs,, $12) + ws.
= Sgm(72(z2), 72(x)) W Sgm(7a(xs, ), 72(s1(2)))-

From this, it follows that [mx, 2] = {nu | v € P, W Ps .} so the claim is
proved.

o If 2 € 0C, \ St(z) (for example, see the green alcove in Figure 2.9.) Since
z=u1"(x) + 300 and s12 = ug + 5p, it follows that

1
V(P,) = {x,z,v7"(x), z + 5052} and

b 1
V<P312) = {xslﬂ 512,81U; 7y(x)a Tsy + gp}
AddlthﬂaHy, we have

1
cP. = {cen(u) | u € Sgm(v]"(x),v) W Sgm(y, @ + 5a2))

1
cPy,, = {cen(u) | u € Sgm(z,,, s107"Y(x)) W Sgm(x,s, + gp, s19)}-
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By Corollary 2.1.5, we note that [z,2] = {u | u € P, W Py,,}. It is an easy
computation to check that in fact [z, 72z] = {1u | u € P,W P, .} so the claim
is proved. O

The following lemma generalize Lemmas 2.3.26 and 2.3.27. Its proof relies on
ideas analogous to those in the given on these lemmas, but in the interest of brevity,
the proof will be omitted.

Lemma 2.3.29. Let j € {0,1,2}. The property P(z',z) holds for 2/ € W and
z € DU syD. Furthermore, if 2,z € [x,y] and 7; : [z,y] — [1i(z),7(y)] is a
bijection, then the property P;(2', z) holds for 2/ € W and z € X

Proposition 2.3.30. Suppose that 7;: [z,y] — [1i(x), 7:(y)] is a bijection. Then T
defines an isomorphism of posets between [z,y| and [1;(x), T:(y)].
Proof. Recall that for z, 2" € W, we have property:
P(Z,2): 2 <z < 7(Z) < 7(2).

The Proposition is equivalent to stating that P(2’,z) holds for all z, 2" € [z,y]. By
Lemma 2.3.26, P(Z,z) holds when z € D U s¢D and 2’ € W. By Lemma 2.3.27,
P;(Z',z) holds for z € {x,,0%,}nen and 2’ € W. The remaining cases follow by
Lemma 2.3.29. [

The following result is of fundamental importance for this paper.
Lemma 2.3.31. Let [z,y] be an interval such that x,y are dominant.

1. If [z,y] is a parallelogram interval, then 7;: [x,y] — [1;(x), 7:(y)] is an isomor-

phism of posets, fori € {1,2}.

2. If [x,y] is a pentagon interval, then for somei # j € {1,2}, we have 1;: [z,y] —
[7:(z), 7:i(y)] is an isomorphism of posets and [z,y] % [mj(x), 7;(y)].

3. If [x,y] is a hexagon interval, then [x,y] % [1:(x), ;(y)], fori € {1,2}.

Proof. The result follows directly from Lemmas 2.3.2 and 2.3.5, and Propositions
2.3.25 and 2.3.30. O

Proposition 2.3.32. Let [x,y] be an interval such that x,y are dominant. We have:

1. If [z,y] is a parallelogram interval, then 7y: [x,y] — [ma(2), TA(y)] is an iso-
morphism of posets for any dominant weight X.

2. If [x,y] is a pentagon interval (so Pgn, , has two adjacent vertices on Reo;, +ay,
for some iy € {1,2}), then 7y: [z,y] — [ma(x),Ta(y)] is an isomorphism of
posets for A = aw;, and a > 0. For any other X\, we have |x,y] % [x 4+, y+ A

3. If [x,y] is a hexagon interval, then [x,y] # [x + X,y + A] for all X # 0.
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Chapter 3

A Geometric approach to the
intervals classification

3.1 The sides of Pgn, , and rigid intervals

In this section, x,y are dominant elements such that [z, y| is a non-degenerate inter-
val.

3.1.1 A normalization of the distance

To avoid heavy use of square roots, sometimes we will use a normalized version of
the standard distance d(—, —). Given a,b € E, we define

dist(a, b) == \/?id(a, b).

In this normalization, the height of an alcove is 3/2, its sides have length /3, and
the distance from any vertex of an alcove to its center is 1.

3.1.2 The edges of Pgn,

Let v € V(Pgn, ) be adjacent to cen(y). There is 2 € W such that z € Sgm(y,v)
and
d(y, z) = max{d(y,w) | w € W,w € Sgm(y,v)}. (3.1)

Such a z is unique. By Equation (2.11), we have that z € [z, y]. Equivalently, z can
be characterized as the unique element in W such that 2 € Sgm(y,v) and v € z (we
recall that by v € 2z we mean v € A..) Similarly, if v € V(Pgn, ,) is adjacent to
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cen(z) there is a unique z € W such that z € Sgm(v, ) and
d(z,x) = max{d(w,z) | w € W,w € Sgm(v, z)}, (3.2)
or equivalently, such that z € Sgm(v,z) and v € 2.

Lemma 3.1.1. Letv € V(Pgn, ) be adjacent to cen(y). Let z € [x,y] be the unique
element such that z € Sgm(y,v) and v € z as above. Suppose that z # y, then we
have

if v=cen(z) and {(z) is odd,

dist(y,v) = if v=cen(z) and {(2) is even,

N DWW N|wW
—
=y
—~
R
RTRSS
N~—
|
—_
SN~—
_l’_
()
~—
<
S~— N
+ +
N N|—=

otherwise.

Where e(y) = 1/2 ify € © and e(y) = 1 if y € ©°.

Proof. Let py,p, € Sgm(y, v) be such that p, € 9(A,), p. € O(A,) and

d(y,py) = max{d(y.p) | p € Sgm(y,v) N A,}
d(y,p:) = min{d(y,p) | p € Sgm(y,v) N A.}.
We will break the problem into three computations using the following formula.
dist(y, v) = dist(y, p,) + dist(p,, p.) + dist(p., v).

Since Sgm(y,v) is parallel to a simple root, we have that either p, (resp. p,) is a
vertex or the midpoint of an edge of y (resp. z). If y € ©, y is down-oriented, so p,
is the mid-point of an edge of y. If y € ©°, y is up-oriented, p, is one of the bottom
vertices of y. In both cases, dist(y, p,) = €(y).

Similarly, when z is down-oriented, p, is a vertex of z, and when z is up-oriented
we have that p, is a mid-point of one of the edges of z. By Lemma 1.2.4, we have

1 if £(2) is even,

dist(p., 2) =
ist(p 2) {1 if £(2) is odd.

If v = cen(z), then obviously dist(p,, z) = dist(p,,v). If v # cen(z), then Sgm(p.,v)
is a height of A, so dist(p.,v) = 3.

By Corollary 2.1.5 and Lemma 2.2.7, an element w whose center is in Sgm(y, v) is
also in [z,y]. Asin the proof of Lemma 2.2.13, we have that {u € W | u € Sgm(y,v)}
is a maximal chain in [z,y]. As

Hu € W [u e Sgm(y,v)} = l(z,y) + 1,

one has
{u € W |u € Sgm(py,p.)}| = €(z,y) — 1.

Since for any u € W with cen(u) € Sgm(py, p.), we have that A, intersects Sgm(p,, p.)
along one of its heights, the equality dist(p,, p.) = 2(¢(z,y) — 1) follows. O
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The next lemma is proved in the same way as the previous one.

Lemma 3.1.2. Letv € V(Pgn, ) be adjacent to cen(z). Let z € [x,y] be the unique
element such that z € Sgm(v,z) and v € z. If z # =, we have

(U(z,2) = 1) +n(z)+ 3 if v=cen(z) and {(z) is odd,
(l(x,z) —1)+n(x)+1 if v=cen(z) and ((z) is even,
(0(z,2) = 1) +n(x

Where n(z) =1 ifx € © and n(x) = 1/2 if x € ©°.

dist(v, x) =

Mo MW lw
&
N

)+ 3 otherwise.

Lemma 3.1.3. Let vy, v; € V(Pgn, ) be vertices that are either identical or adjacent,
such that vy is adjacent to cen(z) and vy is adjacent to cen(y). Let zg, 21 € [z,y] be
the elements such that zg € Sgm(x,vy), vo € 20, 21 € Sgm(vy,y), and vy € z. We
have

‘/75(5(20, z1) — 1) if vy # cen(zp),

0 if vo = cen(z).

dist(vg, v1) = {

Proof. 1f vy = cen(zy), then zy = z; so vy = vy and d(vg,v1) = 0.

Let us suppose that vy # cen(zp). By Remark 2.2.17 and since zy € Sgm(z,vy),
it follows that vy is one of the top vertices of the down-oriented z;. By Lemma
1.2.4, this can only happen if ¢(zg) is odd, that is, zg = 6(m,n) for some m,n > 0
or zp € X°4 In the first case, we have 2; = 6°(m,n) which leads to vy = v; and
d(Uo,Ul) =0= g(Z(), 21) — 1.

For the remainder of the proof, we address the remaining case by assuming that
2o € X°%4. Note that vy € F}q. Since vy and v, are adjacent, we have Sgm(vg, v1) C
O0Fq. This implies that A, U A,, is contained in a strip {v € £: —1 < (z, ;) < 0}
for some i € {1,2}. Without loss of generality, we can assume i = 2. So zg = Xok_1
for some £ > 3. There is j > 3 such that either z; = x9; or z; = Xg;_1.

® 2 = Xy;_1. From Lemma 1.2.14, we have z; — 29 = (j — k)w;. Let ¢; be the
top vertex of z; that belongs to 0Fq, then ¢; — vy = (j — k). Since zj is
down-oriented, v; € 0F}q is the mid-point of the left edge of z;. More precisely,
we have that v; = ¢; — (1/2)w, hence
6(20, 21) -1

v — v = (j =k = 1/2)m = =2,

Since dist(0, ) = V/3, the lemma follows.

® 2 = Xy;. In this case, 2; is up-oriented, so v; € JFjq is the bottom-left vertex of
z1. Note that v; is also the top-left vertex of x9;_;. From the same computation
as in the previous case, we have that
. 14 20521) — 1
U1 — Uy = (J - k>w1 = Lwl,

2
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and the lemma follows. O]

The following lemma is a straightforward consequence of Proposition 2.2.7.

Lemma 3.1.4. Let 29, 21 € [x,y] and vo,v1 € V(Pgn, ,)\{cen(x),cen(y)} be vertices
that are either the same or adjacent, such that vy is adjacent to x and vy s adjacent
toy. If v; € z; fori € {0,1}, zo € Sgm(vy, x), and z; € Sgm(y,vy). Then zy < 2.

Definition 3.1.5. Let = € W. We define C(z) as the singleton containing the
element cen(A,), V(z) as the three-element set of vertices of A, and ME(z) as the
three-element set of midpoints of the edges of A,.

Proposition 3.1.6. We will proceed using the assumptions of Lemma 3.1.4.

o [fl(z9,21) =0, then vy € C(29) and vy € C(z1).

o If l(20,21) = 1, then vg € V(20), v1 € V(21) and vy = vy is a vertex of the
segment A, N A, .

o [fl(z,21) > 1, then vy and vy are different points of OFq. Furthermore:

o If l(zg,21) is even, vy € V(z) and vy € V(z1).
o If U(zo, 1) is odd, vo € V(z0) and v; € ME(z;).

Proof. Recall that z, (resp. z1) is the unique element in [z,y], such that z, €
Sgm(vg, z) and vy € 2o (resp. z1 € Sgm(y, v1) and vy € z1).

e ((29,2z1) = 0. This is equivalent to the equality zy = z;. By remark 2.2.17,
vo € {C(20), V(20)}, but if vg € V(zg) then z; # 2, which is a contradiction,
so vg € C(zp). This implies that vy = cen(zy) = v; = cen(z;), thus proving this
bullet.

e ((z9,2z1) = 1. Once again, by remark 2.2.17, we have vy € {C(z9), V(20)}. In
either case, applying the formulas from Lemma 3.1.3, we find d(vg,v;) = 0,
which implies vg = v;. If vg = cen(zp), then zy = 2z, which is a contradiction,
so vp € V(z0). A vertex of an alcove cannot be the center or the midpoint of
an edge of another alcove, which implies that v; € V(z1).

e ((z9,2z1) > 1. As in the last bullet, if vy € C(2) then zy = z; which is a
contradiction. Then, by Lemma 3.1.3, we have d(vg,v;) > 0. By definition of
Pgn, , this can only happen if both vy, v; lie on dFjq. Once again, by Remark
2.2.17, we have that vy € V(2¢), with zg down-oriented.

Similarly, as v; € A, N 0Fq, we observe that

a vertex of z; if z1 is up-oriented;
poEasip (3.3)

A, NOFq = ) . )
an edge of z; if z; is down-oriented.

o4



As 2y is down-oriented, by Lemma 1.2.4, we have that ¢(z) is odd. Addition-
ally, by applying Lemma 1.2.4 again, we have that:
o If {(zp, z1) is odd, then z; is up-oriented. By Equation (3.3), v; € V(z1).

o If 4(z, zl)ﬁ even, then z; is down-oriented. Here v; is the mid-point of
the edge A,, N OF, or rephrasing, v; € ME(z). O

We will rewrite the results of this section using a more convenient notation, which
is compatible with Definition 2.3.15.

Notation 3.1.7. Let z"Y(y) € W be the element as in Equation (3.1) such that
#9(y) € Sam(y, v7(y)) and

d(y, z"(y)) = max{d(y,w) | w € W,w € Sgm(y, v;"*(y))}-
Similarly, let z"Y(z) € W be the element as in Equation (3.2) such that z"Y(z) €
Sgm(v;"Y(z),z) and

d(z7Y(x), ) = max{d(w,x) | w € W,w € Sgm(v;"*(x),x)}.

)

Furthermore, if the interval [z, y] is clear from the context, we remove the super-
script (—)™Y from the notation, so for 1 < i < 2, we write z;(z), 2(y), vi(z), and
v;(y) instead.

If {4, j} = {1,2}, note that it is possible that z;(y) = z;(z) and/or v;(y) = v;(x).
In the latter case, the edge {v;(y),v;(z)} is degenerate. We have the set

V(Pegn, )\ {cen(z), cen(y)} = {v1(x), v1(y), va(), v2(y)},

consists of 2,3, or 4 elements; these are precisely the cases where Pgn,  is a paral-
lelogram, a pentagon, or a hexagon.

Remark 3.1.8. Let {i,j} = {1,2}. We have:

cen(y) = v;(y) + d(y, v;(y))ey/|lay]]
vi(y) = vi(z) + d(v;(y), vi(2))wi/ |||
vi(z) = cen(x) + d(vi(x), x) s /[ sl

The next two results are a summary of the Lemmas 3.1.1, 3.1.2, 3.1.3, and 3.1.4,
in terms of Notation 3.1.7.

Corollary 3.1.9. Let {i,j} = {1,2}, then z(z) < z;(y).
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Proposition 3.1.10. Let {i,5} = {1,2}, then we have:

. CJazy),y) = 1) +e(y) F(z(y)  if vily) = cen(zi(y)),
dlst(?/;Ui(y)) - {%(g(zl(y)7y) o 1) + €<y) + g Otheruﬁ;se.
3(0(zi(z), 2:(z)) — if vi(@ cen(z;(z
dist(v;(y), vi(z)) = {02 R ;;heiqj; e
: _ )5l zi@) = 1) +n(2) + 5 —(zi(x))  if vi(z) = cen(z()),
dist(v;(z), ) = {%(g(x, zi(z)) = 1) +n(z) + 2 otherwise.

w-{i prelwa-{l g o=t rgn
Proposition 3.1.11. {i,j} = {1,2}.
o IfU(z(2),2i(y)) =0, then v;(z) € C(z(x)) and v;(y) € C(z;(y)).

o If U(z(x), 2(y)) = 1, then vi(z) € V(zi(x)), vi(y) € V(z(y)), and vi(z) =
v;(y) is a vertex of the segment A, (x) N Az, ()

o If U(zi(x),zi(y)) > 1, then v;(x) and v;(y) are different points of 0Fq. Fur-
thermore:

o If U(z(x), zj(y)) is even, v;(z) € V(z(z)) and vi(y) € V(z;(y)).
o If U(z(z), zj(y)) is odd, vi(x) € V(zi(x)) and v;(y) € ME(z;(y)).

3.1.3 Rigid intervals

The main goal of this section is to prove Proposition 3.1.19, which imposes constraints
on the possible poset isomorphisms between Bruhat intervals under certain mild
assumptions. Recall that z,y € D and [x,y] is a non-degenerate interval.

Definition 3.1.12. The set of maximal length elements in @'(x) N [z, y] is denoted

by CDf:;HLTX. The set of minimal length elements in D*(y) N [x, y] is denoted by CDE;’I;;H.

Definition 3.1.13. For z € @fgfﬁx, the subset of maximal length elements of

(D (x) N [z, y]) \ [z, 2] is denoted A, .. For z € D“™™ the subset of minimal length

[zy]
elements of (D"(y) N [x,y]) \ [z,y] is denoted B, .
Remark 3.1.14. Since [z,y] is a non-degenerate interval, the sets A, , and B, , are
nonempty. Indeed, since [z, z] has at most two upper covers of z, it follows from
Lemma 1.2.17 that @!(x) \ [, 2] is nonempty. An analogous argument applies to
B, ,, using Lemma 1.2.16.
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Lemma 3.1.15. Let 2, € @[lfﬁx and zo € Ay, If U(x, z;) > 4 fori € {1,2}, then
{z1(x), z2(x)} = {21, 22}. In particular,

DI < {2 (x), 29(x) }

[z,y]

Proof. Let uy,us, us, ug, and xo be the vertices of §t(x) as in Definition 2.2.1. By
Proposition 2.2.23, 21,2, € DL (), because the elements z € D! _ (z) satisfy

sgm rest

l(x,z) <3 (even {(x,z) < 2 in the case z € O). Thus,
21, 29 € Sgm(uy, uz) U Sgm(ug, ug). (3.4)

Without loss of generality, assume that z; € Sgm(u;,ug). In this case, we have that
21 € Fiq U Fy,. Note that

Sgm(ug,ug) \ $t°(z) = Sgm(uq, x) W Sgm(xs, us).

Since z1 € [r,y], by Equation (2.11), we have that z; € Pgn,, UPgnj' . From
Proposition 2.2.21, it is not hard to see that

CPgnx,y N ng(ula U3> - Cng(Zl (:L‘)7 .I')
cPgny!, NSgm(uy, uz) = cSgm(xy, s121(7)).

This implies that z; € Sgm(z(z), ) W Sgm(xq, s121(x)).

Case A. z; € Sgm(z2, s121(z)). Note that
s1z1(x) € F,, = 0°soD U 6{x, | n > 2}.

By Corollary 2.1.4, we have that so5052-5121(2) is a vertex of Cy, ., (). Since soH, 1 =
H,, 1, it follows that ss2s0ss = S4,—1 = 71. By definition of §t(x) we have that
r1(Sgm(xs, u3)) C Sgm(x,uy), so ris1z1(x) € Sgm(x,uy). As

ris121 (,I’), 5121 (ZL’), € V(Gslz1(az))a

by convexity of Cs,., () we have that Sgm(zs, 5121(2)) C Cs,2y(2), 50 21 < 5121(7) <
z1(x), the strict inequality holds because z1(x) € Fiq.

Since z;(z) € DL (z), Proposition 2.2.23 implies that z;(z) € D!(x). This con-

sgm

tradicts the maximality of £(z;) in D'(z).

Case B. z; € Sgm(z(z),z). Suppose by contradiction that z; # z(x). Clearly
21 and zi(x) differ by a multiple of o;. By Lemma 2.2.12; there exists a chain
21 =1ty<ty<...<qt, = z(z) of elements in Sgm(z(x),z) C Fq, similar to the one
described in the proof of Lemma 2.2.13. In particular z; < z(x). Since z;(z) €
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D! (), Proposition 2.2.23 implies z;(z) € D!(x). This contradicts the maximality

of il in D'(z), so 21 = 2 ().

It remains to prove that zo = z(x). Recall that by Equation (3.4) we have
that zo € Sgm(uy,us) U Sgm(us, ug). Let us show that zo € Sgm(us, ug). Suppose,
by contradiction, that z; € Sgm(uy,u3). As in Case A, if z5 € Sgm(xg, s121(x))
we have that z; < s121(x) < z1(x) which yields a contradiction. Otherwise, z5 €
Sgm(zi(z),z) and by the same reasoning as before, there exists a chain zy = (<
t14...<9t, = z1(x) of elements in Sgm(z(z),z) C Fig, so z2 < 2z(z), and since
21 = z1(x), this contradicts the assumption that zo € A, ,,. Therefore, we conclude
that zo € Sgm(ug, ug). The proof of the fact that zo = z3(x) is analogous to that of
21 = z1(x), relying on the maximality of ¢(23), so we will omit the details. O

The next lemma is the analog of Lemma 3.1.15 for the elements z;(y) and 2z5(y).
Since the proof follows similarly to that of Lemma 3.1.15, we will omit certain details
that are not essential.

Lemma 3.1.16. Let z; € @E;vf;]in and zy € By ,,. If U(x,2;) > 4 fori € {1,2}, then
{z1(y), 22(y)} = {21, 22}. In particular,

D C {z21(y), 22(y)}-

Proof. By Proposition 2.1.9, z1, 22 € D, (y) because by Lemma 2.1.8 the elements
z € O (y) satisfy €(z,y) < 3. Thus, 21,20 € Sgm(y,s1y) U Sgm(y, soy). This
implies that 21,29 € Fjq U Fy, U F,,. Without loss of generality, assume that z; €
Sgm(y, s1y). Recall from Section 2.2.1 that ry = s4,-1 and ry = S4, 1. Since
z1 € [z,y], by Equation (2.11) and as z; € FjqUFy,, we have that 2; € Pgn, , UPgn}! .

From Proposition 2.2.21, it is not hard to see that

cPgn, N Sgm(y, s;y) N Fq = cSgm(y, 2z (y)),

3.5
cPgnj’ N Sgm(y, s;y) N Fy, = cSgm(r;zi(y), s;y), for i € {1,2}. (35)

As in Case A of Lemma 3.1.15, we conclude that z; € Fjy. Furthermore, since z; and
z1(y) differ by a multiple of «;, and both are in Fq, we apply the reasoning from
Case B of Lemma 3.1.15, to conclude that z; = 2z (y).

It remains to prove that zo = z3(x). Before proceeding, we will show that z; €
Sem(y, soy) N Fiq. First, suppose that zo ¢ Fiq. Then

e 2 € dspD U (cdd){x, | n > 2}, or

o 2, € 0%50DUx, | n>2}.

In the first case, by Corollary 2.1.4, we have that mz € V(C,,). In the second
case, by Corollary 2.1.4, 2z, € V(C,,). In both cases, since Sgm(r;z;(y),y) C
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ri Sgm(r;zi(y), siy), we obtain that z;(y) < z. Since zi(y) € Dg,,(y), Proposition
2.2.23 implies that z(y) € @, ;. This contradicts the minimality of z,. Hence
29 € Fiy.

Now, suppose by contradiction that zo € Sgm(y, s1y). Clearly, £(z) < €(z).
By the same reasoning as Case B of Lemma 3.1.15, we can prove that zo < 2.
This contradicts the assumption that zo € B, ,,. Therefore, we conclude that 2z, €
Sem(y, soy) N Fiq. By Equation (3.5) we have that z5 € Sgm(y, z2(y)). Since z3 and
29(y) differ by ay and both are in Fjy, we can apply the reasoning from Case B of
Lemma 3.1.15 to conclude that zo = 25(y). O

Definition 3.1.17. We say that [z,y| (z,y dominant, [x,y] non-degenerate and
nonempty) is rigid if {(x, z;(x)) > 4 and £(z;(y),y) > 4 for i € {1,2}.
The next lemma is a direct consequence of Lemma 2.2.13.

Lemma 3.1.18. If /(z;(y),y) > 4 then z(y) = y — tay for t > 2. Similarly,
Uz, z(y)) > 4 implies z;(x) = x + ta; fort > 2.

Proposition 3.1.19. Let ¢: [x,y] — [/, '] be an isomorphism of posets.

o If U(z, z(x)) > 4 fori € {1,2}, then ¢({z1(x), 22(2)}) = {21(a"), 2a(2")}.
o Ifl(z(y),y) = 4 fori e {1,2}, then o({z1(y), 22(y)}) = {=1(¥), 22(¥) }-
Proof. By Lemma 1.1.5, ¢ induces bijections
D'(x) N [z,y] +— D'(2") N [2,y]
D*(y) N[z, y] +— D“(y) N [, y].
The first bijection, plus Proposition 1.1.3, implies that

P(D) = DU (3.6)

[zy']"

By Lemma 3.1.15, there are distinct indexes 7,5 € {1,2} such that z;(z) € @fgﬁx
and zj(x) € A, ., ()- By Equation (3.6), it follows that

d(zi(x)) € D) and 6(2(2)) € Aurpzi(o)-

[="y']
By Lemma 3.1.15, we conclude that ¢({z1(x), 22(2)}) = {z1(2'), z2(2") }.

By a similar reasoning, but using Lemma 3.1.16 instead of Lemma 3.1.15, we
conclude that ¢({z1(y), 22(y)}) = {z1(¥), 22(¥) }- O

Remark 3.1.20. If the hypothesis of Proposition 3.1.19 does not hold, neither does
its conclusion. This is the primary reason for including the rigidity hypothesis in the
main theorem of this thesis.
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3.2 Congruence of polygons and proof of the main
theorem

In this section, we consider z,2’,y,y’ € D such that the intervals [z,y] and [/, V]
are rigid.

Proposition 3.2.1. If [z,y] and [2',y'] are isomorphic as posets, then there is a
weight i, such that Pgn,, . +u is equal to Pgn, , or to oPgn, . In particular,
Pgn,. and Pgn,, ., are congruent.

:E’y
T,y z'y
Before embarking on the proof, we need some technical lemmas.

Lemma 3.2.2. If ¢: [x,y] — [2/, V] is a poset isomorphism, then ¢(x+ p) = 2’ + p.
Proof. Let Z(x) be the set of elements z € [z, y] such that

1. l(z,z) =4

2. U(z) C [z, 2].

3. By(z,z) :=|{[a,b] C [z, z] | [a,]] is a 2-crown}| = 2.

We define Z(z') C [2/,y] in a similar manner. Let Zjo(x) be the set of elements
that satisfy conditions (1) and (2). In the proof of Lemma 1.2.17, the elements of
U(x) are given explicitly, depending on whether z is an element of the form 6(m,n)
or (m,n)®, where m,n are positive integers. The other cases (m = 0,n > 0 and
m = 0,n = 0) are not written there but are easy to calculate. From this small set of
elements, one can check which ones have the correct length. Thus we have:

o If x =0(m,n),
Zio(z) = {0(m + 1,n +1),8(500°(m,n + 1)), 5*((500%(m + 1,n))}.
o If x =0°(m,n),

Zio(x) = {0°(m + 1,n+1),8(s00(m + 1,n + 1)), 8*(sef(m + 1,n + 1)) }.

In [LP23], explicit formulas are given for the Kazhdan-Lusztig polynomials P, ,(q),
for any pair of elements w,w’ € W. We can apply this to obtain the following
formulas:

Pﬂs(m,n)705(m+17n+1) = 1 -+ 2q’
Pas(m,n),é(soa(m+17n+1)) =1+g,
P@S(m,n),52(306(m+17n+1)) = ]_ + q,

60



and for the specific cases

Ifm>0n>0: Ifm>0n=0:

Bomm)om+1n+1) = 1 + 4, Pym.0) 6(mt11) = 1+ ¢;
BPomn) 6(s00°mn+1)) = 1 + 24, Po(m,n),b(s005(m,1)) = 1+ 2¢;
Bom,n) 52 (s06s(m+1,m) = 1 + 24, Pom,0),62(s00* (m+1,0) = 1 +¢.

Similarly, the remaining cases (m = 0,n = 0 or m = 0,n > 0) can also be addressed,
but we will omit the formulas. By [BB05, Exercise 5.8] we have

Pawl) =1+ (12w + 252 -4} (37)

From Equation (3.7), Lemma 1.2.16, and the explicit Kazhdan—Lusztig polynomials
calculated above, we obtain

Z(z) = {(m+1,n+1)} ifx=46(m,n),
DTV 4 Ln+ 1)) iz = 65(m,n).
={z +p}.

By the same argument, Z(z') = {2/ + p}. Since the defining properties of Z(x)
are preserved by any poset isomorphism, we have ¢(Z(z)) C Z(z'), so ¢p(x + p) =
'+ p. O

For the rest of this section, we use the following shortcuts for 1 < i < 2:

zi(x) = 2]Y(x) vi(x) = v (x)
aly) = 2"(y) vily) = v (y)

The same notations apply if we replace x,y with 2/, /.

Lemma 3.2.3. Suppose that z;,(x) < z;,(y), for some ig € {1,2}. Then Pgn, , is a
hezxagon.

Proof. Without loss of generality, we assume 21 (z) < z;(y). We need to prove that
02(y) # va(z) and vy (y) # vo().

Suppose that vs(y) = vi(z). According to Remark 2.2.17, v;(x) is either the
center of an alcove or a vertex of an alcove. In the first case, we have vi(x) =
cen(z(z)), while in the second case, it is straightforward to see that vy (z) = sy +
cen(z1(z)). In any case, (w,va(y) — z1(x)) < 1/3. As va(y) € y + Rag, we have
(w1,y) = (w1,v2(y)). By Lemma 3.1.18, there is ¢t > 2 such that z(y) = y — ta.
We have,

(@1, 21(y) — 21(2)) = (@1, 02(y) — bt — 21(2)) < 7 =2 <0.

W =
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By Corollary 2.2.8 we get z(z) £ z1(y), a contradiction.

Suppose v1(y) = vg(m). The reasoning here is similar, so we omit the details.
We have either va(z) = cen(z1(y)) — sa;1 or va(x) = cen(z(y)). In either case,
(w1, 21(y) — v2(z)) < 3 an d (wl,vz(x)) = (wy,x). By Lemma 3.1.18, as before,
we deduce (wy,r — z1(z)) < —2. Combining these inequalities yields (wl, 21(y) —
z1(z)) < =2 < 0, which, once again, leads to a contradiction. O

In the following three lemmas, we explore the subintervals [z + p,y] C [z,y]
and [z' + p,y'] C [2/,y']. For convenience, we replace the superscripts (—)**”¥ and
(—)*"*P¥ by (=)P. That is, for 1 < i < 2:

2z +p) =z (x + p) v (x4 p) = ol "z + p)
2(y) =z (y) v (y) = v " (y).

The same notations apply if we replace z,y with 2/, v/’
Lemma 3.2.4. Let {i,j} = {1,2}, then z(z) < 2{(z + p) and z;(x) £ 2{(x + p).

Proof. 1t is not hard to deduce the first part using Lemma 2.2.7.

We now prove the second part. By rigidity we have that z;(z) = z +ta; for t > 2
leads to the inequality (w;, z;i(z) — x) > 2. Note that (w;, v + p) = (=, 2} (z + p))
and (w;,z + p) = 1+ (w;, x). So

By Corollary 2.2.8, we have z(x) £ 2 (x + p). O

Lemma 3.2.5. Suppose that z,(x) < z;,(y), for some ig € {1,2}. Then zf(y) =
zi(y) for1 <i<2.

Proof. Without loss of generality, we assume z1(x) < z;(y ) By Lemma 3.2.3, Pgn, ,
is a hexagon. Since Pgn,,,, C Pgn, , we have z{(y) € Sgm(y, zi(y)). By Lemma
2.2.7, we have 2/ (y) € [z(y),y] for 1 <i < 2.

Part A. We prove that z{(y) = z1(y). Suppose by contradiction that 21 (y) # z1(y).
Then z(y) < 2{(y), so v{(y) = v5(x + p) ¢ 0Fq. By Remark 2.2.18, we have that
vh(x + p) is either the center of z5(x + p) or a vertex of z5(z + p).

1. In the first case, we have that z{(y) = z5(x + p). This implies z;(z) < z(y) <
28(x + p), which is not possible by Lemma 3.2.4.

2. The remaining case corresponds to the second case of Proposition 3.1.6, so we
have:
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o ((Z5(x+p),27(y)) =1 and z5(x + p) and 2{(y) share an horizontal edge.
o Z(x+p)+ 300 =11 (y), so (w1, (x4 p) — v{(y)) =0.

We also have v}(y) — tay = cen(z1(y)), where t > 0. Hence (w1, z1(y)) <
(w1,v7(y)) = (w1, 25(x + p)) by the second bullet above. Since Pgn,, is
a hexagon, there is k > 5 such that z;(x) = x;. By Corollary 2.2.8, 0 <
(@1, 21(y) = xi) < (@1, 25 (2 + p) — %)

It is not hard to check that if z € Fiqg and 0 < (w0, z—x;) then 0 < (w9, z—xy).
Thus we have that 0 < (@, 25(z + p) — xx) and by Corollary 2.2.8 we have
that z1(z) € C.p(p4p). By Corollary 2.1.5, 2 (z) < 25(x+ p) contradicting again
Lemma 3.2.4.

Part B. We prove that 25(y) = z2(y). We base the proof on the following geometric
observation: Let uy(x) and uy(x + p) be the exterior vertices of St(x) and St(x+ p),
which are on the left boundary of Fiq. It is easy to see that ui(x) + 3w, = uy(x + p).
Since [z, y] is a hexagon interval, ui(x) = v1(z), so

v1(x) + 3w = ui(z + p)

Claim 3.2.6. dist(va(y), v1(z)) > 5V/3.

Proof. Since Pgn, , is a hexagon, there is ¢ > 0 such that vy(y) — vi(z) = tow.
From vy (y) € y + Ray, we get (wy,y) = (w1, v2(y)). By Lemma 3.1.18, we have
(w1, 21(y)) < (w1,y) — 2. At the beginning of the proof, we assumed z;(z) < z(y),
so by Corollary 2.2.8, (wy, 21(y) — z1(x)) > 0. Then

(w1, 21(x)) < (w1, v2(y)) — 2 = (w1, v1(x)) + t(woy, 1) — 2.

Since vi(x) = z1(x) + a1, we have (w1, z1(z) — v1(z)) = —1/3. Then
5 1 2
29 - < t="t
3 3= (whwl) 3 )
or equivalently, ¢ > 5/2. ]

We have two scenarios:

o dist(v2(y), vi(z)) = 3v/3. This implies that vi(z) + Sto; = vo(y). In this case
v9(y) must be the midpoint of the left edge of 2z5(y) which must be down-
oriented, and since v () + 3wy = wi(z + p), we have ui(z + p) = v2(y) + 31,
so ui(x + p) is the top-left vertex of z5(y). This implies that

Sem(ui(z + p), + p) N Sgm(y, v2(y)) = {cen(zz(y))}-
In particular, cen(z(y)) € V(Pgn,,,,), so vi(z + p) = v5(y) = cen(z(y)).

The second equality implies that 25(y) = 22(y).
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o dist(v2(y), vi(x)) > 2v/3. As vy(y) —vi(z) € $Zw;, we have that vy (z)+aw; =
v2(y), where a > 3. Furthermore, since vy () +3w; = uy(z + p), it follows that
ui(z + p) = vf(x + p) € OFq. Therefore v4(y) € OFq, so va(y) = v5(y), and
we conclude that 25(y) = 25(y). O

) =

Lemma 3.2.7. Assume z;,(z) < z;,(y) for some iy € {1,2}. If 1 < i < 2, then we
have that vi(x) + 3w; = ui(x + p) and u;(x + p) is a top vertex of zi(x + p). In
particular we have that z;(x) + 3w; = 2£(x + p).

Proof. By Lemma 3.2.3, we know that Pgn, , is an hexagon. Consequently, we have
that v;(x) = w;(z). The first equation follows from the fact that u;(x) + 3w; =
wi(z) + p+ a; = ui(x + p). We now proceed to prove that u;(x + p) is a top vertex of
2f(x + p). Without loss of generality, suppose that ig = 1. By Claim 3.2.6, we have
that dist(v2(y), v1(z)) > 2v/3. By Lemma 3.1.18, we have that

zi(x) = o+ toy (3.8)

for some ¢ > 2. By Equation (3.8) and since z1(z) < z1(y) and vy (y) € vo(z)+R>owa,
it is not hard to check that dist (v (y), vo(x)) > 24/3. By following the argument in the
bullets of Part B in the proof of Lemma 3.2.5, we have that u;(xz + p) is a top vertex
of zf(x+p). The equation z;(x)+3w; = 2/ (x+p), follows from the fact that u;(z+p)
is a top vertex of z;(x + p). The reason for this is that since u;(z) is a top vertex of
zi(z), and w;(x) + 3w; = u;(x 4 p), we deduce that z;(x) + 3w; = zF(x + p). O

Lemma 3.2.8. Suppose that z;,(x) < z;,(y), for some iy € {1,2}. Then [z + p,y] is
rigid.

Proof. Let 1 < i # j < 2. By Lemma 3.2.5, we have that 2/ (y) = z;(y). As [z,]
is rigid, it suffices to show that ¢(x + p, 2f(z + p)) > 4. By Proposition 3.1.10, as
v(zi(xz + p)) > 0, this inequality is implied by the following inequality.

dist(vf(z + p),z + p) > 6 +n(z + p)

Since [x,y| is rigid, it follows that ¢(z, z;(x)) > 4. By Lemma 3.2.3, we have that
Pgn, , is a hexagon. Therefore, v;(z) € H,,; 1, which means that v;(x) is a top
vertex of z;(x), in particular v;(z) # cen(z;(xz)). We obtain the following inequality
by applying Proposition 3.1.10.

dist(v;(x),x) > 6 + n(z). (3.9)

Recall that u;(x) be the exterior vertex of &#(x) in Hy,; 1, where * € {z,2 + p}.
Since v;i(x) € Hq, 1, it follows that v;(z) = u;(z). Consequently, u;(x) 4 3w; is a
top vertex of z;(x)+3w;. By Lemma 3.2.7, we have that u;(z) 4+ 3w; = u;(x+ p) and

zi(x)+3w; = 20 (x+p). Thus, u;(x+p) is a top vertex of zf(x+p), which implies that
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ui(z+p) = 2/ (x+p)+304. Since p+a; = 3w, it follows that v; () +p+ao; = u;(x+p)
which implies that v;(z) + p + 3oy = 2f(x + p). Therefore, we conclude that

Sgm(vi(z) + p,x + p) C Sgm(2 (z + p),x + p) C Sgm(ui(z + p),x + p).

One has that dist(z/(z + p), vi(z) + p) = dist(0, 2c;) = 2. By Lemma 3.2.7, we can
deduce that v/(z + p) is either equal to 2{(z + p) or to u;(x + p). Therefore, the
result follows from the following inequalities:

dist(vf (x + p), x + p) = dist(v (z + p), vi(x) + p) + dist(v;(z) + p, z + p)
> 2 + dist(v;(z), x)
> 24 (6 +n(x))
=8+ n(x +p),

Where the inequality in the third line follows from Equation (3.9) and the final
equality is a consequence of the fact that both x and (x + p) belongs to the same
X O-partition. ]

Lemma 3.2.9. Let {i,j} = {1,2}. Let ¢: [x,y] — [2/,y] be a poset isomorphism.
We have:

[z + p,y] is rigid

o2/ (x +p)) = 2/ (z' + p)
o(2(y)) = 25 (')
Z(x+p) < 2 (y).

e O o o
oS-
/N
NN
—
8
SN—
S~—
|
N
—
&\
N~—

Proof. Without loss of generality, let us suppose that i = 1 and j = 2. From Lemma
3.2.2, we know that ¢(x + p) = 2’ + p. In particular, we have that ¢([x + p,y]) =

[+ p.y/].
e By Lemma 3.2.8 and the fourth bullet, the interval [z + p,y] is rigid.
e By Lemma 3.2.4, we know that
21(x) < 20(x+p) and 2z (z) £ 25(z + p) (3.10)
Applying ¢ in the inequalities (3.10), we obtain
21(2) < o(2f(x +p)) and  z(2f) £ o(25(x + p)) (3.11)
Since [z + p,y] is rigid, Proposition 3.1.19 implies that
{o(21(z + p)), o2 (x + p))} = {21 (¢" + p), 25 (2" + p)}-

Thus, applying Lemma 3.2.4 to [2/,y'], we obtain that z(z") € 25 (2’ + p), so
one can not have ¢(z7(x+p)) = 25(x’+p), because the first inequality of (3.11)
would yield a contradiction. So we conclude that ¢(z{(z + p)) = 2{ (2’ + p).
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e By Corollary 3.1.9 we have that z1(z) < 29(y), which implies z;(2') < z(y').
By the fourth bullet and Lemma 3.2.5, we have that 27 (y') = z1(v/). e
3.2.5, we know that z{(y) = 2z1(y) and 25(y) = 2z2(y), so ¢(z5(y)) =

21 (y’) =21(y).

e Suppose now, that 2f (2'+p) £ 21(y'). Applying ¢!, we obtain that 2f(z+p) £
25(y), which contradicts Corollary 3.1.9. O

Corollary 3.2.10. Let {i,j} = {1,2}, and let ¢: [x,y] — [/, '] be a poset isomor-
phism. The four conditions listed on the left side of Lemma 3.2.9 cannot all hold
simultaneously.

Proof. 1f these conditions were satisfied simultaneously, then by Lemma 3.2.9 and
induction on n, the four conditions would also hold when x is replaced by = + np, z’
by 2’ + np, and ¢ by its restriction

¢|[:Jc+np,y] : [[E + np, y] — [ZL’I + np, y/]'

However, this leads to a contradiction because for sufficiently large n, = + np will no
longer satisfy « + np <y, so [z + np, y] will not be rigid. ]

Lemma 3.2.11. Let 1 < i < 2. Let ¢: [z,y] — [2',y'] be a poset isomorphism. If
$(zi(x)) = zi(2') then ¢(zi(y)) = z(y).

Proof. Without loss of generality, let us suppose that ¢ = 1 and j = 2. Let us suppose
that ¢(21(y)) = 2z2(y'). This implies that z;(x) < z(y), because if z;(z) € z1(y), w

have that z;(z") £ z2(y") which is a contradiction by Corollary 3.1.9. By Corollary
3.2.10, this is not possible, so by Proposition 3.1.19, we conclude that ¢(z;1(y)) =

2(y). O

Lemma 3.2.12. Let ¢: [x,y] — [2/,y/] be a poset isomorphism. There exists a
bijection f: V(Pgn, ) — V(Pgn, ) such that f(x) = 2', f(y) =y, and f preserves
adjacency relations. Moreover, for i € {1,2}, we have f(v;(x)) € ¢(zi(x)) and

f(i(y)) € o(zi(y))-

Proof. By Proposition 3.1.19, either ¢(z;(z)) is equal to z;(2') or to z9(z"). Without
loss of generality, we consider the first case. Then ¢(zg(x)) = 29(2’). We define
f:V(Pgn,,) = V(Pgn, ) by the formulae' f(z) = y) =, and f(v;(x)) =
v;(*). Where * € {x,y} and i € {1,2}. The fact that f preserves the adjacency
relations is obvious from the definition of f. That f(v;(x)) € ¢(z;(x)) is trivial.
Lemma 3.2.11 implies that ¢(21(y)) = 21(y’) and this implies by Proposition 3.1.19
that ¢(22(y)) = 22(y').- O

f ¢(21(x)) = 22(2’) this formula reads f(v;(x)) = v;(+") with {i,j} = {1,2}.
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Definition 3.2.13. Let ¢: [z,y] — [2/,y] be a poset isomorphism. We denote by
fo: V(Pgn, ) — V(Pgn,, ) the bijection from Lemma 3.2.12.

Lemma 3.2.14. Let ¢: [z,y] — [2,y] be a poset isomorphism. If v;(x) € A(zi(x)),
then fu(vi(*)) € A(¢(zi(x))) where A € {C,V,ME}, x € {z,y}, and i € {1,2}.

Proof. Let {i,5} = {1,2}. By Lemma 3.2.12, we know that:

(a) fo(vi(x)) € ¢(zi(x)) and fy(vi(y)) € d(2(y)),
(b) fo(vi(x)) and fys(v,(y)) are adjacent or equal.

By (a), there are A, B, A', B’ € {C,V,ME} such that v;(z) € A(z(z)), v;(y) €

B(z()), folvi(x)) € A'(¢(zi(2))) and fy(vi(y)) € B'(6(2;(y))). By Proposition
3.1.11, A and B are determined by ¢(z;(x), z;(y)). By (b), A" and B’ are determined
by £(¢(zi(z)), #(z;(y))). By Proposition 1.1.3, it follows that

U(zi(), zj(y)) = (P(2i()), d(z;(y)))
so A=A"and B= D1 O

Lemma 3.2.15. Let ¢: [z,y] — [2/, 9] be a poset isomorphism., we have for {i,j} =

(1,2}

d(y,vi(y)) = d(y/, fo(v;(y))),
d(vj(y), vi(z)) = d(fs(v;(y)), fo(vi(7))),
d(vi(z), ) = d(fs(vi(x)),2)

Proof. This is immediate from Corollary 1.2.19, Proposition 3.1.10 and Lemma
3.2.14. O

We are ready to prove the combinatorial nature of Pgn, ,

Proof of Proposition 3.2.1. From Proposition 3.1.19, we have two cases:

o O(z1(x)) = z1(2') and ¢(z2(x)) = 2o(2’). By rigidity of [2/,4/] one has that
z1(2") N zo(2’) =0, so fy(vi(x)) = vi(2’) and fe(ve(z)) = vo(a’). Since fy is a
bijection which preserves the adjacency relations, and v;(x) is either adjacent or
equal to v;(y) for ¢ # 7, it follows that f,(v1(y)) = v1(¥') and fy(va(y)) = va(y').
By Corollary 1.2.19, z and 2’ both belong either to © or to ©°. This implies
that there exists a weight p such that 2’ = x — u. Note that V(Pgn, , —u) =
V(Pgn, ) — p. By Remark 3.1.8 and Lemma 3.2.15, for distinct 4, j € {1,2},
the relation

cen(x') = cen(z) — p,
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implies the following:

vi(2') = cen(z) + d(vi(2"), ') /|||
= cen(z) + d(f5(vi(w)), ')/ |||
= cen(z) — p + d(vi(2), z)oi /|||
= vi(x) — p.

Similarly for v;(y’), we have that

vi(z') + d(v; (y'), vi(@")) i/ |||

= vi(@') + d(fo(v;(v), fo(vi(x))) @i/ || @il
vi() = p 4 d(v; (y), vi(x))wi /|||

i) =,

Finally, for cen(y’), we have that

v;(y')

I
<
<

v;(y) +d(y', v () /|yl
vi(y') +d(y', fo(vi(y)))ey /eyl
vi(y) — o+ d(y, vi(y))ay /||yl
= cen(y) — p.

cen(y')

This proves the equality of polygons Pgn, , —u = Pgn,, .

o O(z1(x)) = z(2’) and @(z2(z)) = 2z1(2'). Recall that o is an automorphism
of the Bruhat order. In this case, we compose ¢ with the map z — o(z) to
reduce to the previous case. We now explain this in more detail. Obviously,
fo(vi(z)) = vo(2’) and fy(va(x)) = wvi(a’). By the adjacency assertion in
Lemma 3.2.12, we have f,(v1(y)) = v2(y') and fy(va(y)) = v1(y').

The equality of polygons o Pgn, , —p1 = Pgn,, , requires similar calculations
(omitted here) to those in the previous case, using p = cen(ox) — cen(z’). O

3.2.1 Main result

Let A be a dominant weight. Let 7, be as in Section 2.3.1.

Definition 3.2.16. We say that [z,y| and [2/,y] are comparable if there are u,v
dominant elements and A, A’ dominant weights such that

e 7, induces an isomorphism of posets between [z, y] and [u, v].

e 7 induces an isomorphism of posets between [/, ] and [u, v].
The following result is a restatement of Theorem A.
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Theorem 3.2.17. Let [z,y] and [2',y'] be rigid intervals. Then, [z,y| and [2', V]
are isomorphic as partially ordered sets if and only if there is g € {id, o} such that
[z,y] and g[z',y] are comparable.

Proof. The sufficient condition follows directly from Lemma 1.2.1, since g is an auto-
morphism of Bruhat order. Thus, it only remains to prove the necessary condition.
By Proposition 3.2.1, we have Pgn, , +u = Pgn,, , or Pgn,  +u = o(Pgn,, ) for
some (not necessarily dominant) weight p. Suppose that the first equality is satisfied.
In this case, we will prove that [x,y] and [2/,y] are comparable, i.e., we will take
g = id in the statement of the theorem. By Lemma 3.2.12, we have that  + p = 2/
and y + u = y'. There are three possibilities:

e Pgn,, is a hexagon. By Proposition 2.3.6, 4 = 0 which proves this case.

e Pgn, is a pentagon. Let i € {1,2} be such that Pgn,, contains two adja-
cent vertices lying on R>ow; + ;. By Proposition 2.3.7, 4 € Rw;. We may
assume that g is dominant. If it is not, then —pu is dominant, in which case
we can exchange the roles of [z,y| and [2/,y']. By Proposition 2.3.32, 7, is an
isomorphism of the posets [z, y] and [z + p, y + p].

e Pgn,  are parallelograms. As [z,y] and [2/,y/] are isomorphic, 2 and 2’ both
belong either to © or to ©°. This implies that there exist A\, A’ dominant
weights, such that x + A = 2’ + X'. This implies that Pgn, , +A = Pgn,, , +\".
Consider u =z 4+ A =2+ X and v :=y+ A =y + \. By Proposition 2.3.32,
we have [u, v] is isomorphic to [z,y| (resp. [2',y']) as posets under the map 7
(resp. Tyv). So [z,y] and [z, ] are comparable.

Finally, suppose that Pgn, , +u = o(Pgn,, ). In this case, we consider [o(z'), o (y)]
which is isomorphic to [z, 1] as posets. By the way in which the polygons Pgn are
constructed, it is not hard to see that Pgn,(,. .y = o(Pgn,, ). Now we can use
the previous case to get that [z, y] and [o(2'),0(y')] = o([2',y']) are comparable. [

3.3 Further results and conjectures

3.3.1 Classification of lower intervals in Zg

Let W be the Weyl group of affine type As. In this section, we classify the lower
Bruhat intervals [id, y] for y € W up to poset isomorphism.

Theorem 3.3.1. Let u,v be elements in W. Then [id,u] ~ [id,v] if and only if v
belongs to the G-orbit of u.

We need to deal first with “exceptional” intervals [id,y] for small values of ¢(y)
which cannot be told apart from their cardinalities or LC(id, y).
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Lemma 3.3.2. We have [id, u] % [id, v] in the following cases:
1. {u,v} =1{6(0,0,1,1),x5}
2. {u,v} ={0(1,0,0,1), x4}
3. {u,v} ={60(0,1,0,1),x6}
( );

4' {u,v} = {0 17 17070 X7}
Proof. Let ¢: [id, u] — [id, v] be an isomorphism. By Lemma 1.1.5, we have [a,b] C
[id, u] is a dihedral subinterval if and only if ¢([a, b]) C [id, v] is a dihedral subinterval.

From Proposition 1.1.4 and Corollary 2.1.5, it is an easy (but tedious task) to
see that:

({312,321,323,313, 121,123,213} if u=0(0,0,1,1),
{213,1321, 1213, 2313, 12312, 31323, 31321,
13231, 23123, 23121, 12313, 31231} if u = xs.

{312, 1231, 1213, 1323, 2313, 2312, 2132, 3132} if u=0(1,0,0,1),
{132,213,1231,3132, 1323, 2312, 2313, 1213, 3123} if u = xg,

D(u) =
{321,2132, 1213, 2313, 1323, 1321, 1231,3231}  if u = 6(0,1,0,1),
{1213, 3121, 12312, 21323, 12313, 13231, 23132,
23121, 21321, 31321} if u=0(1,1,0,0),
{213, 1321, 1213, 2313, 12312, 31323, 31321,
| 13231, 23123, 23121, 12313, 31231} if u = x7.
In each case, we observe that |D(u)| # |D(v)| so [id, u] % [id, v]. O

We recall from Section 2.1.2 that for m,n > 0 and i,j € {0,1}, we have the
notation L(m,n,i,j) = |[id, 8(m,n, 1, 7)]| where 0(m,n,i,7) = (s0)'0(m,n)(smn).
Lemma 3.3.3. If [id, u] =~ [id, v] and ¢(u) = €(v) is odd, then u,v € © or u,v € *O°

or u,v € X4,

Proof. By Remark 1.2.11, we have u,v € O W *0° & X°d  We will suppose by
contrapositive that u, v belong to different regions, then we will prove that [id, u| %
[id, v]. Modulo swapping u and v, there are only three possibilities.

e u €0 and v € X°4, By Remark 1.2.13, we can assume that u = 6(m,n,0,0)
and v = Xy(;m4n42)+1. By Proposition 2.1.6, we have

L(m,n,0,0) = |[id, Xo(m+n+1)11]| = 6mn —2m —2n -2 =0.
The unique solution over the non-negative integers of that equation is (m,n) =

(1,1). By Lemma 3.3.2(4), we have [id, u] 2 [id, v].
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e u € *0° and v € X°%, The proof is similar to the previous case.

e u € O and v € *©°. By Remark 1.2.13, we can assume that u = 6(m,n,0,0)
and v = 0(h,k,1,1). If {(u) = €(v) then m +n = h+ k+ 1. If in addition
L(m,n,0,0) = L(h,k,1,1) we have

3(mn —hk —h—k) =2,
which does not have solutions in Z, so [id, u] % [id, v]. O
The proof of the following lemma is similar to the previous one, so we will skip
it.
Lemma 3.3.4. If [id, u] ~ [id, v] and ¢(u) is even, then u,v € ©° or u,v € X ",
Proof of Theorem 3.3.1. The only if part follows from the definition of the Bruhat
order and the group G. Conversely, if [id, u] ~ [id, v], we have {(u) = ¢(v). We can

suppose that £(u) is even, as the proof of the other case is similar. By Remark 1.2.11
and Lemma 3.3.4 either u,v € X" or u,v € ©°.

If u,v € X" the equality ¢(u) = ¢(v) immediately implies v € G - u.

If u,v € ©% by Remark 1.2.13, we can assume u = 6(m,n,0,1), v = 6(
The equality ¢(u) = ¢(v) implies m +n = h + k. From L(m,n,0,1) = L(
and Proposition 2.1.6, we get {m,n} = {h, k}. Then either u = ov or u =

S
o
o \'O
ST
N—

. []

3.3.2 A naive question

It is natural to ask whether the analog of Theorem 3.3.1 holds in general Coxeter
groups. With the aid of a computer, we establish the following conjecture for type
A affine Weyl groups.

Conjecture 3.3.5. Let W be an affine Weyl group of type En, and let G be the
group of automorphisms of the Bruhat ordering of W. Consider an element w € W,
and denote by Clq. the class of intervals isomorphic (as partially ordered sets) to

lid, w]. If £(w) > B2 then |Clyq.| = |G - wl.
The conjecture has been tested in the following cases

e 1= 2. Theorem 3.3.1.

e n = 3. Tested for every w with ¢(w) 1.

<3
o n = 4. Tested for every w with f(w) < 24.
< 20.

e n =15, Tested for every w with £(w)

Due to computational constraints, the conjecture remains unconfirmed for n > 6.
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3.3.3 A conjecture for arbitrary affine Weyl groups

Let W = Z®Y x Wy be an arbitrary affine Weyl group with root system & and
finite Weyl group Wy. Let AY be the coweight lattice, so Wy = AY x Wy is the
corresponding extended Weyl group.

Definition 3.3.6. Let z, 2’ € W. We says that x and 2’ has the same orientation if
there is a coweight u € AV, such that A, + u = A

Definition 3.3.7. We define
Go(z') = {g € G | g2’ and z has the same orientation}.

Conjecture 3.3.8. Let x,2',y,y" be elements dominant elements in W satisfying:

o |GI()| #0

e [z,y] and [2',y] are non -degenerate and

o [v,y] =[]
Then exist g € G (x,a') such that y + Ny g = gy, where Ny g = g’ — x

This conjecture has been tested in the following cases:

e rank(d) < 2.

— Type A. Proved in Theorem 3.2.17.

— Type B. Tested for all pairs of isomorphic intervals [z,y] such that
lz,y) <15 and 0 < {(z) < 14

e rank(®d) = 3.

— Type A. Tested for all pairs of isomorphic intervals [z,y] such that
((z,y) <10 and ¢(y) < 20.
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